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Pago 394, lines 13.and 14, transpose potential and projection. 
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3, line 27, for 3 read X. 

E k=0 k=0 

4 “ 11, « “a &« 
.10, * 29, “ Fig. 6 read Fig. 4. 
11, * ^8, “ 15 read 5. 

12, dele line 20. 
-12, line 21, insert (vi) (x) defunt and, 
12, * 22, dele (xii). 

14, dele lines 3-5. 

95, line 7, before x and x! insert 47. 


$ 97, last line, ^ « « &- a 


158, line 24; for m + n — z read m + n —2. 


158, * 98, “ ay LY.” 

159 # 8 “ =—2 m4. 

160, * 6 “ J— Css * J-960,4. 
160, € g « An cH Au? 


160, “ 18, © J=6hw * 8w= 0s 
160, lines 6, 8, 19, 20, for À “ 4, f 
160, “ 23, 25, & xa L 
160, “ 23, 26, “pu G. 


160, Eine 27, read — — 4 {0}, (LEG — F) — Q, 46. (2G 


. + 2 NE — MF) + Cfa (4LN — M?). 
161, “ 7, for Css read Cs, s. 


162; « 11, « V2 © 0,41. 


162, « 19, « 1 « i 
9 , » 2 


(162, * 19, € L, “© lam 


185, “ of footnote, for a’. 2 € zyg, read qe 


1224, “ 6, for c read e. 


224, “ 12, * log”, i= read log- DN 


Errata. 


Page 230, line 10, insert — before the second member. 
.* 280, lines 12, 13, 14, for X, read xo. 
« 281, * 6,12, change sign of the integral. 
« 982, « 4, 8, “ « í & 2 
« 282, “ 20, 21, 22, for — read +. 
“ 283, “ 7,8, 9, dele terms containing £,41. 
«* 233, * 12, rcd sign of the integral. i 
* 2984 * 1,8, ce : E “a 
* 284, line 11, change sign of second and third members. 
«* — 284, lines 13, 14, 15, for first sign + read — 
* 235, line 20, change sign of second member. — 
* — 286, “ 12, insert factor (2s — 1) before the integral. 
« 258, lines 25, 27, change sign of second member. 
« 253, line 29, insert — before second member of each equation. 
* 255, “ 1, dele surely and no. . 
“ 260, “ 8, for S read p. 
« 965, “ 31,4 M “ MW. 
* 267, “ 2, insert - under the integral sign. 


& 267, * 9, dele In Hé case. 
« 267, * | 18, for Ly, Mo, No read Ry, So, To ot 


* — 261, lines 21, 23, 26, interpret C) in à quaternion sense, or replace it 
dF\? (dG , (dH? TNR 
by (T) + + (52) + t, where a, B; y, are lines in the direction * 


of greatest increase of Fo, Go; H,, respectively, or by 4A? (Mi) + EF. | 
+ GG: + HE. 
.* 261, lines 21, 23, 26, for the coefficient 2 Rad 4. 
« 345, line 17, for ġ (x + h) read (x + mh). 
| “ — 946, the second set of equations (a) (b) (c) (d) should be designated (ay (by 
orur dé dé, 
* 848, line 2 of equation (16), for (z p)” read i E 


“« 351, “ 14, for d), o "read - (5s Tè), 

: = 0 
| de, 248, ` 
* 854, “ 18, insert dm between E and ir 


“- 354, “ 20, Jor i$ i read À a’ - 
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Regular Fi gures in n-dimensional Space. 


By W. I. STRINGHAM, 


Fellow of the Johns Hopkins University. 


A PENCIL of lines, diverging from a common vertex in n-dimensional space, 
forms the edges of an n-fold (short for n-dimensional) angle. There must be at 
least n of them, for otherwise they would lie in a space of less than n dimen- 
sions. If there be just » of them, combined two and two they form 2-fold face 
boundaries; three and three, they form 8-fold trihedral boundaries, and so 


n (n — 
2 


on. So that the simplest n-fold angle is bounded by n edges, 1) faces, 


RE) 3-folds, in fact, by i cms " k-folds, Let such an angle be called 
elementary. Fig. 1 represents the symmetrical arrangement, in three-dimensional 
perspective, of the four trihedral boundaries of an elementary 4-fold angle. 
When put into space of four dimensions, the faces of the tetrahedra, which lie 
adjacent to the common vertex, are to be -brought into coincidence two and 
two; the edges will then fall together three and three. 

A regular angle is defined as one all of whose boundaries of any given num- 
ber of dimensions are the same in form and magnitude. The number of regular 
n-fold angles that can be formed out of sets of regular (n —1)-fold angles is 
limited by the number of those symmetrical arrangements of the (n — 1)-fold 
angles about a vertex in an (» — 1)-fold space, which involve the symmetrical 
and equal distribution of all of their boundaries. To give concreteness to 
the idea, let equal distances be measured from the vertex of a regular n-fold 
angle on its edge boundaries. These equal lines must terminate in the sum- 
mits of a regular (n — 1)-fold figure; from which it follows that the different 
kinds of regular n-fold angles are just equal in number to the regular (x — 1)- 
fold figures or, what is the same thing, to the regular distributions of points 
on the (n — 1)-fold sphere. Hence there suggests itself an obvious -criterion 


for the possibility of any regular #-fold angle, viz. : 
i 1 


bo 
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(A.) The number of tts edge boundaries shall be equal. to the number e summits of 
some regular (n — 1)-fold figure. : 

Conformably with a notation hereafter aga in. ineo dun with the 
regular figures (see p. 8), this criterion may be expressed analytically in the 


form : (n) = —(n—1ly-4 or (nf —=(N—1) 


where (JV — 1), = (n — De-i is the number of summits of some regular (n — 1)- 
fold figure, and is to have all possible values under the conditions named, and 
(n)? is the number of edges which arè to enter into the formation of the regular 
n-fold angle; (2)? can have only such values as are equal to the different possible 

values of (n — 1); ^. The criterion is at least sufficient, and in this discussion 
'I shall assume it to be necessary, reserving the question for future consideration, 
if such be required. 

In particular, the number of regular à fold angles that can be made up of 
regular polyhedral angles is five. Out of trihedral angles three regular 4-fold 
angles can be formed, corresponding to the three regular polyhedra which have 
triangular boundaries. Similarly there is one regular distribution for tetrahedral 
and one for pentahedral angles. The former consists of a set of six angles corre- 
sponding to the faces of the cube, and the latter of twelve angles corresponding 
to the faces of the dodekahedron. 

Three of the five regular 4-fold angles are shown in Plates I., II., laid out in 
three-dimensional perspective. Figs. 1 and 3 belong to what may be called 
the tetrahedroidal, Fig. 5 to the oktahedroidal, and Fig. 7 to the hexahedroidal 
4-fold angles. The other two, not represented in the plates, are dodekahe- 
droidal and ikosahedroidal. . | 

À complete n-fold figure is defined. as one which is limited on every hand by 
complete (n — 1)-fold figures which are themselves limited by complete (n — 2)- 
fold figures, and so on. In other words, a complete figure has no gaps in it. It 
will be convenient to designate as an «fold polyhedroid the n-dimensional figure 
which is bounded by (n — 1)-fold flat (not curved) figures; and in particular to 
call the figure which has m (n — 1)-fold boundaries an n-fold (m)-hedroid ; thus, 
an oktahedron is.a 3-fold (8)-hedroid, or oktahedroid. „Š 

An n-fold elementary pyramid is the simplest n-fold figure. Tt has n + 1 sum- 


ue 071), (n+ 1) n (n — 1) = : : (n +1)! —])- 
mits, T — edges, VU g 3 — faces, and in general it has EIU EDI (4-1) 


dimensional boundaries. Thus the successive terms of the left-hand member of 
Gia Pees > : «D 


beginning with the sécond and ending with the (x + 1)", represent the numbers 
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of boundaries of the figure, the second term standing for summits, the 
edges, the fourth for two-dimensional bowidaries, and so on. This is, 
generalized form, for this special class of n-fold figures, of Euler’s equ 
polyhedra. The summits of a regular elementary pyramid are all eq 
from each other, and may be said to have absolute symmetry of posit 
reference to each other. The elementary: pyramids are self-reciproce 
sense in which a tetrahedron is said to be selfreciprocal; that is 
if the centres of the (n — 1)-fold bóundaries be taken for the summits « 
figure, then the old summits will be replaced by an equal number of (n - 
boundaries, and in general the same reciprocal relation will exist bety 
two sets of boundaries which are equidistant from the two ends of th 
viz. a set of k-fold and a set of (n — k — 1)-fold boundaries. 

In particular, the 4-fold pentahedroid has 5 summits, 10 edges, : 
gular and 5 tetrahedral boundaries. To construct this figure select 
summit of each of four tetrahedra and unite them. Bring the faces, x 
-adjacent to each other, two and two into coincidence. There will rer 
faces still free; take a fifth tetrahedron, and join each one of its face 
of these four remaining ones. The resulting figure will be the comple 
pentahedroid. 

It has been seen that Equation (1) is a particular case of the gei 
Eulerian polyhedral formula. Before proceeding with the discussion of t 
regular figures, I propose to give a demonstration of the generalized for 
n-fold figures in general. Let JV, represent the number of Z-fold. boun 
an n-fold figure ; that is, say it has JV, summits, W, edges, W, faces, et 
formably with this notation, Equation (1) will assume the form 


(1—1j9t21-— (nd 1) ETÀ, (arl) TI 
Spe MHMS t quer N—1-, 20 ud 


wherein JN, is to be counted as I when the figure is simple, as here, i.. 
assemblage of two or more n-fold figures. It is to be shown that this 
is true for any n-fold figure whatever, simple or complex ; — by a comp 
I mean one made üp of two or more simple figures joined together. It 
tant to observé that, when the figure is complex, it may either be ti 
such, in which case JV, is the number of figures in the group, or it 
regarded as an (n. +1)-fold simple figure, in which ease another unit 
added to JV,, viz. some selected n-fold outline of the figure, not counte 
is to be counted as 1 in V}. Also a term JV, ,,, counting as 1 for the (v 
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figure, must be added to the formula. The figure may be actually converted into 
a simple (n + 1)-fold one by properly distorting it in the (n + 1)-dimensional 
space. The formula thus remains the same in form for the (n + 1)-fold simple 
figure as for the n-fold complex one, the upper limit of + for the former case being 
n +1, for the latter n. The n-fold complex figure is, in fact, simply the projec- 
tion of the (n + 1)-fold one into one of its n-fold boundaries. On this principle 
is based the following very simple proof that the function (a) must vanish for any 
n-fold simple figure, or what is the same thing, for any (» — 1)-fold complex one. 

For brevity, write the function (a), corresponding to a simple n-fold figure 
of arbitrary construction, in the form 


$ (n) —1—ZC Ne (a) 


The object of the proof is to show that © (x) —0. For the purposes of the proof, 
the boundaries of the figure may be supposed to be elastic, so as to admit of 
being distorted without incurring any change in their numerical relations. First, 
project the figure as a whole into one of its (n — 1)-fold boundaries; the term 
N, = + 1 disappears, together with a unit, of opposite sign from JV,, out of the 
term JV, _,; these units cancel each other, and the function becomes ® (n — 1). 
The figure is now (n — 1)-dimensional and complex, and JV,. , is the number of 
its (n — 1)-fold constituents. Taking any one of these constituents, project it 
into one of its own (n — 2)-fold boundaries, distorting the other boundaries of the 
figure sufficiently to allow of this being done; taking care, at the same time, that 
no two boundaries shall fall into coincidence in the projected figure, and so one 
of them disappear. In this process the (n — 1)-fold figure is obliterated and also 
an (n — 2)-fold one; viz., the former has collapsed and no longer exists, while 
the latter is replaced by the other (n — 2)-fold figures which have been projected 
into it.. Thus, a unit is extracted from each of the terms JV,. ,, JV,.. 9, and the 
two units cancel each other in consequence of N,_, and .N,. having opposite 
signs. This operation, repeated upon all save one of the other constituent (n — 1)- 
fold parts of the complex (» — 1)fold figure, will reduce the figure to a simple 
(n — 1)-fold one, for which V, , is equal to 1. Observe that at each step of 
this reduction one unit and only one is extracted from each of the terms JV, ,, 
JV, s». The projection can always be made so as to insure this “result.” 





* Itis of no consequence if some of the boundaries intersect each other in the projected figure. But even 
this may be avoided by a proper order in making the projections and by a proper distortion of the figure. 
Thus, if two (n — 1)-fold boundaries happen to lie in the same (2 — 1)-dimensional flat space, such a crossing 
of boundaries will take place; but the two (n — 1)-fold boundaries may, by a slight distortion of the figure,- 
be made to lie in different (n — 1)-dimensional spaces, . 
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This simple (m — 1)-fold figure can now be projected as a whole into o1 
(n — 2}fold boundaries, thus becoming an (n — 2)-fold complex figur 
will disappear entirely from the formula, which thus becomes © (n — 2 
repetition of the foregoing process, the number of dimensions of space : 
the figure belongs is diminished by successive units, simultaneous 
which the upper limit of k in the ® function is also diminished by sı 
units. The outcome of this is that in the limit, on arriving at zero-dim 
space, the function. reduces to the simple identity & (0) —1—1-0 
since the quantities which were extracted from the terms of ® (; 
cancelled each other in pairs, and the function is zero in the limit, ther 
general, © (n) = 0, which was to be proved. 

I pass to the further consideration of the regular figures, and first 
belonging to four-dimensional space. The 4-fold pentahedroid has 
been described. 'The next simplest is the 4-fold orthogonal figure; 
oktahedroid. It may be generated by giving the 3-fold cube a m 
translation in the fourth dimension in a direction perpendieular to th 
dimensional space in which itis situated. Each summit generates an ed, 
edge a square, each square a.cube. To the numbers of boundaries thus ge 
must be added twice the numbers of summits, edges, squares, and cube; 
original figure (viz. each summit, edge, square, and eube must be count 
for its initial and once for its final position). Using D, , Di, D», Dz, D, 


of the N,,N,,....to represent in particular the numbers of the bound 
4-fold figures, we have for the case in hand 

D, = 8+ 8=16 = 2 

D,=12+ 8+12=32=4.28 

D= 64124 6—24— 53g 

D,— 1+ 6+ 1— 8= 2-2 

D, = = 1. 


The equation (a) for this case becomes 
1— D, + D, —D0-2D-—D-—1-—(2—1y-0. 
: By an extension of tlie above process of construction to higher dimensional 


- it is easy to show that in geneal the boundaries of the n-fold orthogona 
give the relation. 


1— 4 N,— NEN eet IN 1-—(2—1y, 


= the’ upper sign corresponding to # even, the lower to » odd. 
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The 4-fold hexadekahedroid and its analogues in #-fold space are the recipro- - 
cals of the corresponding orthogonal figures, and the ® function for these is (2) 
written backwards, i. e. 

(1—MBN-—NEN—eo*N-—(ü—2"»*1-0 (3) 
But it will be interesting to see how the 4-fold figure may be completely 
determined by purely geometrical considerations. Take the eight middle points 
of the cube boundaries of the 4-fold octahedroid as summits; D, = 8 = 4.2. 
These points are the eight extremities of the four mutually perpendicular diame- 
ters of the 4-fold sphere. The edges of the figure are found by joining each sum- 
mit with. each of the other summits except its antipode, i. e. with six adjacent 


ones; so that the number of edges diverging from a vertex is six. Hence 


6 D, 4.8 " " es. ; 
D, =- = 12 2. Consider the four points, equidistant from each other, which 


“a 


lie at the extremities of four mutually perpendicular radii of the 4-fold sphere. 
They have absolute symmetry of position in three-dimensional space, and so are 
the summits of a regular tetrahedron. Any fifth point of the series is an 
antipode of one of the four already selected, and such a group of five points . 
cannot lie in a space of three dimensions, so that four of the eight points only 
can be taken as constituting the summits of the tlíree-dimensional boundaries ; 
hence these boundaries are tetrahedra. Their number is found by enumerating 
the groups of four out of the ME points, excluding groups which: contain 


4. 
e antipodes ; so that D, = 1 +4 45 ns 22: i. e. Ed. 1= 16 = 25; whence, also, 


12 4. 
D, = =z = 82 (75 2 -3 2. Therefore D, , D, , D; , D, , D, do satisfy the relation 


(3), as was predicted. 

It appears, then, that every space has at least three regular figures. I shall 
hereafter refer to these as the 'binomial tri-group in n-dimensional space. The 
three figures in question are, in the notation we have adopted, the #-fold (n + 1)- 
hedroid, the #-fold (2 1)-hedroid, and the #-fold (2”)-hedroid. j 

Figs. 1, 3, 5 represent respectively the summits, one in each figure, of the 
4-fold pentahedroid, oktahedroid, and hexadekahedroid, with the 3-fold boun- 
daries of the summit spread out symmetrically in three-dimensional space. 
Figs, 2, 4, 6 represent the complete projections of these three regular figures upon -- 
a plane. The tetrahedral boundaries of the pentahedroid (Fig. 2) are abcd, 
bede,cdea, deab, abce. The eight cube boundaries of the oktahedroid (Fig. 
4) are abcdefgh, Imnpqrst, abedlinnp, efghqrst, aclneg qs, bdm' 
pfhrt ncdpghst, ablmefqr. The sixteen tetrahedral boundaries of the 
hexadekahedroid (Fig. 6) are ab cd, a'b'cd', at/cd', à bod, ab'e d, ab edu. 
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‘ab c d, ET abed, at'cd,abcd', all'ed, abed, abel, dbed',al c d. 
The accented letters are the antipodes of the unaccented ones. 

Now in building up all possible 4-fold regular figures we have five regular 
3-fold figures to deal with. Let us take successively these five figures, and using 
each as a framework upon which to arrange symmetrically the 3-fold bounda- 
ries to one of the summits of the 4-fold figures, consider all the possible cases. 
(The framework above referred to I shall call the frame figure, and the (x — 1)- 
fold figure, out of a group of which the »-fold one is to be constructed, the gen- 
erating figure.) The arrangements, with the 3-fold figures, which give regular 
distributions amongst the summits of the frame figure, i. e. those which satisfy 
the criterion (A) of page 2, for a regular angle, are — 


(4) 4 tetrahedra upon a tetrahedral frame. 


(ii) 4 hexahedra « & 2 
(iii.) 4 dodekahedra “ és - 

(iv.) 8 tetrahedra upon an octahedral frame. 
(v.) 8 hexahedra « « « 
(vi) 8 dodekahedra  * 6 « 
(vii.) 20 tetrahedra *  jkosahedral “ 
(viii.) 20 hexahedra s ce « 
(ix.) 20 dodekahedra  * ts & 
(x) 6 octahedra upon a hexahedral “ 
(xi.) 12 ikosahedra *  dodekahedral “ 


These eleven cases naturally fall into reciprocal pairs wherein the generating 
figure of the one case is the reciprocal of the frame figure of the other, and into 
self-reciprocal single categories in which the generating and frame figures are the 
reciprocals of each other. The reciprocal pairs are (ii) (iv), (iii) (vii), (vi) (viii), 
and the self-reciprocal categories are (2), (v), (ix), (x), (ci). The resulting figures 
will group themselves into three classes, — real, imaginary, and infinite. The 
imaginary figures are those which cannot be built up in consequence of their 
enclosing too much space ; the infinite ones are those which completely fill up — 
saturate, so to speak — infinite three-dimensional space. 

For the rejéction of those cases which give rise to imaginary figures and the 
complete determination of the real figures, the following general criteria, appli- 
cable to an #-fold regular figure; will be useful, and are obviously necessary : — 

. (B) The number of (n — 1)-fold boundaries which border upon any summit of a 

regular n-fold figure must be less than the number of those (n — Y1)jold boundaries which 
. ean be Joined together — with their (n — 2)-fold boundaries coincident two and two — about 
+ ‘a, point in (n- —1) dried space. 
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(C.) In a regular n-fold figure, every boundary of a given number of dimens 
have lying adjacent to tt the same: number of equal boundaries of: any other number 
sions. 

Analytically. expressed, the criterion (€) is equivalent to 

| (1); N: = (n) N., 
where JN, , W, represent the number of s- and r-fold boundaries to the 
figure, and (2); = the number of r-fold boundaries to an s-fold bounc 
— the number of s-fold boundaries to an r-fold one. Here » is the m 
dimensions of the space to which the figure adire and r,s may have an 
from 0 to n inclusive. It is obvious that (n)? = 

For the application of the criterion (B) to ne 4-fold figures, the f 
table of lengths of edges of the five regular solids, each inscribed in 
whose radius is mney m be useful : — 


Tetrahedron, | { = 1.682994, 
Hexahedron, Z= 1.154700, 
Oktahedron, ¿= 1.414214, 
Dodekahedron, ¿= .713644, 
` Tkosahedron, Z= 1.051462. 


Case (v) gives the only infinite figure in the above scheme. Its con: 

is obvious. 

Cases (1), (42), (iv) give real figures, viz. the pentahedroid, the okta 
and the hexadekahedroid. i 

Cases (vi); (ix). Let the three summits of a dodekahedron, which are 
to and equidistant from another of its summits S, be placed in coincider 
three mutually adjacent summits of a regular oktahedron inscribed in 
sphere, and let the summit S be directed inward towards the centr: 
sphere. The length of an edge of the oktahedron being 1.414214, th 
lated length of edge of the dodekahedron is .874048, or less than the : 
the sphere. Hencé the summit S will fall short of the centre of the 
wherefore eight trihedral angles of regular dodekahedra more than fill 
three-dimensional space about a point. Case (vi), therefore, gives ris 
imaginary figure. Case (ix) likewise gives an imaginary La since 
for the ikosahedron than for the oktahedron. : 

Case (wi). This, being the reciprocal of Case (vi), must give an in 
figure. It is otherwise seen to be imaginary from the fact that the k 
edge of the frame.figure (the ikosahedron) being 1.051462, that of tt 
: hedron is 1. 051462 + 4/2 = .743496, or less than the radius of the spher 
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Case (xi). Five summits of an ikosahedron adjacent to another summit S are 
to be placed in coincidence with the five summits of a pentagonal face of the 
frame dodekahedron, with S inside the sphere. The length of edge of the 
dodekahedron being .713644, that of the ikosahedron is the same, or less than 
the radius of the sphere. Hence the figure is imaginary. 
©- Case (x). Place the four summits of an oktahedron (Fig. 6), which lie at the 
corners of a square section, in coincidence with the four corners of one of the 
faces of the inscribed cube. The edge of the cube is 1.1547, greater than the ra- 
dius of the sphere. Hence this case gives rise to a real figure. 

Case (iii) The length of an edge of the frame figure (the tetrahedron) being 
1.632994, the calculated length of an edge of the dodekahedron is 1.009261, or 
greater than the radius of the sphere. The figure is real. 

Case (vii). The length of edge of the frame figure (the ikosahedron) is 
1.051462, and that of the tetrahedron is the same, or greater than the radius of 
the sphere. The figure is real. 

There are thus three 4-fold figures yet to be determined, the self-reciprocal 
. figure of Case (x) and the reciprocal.group of Cases (iii), (vài). 

That the figure of Case (x) is self-reciprocal is shown by the relations 

(d) D, = (d)s D, , (dj D, = (d D 
special forms of the equation of Criterion (C), wherein for the case in hand 
(d = (d = 3, (4) = (4$ = 
The figure is a 4-fold ikosatetrahedroid. A summit out of each of six oktahedra 
joined together make up one summit of the new figure. Fig. 7 shows such a 
summit with six oktahedral boundaries arranged about it symmetrically in three- 
dimensional space. Conceive Fig. 7 to be transported into four-dimensional 
space and the interstices between the adjacent triangular faces to be closed up 
by joining those faces two and two; the figure assumes a form whose projection 
is represented in Fig. 8 with dotted lines omitted. Adjust to this figure twelve 
other oktahedra in a symmetrical manner; three of these oktahedra are repre- 
sented by the -dotted lines of Fig. 8. Again, close up the interstices between 
the adjacent faces; the outline of the figure assumes. a form whose projection is . 
represented in Fig. 9. Now, conceive this figure to be turned inside out. There 
will be left in the middle of the figure a vacant space of exactly the form of 
Fig. 8 with the dotted lines omitted; such a group of six oktahedra is therefore 
required to complete the 4-fold figure. By counting up all the constituent okta- 
hedral summits and other boundaries the reader may satisfy himself that the 
summits of the 4-fold figure are filled to saturation, and that the figure is in other 
respects complete and regular. | 
2 
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The number of oktakedral houndaries 15-D; 9 6 45 194-6 = 245 oF ae 


- 2 
D, = ee — 24; of triangular faces, D, — = = = 96; of edges, D, = d 





Thus dis equation d (n) for this case is 
1— D, + D, — D, + D, — D, = 1— 24 + 96 — 96 4-24—1—0 


This figure bears peculiar relations to the oktahedroid and the h 
kahedroid. It is easily shown that the edge of tlie oktahedroid is equal 
radius of the circumscribed 4-fold sphere ; in fact, 4 P = (2rf,or L= r, w 
is the radius of the sphere and / is the length of edge of the oktahedroid. 
the semidiagonal of the cube whose edge is r, is r 43; therefore, the di 
from the centre of the 4-fold sphere to the centre of one of the cube bour 
of the inseribed regular oktahedroid is v= (443) = 47. Hence the p 
intersection, P, of the sphere with the radius drawn through the centre | 
of these cubes is at a distance r from each of the summits of the cübe; in 
words, the eight lines joining this point with the summits of the cube 
length equal to an edge of the cube, therefore also to the radius of the s 
These lines, in fact, are edges of a regular ikosatetrahedroid. There are 8 X : 
of the lines joining the points P with the summits of the oktahedroid, anc 
together with the 32 edges.of the oktahedroid constitute the 96 edges 
ikosatetrahedroid. Moreover, the summits of the latter figure are the 1! 
mits of the oktahedroid plus the 8 points P. Again, each of the 32 ec 
the oktahedroid lias 3 cubes bounding it; hence, there are 3 iria 
faces of the ikosatetrahedroid corresponding to each of these edges, or 
3 X 32 = 96. Finally, the 24 2-fold faces of the oktahedroid are 24 
plane sections of the oktahedral boundaries of the ikosatetrahedroid. E 
the summits óf the ikosatetrahedroid constitute the summits of a regular h 
kahedroid ; but the edges and 2-fold boundaries of the latter figuré are qui 
tinct from. those of the former. 

A projection of the ikosatetrahedroid may be constructed by drawing : 
diagonal lines of the 8 cubes of Fig. b and regarding the halfdiagor 
edges of the new figure and the middle points of diagonals as summits. 

Having determined the figure of either Case (ii) or (vii), that of the 
will be determined as its reciprocal. The process of building up the fig 
Case (vii) is graphically illustrated in Figs. 10-17. Twenty tetrahedral su 
are required £o make up a summit of the 4-fold figure. By joining together a 
group of 20 tetrahedra and bringing the adjacent faces two and two into 
dence, a figure is produced whose projection in three-dimensional space h 
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form of Fig. 10.* In Fig. 11, 20 more tetrahedra have been added; the addit 
of 20 more to Fig. 11 gives Fig. 12; the addition of 5 X 12 = 60 to Fig. 12 gi 
Fig. 13; the addition of 2 x 30 — 60 to Fig. 13 gives Fig. 14; the addition 
5 X 12= 60 to Fig. 14 gives Fig. 15. The manner of distributing the tetrahec 
as they are added is obvious. This last figure contains 20 indentations n 
which trihedral, and 12 into which pentahedral angles must be inserted. Fo 
20 groups of 2 tetrahedra each, as represented in Fig. 16, having trihed 
angles at R, R’; and form 12 groups of ‘15 tetrahedra each, as represented 
Fig. 17, having pentahedral angles at S, S’. These 20 + 12 = 32 grou 
together with two of the groups of Fig. 15, will fit into each other and compl 
the regular 4-fold figure. That the summits of this figure are all saturated c 
be verified by actual count. Thus the number of tetrahedral boundaries to t 
regular figure is 2.(20 + 20 + 30 + 60 + 60 + 60) + 2 X 20 + 5 X 12 = 61 
Applying the criterion (C) in order to determine the other boundaries, we hav 


(40-20, (df=4, (di—5, (di—80, (dé—9, (dici; 
whence, in consequence of the relation (d); D, = (dX; D,, 


20 D,— 4 x 600, D, — 120; 
5 D,— 6 x 600, D, = 720; 
2 D,=4 X 600, ` D,=1200; 
so that « (n), for this case, is ` 
1—D, + D, — D, + D, — D,=1— 120 + 720 — 1200 + 600—-1=0. ( 
In the nomenclature we have adopted the figure is a 4-fold (600)-hedroid, 
hexakosioihedroid. l 
The reciprocal of the figure last described is evidently a 4-fold (120)-hedro 
or hekatonikosihedroid. This figure may be constructed as follows: Ea 
summit must have 4 constituent dodekahedral summits. Take a single dodel 
hedron as a foundation upon which to build; Surround it with 12 otl 
dodekahedra, as represented in Fig. 18. The successive additions to this figt 
of 20, 12, and 30 dodekahedra produce respectively the figures 19, 20, and : 
Now 19 and 20 are the negatives of each other in the photographic sense, a 
will fit together so as to complete the regular figure. Thus the number 
dodekahedral boundaries to the figure is 2(1+ 12 + 20 + 12) + 30 = Tt 
Applying the criterion (C) we have | 





* The constituent tetrahedra represented in the projected figures are not regular in so far as they have 
equal regular faces. But that is evidently of no consequence, so long as the interstices are closed in the pro 
- way and the right faces are left free to admit of further additions. In other respects the projected figures n 
be distorted ad libitum. Figs. 11, 13 are the two regular star-faced dodekahedra of Poinsot, 
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(d = 4, 


1—D.47).— 


(dé-—20, (d}=8, ai= 


4 Dy = 20 X 120, 
3 D, — 30 x 120, 
2 D, — 12 x 120, 


30, (d$—92, (djz15;. 


D, — 600; 
Aa 1200; 
= 720; 


ee ae 720 + 120—120, (7) 


which last is (6) written backwards, as it should be. 


Passing to the discussion of thé regular, old figur Peut the Fée arrange- : 
ments to be considered are PER ANRT 
5 * (B)-hedroids: upon. a (sh étre 


(i) 

| . (ùi) 

X (iii) 
ue" (2 (dv) 
s (v) 

| (wi) 
(vii.) 


(viti.) 


5 (8)-hedroids * 


5 (120)hedroids «€ 
16  (B)hedroids *. 
16  (8)hedroids “ 
16 (120)-hedroids * 


8 (24)hedroids “ 


24 (16)-hedroids “ 
Vo. xo cR) 000 


(5)-hedroids “ 


(2i. 600 (120)-hedroids “ 
(xit.) 120 (600).hedroids * 


+ 


5) 

(x.) 600 — (8)-hedroids “ 
iz 
J: 


. t S 


frame. 
“Ce « ro 
[44 [14 és 


« (18) hedroldu « 


[11 ec c 


€ [11 e 
& (8)-hedroidal « 
# (24)-hedroidal “ 
* (600)-hedroidal . “ 


ae (120)-hedroidal E 


. The reciprocal pairs in this scheme are (ii) (iv), (vii) (viii), (Hs) (ix), and the 


cases giving self-reciprocal figures are (i), (v), (ai), (aii). 
For present purposes the following approximate lengths of edges of the 
4-fold regular figures inscribed in the unit 4-fold sphere are sufficiently accurate : 


4-fold (5)-hedroid, 
« (8)-hedroid, 
*  (16)-hedroid, 
*  (24)-hedroid, 
* (120)-hedroid, 
* (600)-hedroid, 


7 = 1.58118, 
| — 1.00000, 
l= 1.41421, 
Z= 1.00000, 
x 

1< 1* 


* In general, the M of edge of the n-fold (n + 1)-hedroid, (2 )-hedroid and (2*)-hedroid are respectively 


2 
ra y D > mn Vn? Ty VE ; 
where r, is the radius of the circumscribed n-fold sphere.. The first expression is a pica! E of the fact that 


the distance of the. centre of the n-fold (x + 1)-hedroid to one of its summits is wel times the distance from a 
summit to the centre of the opposite (1 — 1)-fold boundary. The second expression is obtained from the equation 
(2%)? — nl; , where l, is the length of edge, and the third is the quadrant of a great circle on the n-fold sphere. 
Observe that in an infinite-dimensional space the second expression is zero and the first and third aré iden- 
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Cases ti), (id), (io), give the binomial tri-group for five- dimensional space. 
Their 4 functions are respectively : 
(I--1 9590 I—(2— jy =.0, (1 — 2% + i = 0. 

Cases (v), (vii), and (viii) each give rise to infinite figures, the first being self- 
reciprocal, the other two forming a reciprocal ‘pair. ` The figure of Case (v) is in- 
finite, for the edge of the frame figure is A, hence that of the generating figure 
is equal to the radius of the circumscribed ' 5- fold unit sphere. In applying the 
criterion to Case, (vii), we notice that the extremities of the eight edges diverg- 
ing from a summit of an ikosateträhedroid terminate at the summits of a cube, 
and the edges of that cube are edges of the ikosatetrahedroid. Making these 
eight summits coincide with those'of one of the cubes of an oktahedroid inscribed 
to the 4-fold sphere, then tlie adjacent summit of the ikosatetrahedroid = 
since the edge of the oktahedroid is equal'to the radius of the sphere — will 
lie at the centre of the sphere. Evidently then other ikosatetrahedroids may 
be added to the figure ad infinitum, in such a way as to saturate the four-dimen- 
sional space. ` The centres of these ikosatetrahedroids are the summits of an 

‘infinite series of successive hexadekahedroids, which also fill to saturation thé | 
infinite four-dimensional space. This is the figure of Case (viii). It may also 
. be shown to be infinite -by the application of the criterion (B).* gu 

Cases (iii), (ix), (vi), (x), (at). The edge of the frame figure of Case (iii) 
being 1.58113, the calculated length of edge of the generating figure is .97722, 
or less than the radius of the circumscribed sphere. Hence the figure is imagi- 
nary and also ‘its reciprocal of Case (ix).f Moreover, since the edge of the 
frame figure of Case (vi) is shorter than the corresponding edge in Case (iii), 








tical, The edge of the (120)-hedroid inscribed in the unit ‘4-fold sphere must be less than the edge of a regular 
dodekahedron inscribed in the unit 3-fold sphere ; for the dodekahedral boundaries to the (120)-hedroid are 
themselves inscribed in small spheres whose radii are less than the radius of the cireumseribed 4-fold sphere. 
Hence the limit Z < 1 for the (120)-hedroid is justified. The limit J < 1 for the (600)-hedroid is verified in the 
. last footnote to this page. 

' * The fact here brought to light that four-dimensional space may be built up with either hexadekahedroids 
or ikosatetrahedroids suggests another method for calculating the length of an edge of the ikosatetrahedroid. 
Let A and B (Fig. 22) be the centres of two adjacent hexadekahedroids out of 24 which have been joined to- 
gether about a point O, the centre of a 4-fold sphere which circumscribes the ikosatetrahedroid whose summits 
are A, B, etc. The radius of the sphere is the same as of that which circumscribes the. hexadekahedroid whose 
centre is at B, so that OB = BF=7r. Let C be the centre of a tetrahedral boundary common to the two 
adjacent hexadekahedroids. Then C bisects AB and CF is perpendicular to AB. - Now HF is an edge of the 
hexadekahedroids and is equal to r v; ; and AB — Lis an edge of the ikosatetrahedroid ; and we have ; 


CP = HF Afg =r 4/35 ; OF? + CB? == FB, or #7? nA CNET . 
t This verifies the assuniption on page 12, that- the length of edge of the regular 4-fold (600):hedroid is 


less than the radius of the circumscribed 4-fold sphere. For. if it were equal to or greater than the radius of 
the sphere, the application of Criterion (B) to Case (ix) would give either an infinite or real figure, 


D 
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the reciprocal figures of Cases (vi) and (x) are also imaginary; for the same 
reason the self-reciprocal figure of Case (ai) is imaginary. 

Case (zii. The generating figure is bounded by tetrahedra, the edge of 
which (in applying the criterion) must be equal to the edge of the frame figure ; 
i. e. it is less than the radius of the sphere. Hence the figure is imaginary. 

Thus, according to the criterion (B) here used, there are only three regular 
5-fold (simple) figures. Now if this be so, then, according to the same criterion, 
there can be no more than three belonging to any space of more than five 
dimensions. Suppose, in fact, that we have a set of the tri-group of n-fold figures, 
and wish to build up (n + 1)-fold regular figures. The three figures in question, 
the n-fold (n + 1)-hedroid, (2 )-hedroid and (2")-hedroid, have respectively for 
the numbers of the summits belonging to their (2 — 1)-fold boundaries : 


(à) (mp-—2; O (mr 2-5 — (o) (nt =a 
Now the equation of Criterion (C'), page 8, gives | 
i (ny = (n, = 2 M, 
where (n)} is the number of edges radiating- from a givén summit, and we have 
for the first case (n}(n + 1)— 2 m for the second (n)?2" = 2a 2-1, 
and for the third (n) . 2n = 2. 2 n(n — 1), which give the group of values 
(ay (um; (by (ninm; (cy (ah =2(n— 1). 
For those arrangements in the formation of a regular angle which are possible 


to all spaces we are to select, in obedience to the criterion (A), the pairs of 
values (2)? 5, (n)t, which are identical in the two groups, and these are - 


(a) (aY (a) (OY Ce) (al (e) Y. 

The fourth pair gives the arrangement for the infinite self-reciprocal figure, and 
the other three give rise to the tri-group of regular figures in (n + 1)-dimensional 
space. The other five combinations, (a) (cy, (b) (ay, (b) (bY, (b) (cy, (c) (c), are 
possible only when n = 2,1,1,2,2 respectively. Hence, if n be greater than 
2, the only regular figures that can be produced out of combinations of the three 
figures of the tri-group are their own analogues in the higher spaces. 

It will be obvious to the reader of this paper, that the methods herein em- 
ployed are extremely liable to errors which might materially modify the conclu- 
sions drawn, and I shall be surprised if none are found ; 


* For hard, hard, hard is it only not to tumble, 
So fantastical is the dainty metre." 


I wish, in conclusion, to make grateful acknowledgment to my coworkers at 
this University, and especially to Dr. Story, for valuable suggestions. 
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On the Algebra of Logie. 


By C. S. Perce. 


CHAPTER J. — SyLLOGISTIc. 


$ 1. Derivation of Logic. 


` 


IN order to gain a clear understanding of'the origin of the various signs used 
in logical algebra and the reasons of the fundamental formule, we ought to 
begin by considering how logic itself arises. 
"Thinking; as cerebration, is no doubt subject to the genos laws of nervous 
action. . : 
When a group of nerves are stimulated, the ganglions with which the group 
is most intimately connected on the whole are thrown into an active state, 
- which in turn usually occasions movements of the body. "The stimulation con- 
tinuing, thé irritation spreads from ganglion to gahglion (usually increasing 
meantime). Soon, too, the parts first excited begin to show fatigue; and thus for 
a double reason the bodily activity is of a changing kind. When the stimulus 
is withdrawn, thé excitement quickly subsides. 
It results from these facts that when a nerve is affected, the reflex solidis 


5 


"if it is not at first of the sort to remove the irritation, will change its char- 


acter again and again until the irritation is removed; and then the action will 
cease. | : 

Now, all vital processes tend to become easier on repetition. Along whateyer 
path a nervous discharge has once taken place, in that path a new discharge is 
the more likely to-take place. 

Accordingly, when an irritation of the nerves is repeated, all the various 
actions which have taken place on previous similar occasions are the more likely 
to take place now, and those are most likely to take place which have most 


- frequently taken place on those previous occasions. Now, the various actions 


which did not remove the irritation may have previously sometimes been per- 
formed and sometimes not; but the action which removes the irritation must 
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have clvays been performed, because tke action must have every time continued 
until i. ras performed. Hence, a strong habit of responding to the given irrita- 
tion ir ais particular way must quickly be established. 

A ait so acquired may be transmi:ted by inheritance. 

On: cf the most important of our habits is that one by virtue of which certain 
classes zx stimuli throw us at first, at least, into a purely cerebral activity. 

Ve- often it is not an outward sensation but only a fancy which starts the 
train c2 :hought. In other words, the irritation instead of being peripheral is 
visceral. In such a tase the activity Las for the most part the same character ; 
an inw.z- action removes the inward excitation. A fancied conjuncture leads us 
to fancy n appropriate line of action. It is found ‘that such events, though no” 
extern<l action takes place, strongly contribute to the formation of habits. of 
really <rfing in the fancied way when the fancied occasion really arises. 

A cerebral habit of the highess kind, which will determine what we do in 
fancy = vell as what we do in action, is called a Jelicf. The representation to 
ourselves that we have a specified habit of this kind is called a judgment. A 
beliefhzt- t in its development begins ky being vague, special, and meagre; it 
become: more precise, general, and full, without limit. The process of this de- 
velopmzns, so far as it takes place in the imagination, is called ¢hought. ` A judg- 
ment is Frmed; and under the influence of a belief habit this gives rise to a new 
judgment: indicating an addition to belief. , Such a process is called an inference ; 
the anteeadent judgment is called the premise; the consequent judgment, the 
conclusie- ~ the habit of thought, which determined the passage from the one to ` 
the othar “when formulated as a preposition), the leading principle. 

At whz same time that this process. of inference, or the spontaneous develop- 
ment ot =lief, is continually going on within us, fresh peripheral excitations are 
also cor ually creating new beliefhabits. Thus, belief is partly determined by 
old belg and partly by new experience. Is there any law about the mode of. 
the perizheral excitations? The logician maintains that there is, namely, that they 
are all sE pted to an end, that of carryirg belief, in the long run, toward certain 
predestiaase conclusions which are the same for all men. This is the faith of the 
logician This is the matter of fact, upon which all maxims of. reasoning repose. 
In virtze 5f this fact, what is to be believed at last is independent of what has 
been belizved hitherto, and therefore has the character of realty. Hence, if a 
given hakt, considered as determining an inference, is of such a sort as to tend 
toward ik» final result, it is correct; otherwise not. Thus, inferences become 
divisible ato the valid and the invalic; and thus logic takes its reason of 
existence. 
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à & 2. Syllogism and Dialogism. 

The general type of inference is 

. i P 
#6; 
where .*. is the sign of illation. 

The passage from the premise (or set of premises) P to the conclusion € 
takes place according to a habit or rule active within us. All the inferences 
which that habit would determine when once the proper premises were admit- 
ted, form a class. The habit is logically good provided it would never (or in the 
case of a probable inference, seldom) lead from a true premise to a false con- 
clusion ; otherwise it is logically bad. That is, every possible case of the opera- 
tion of a good habit would either be one in which the premise was false or one 
in.which the conclusion would be true ; whereas, if a habit of inference is bad, 
there is a possible case in which the premise would be true, while the conclusion 
was false. When we speak of a possible case, we conceive that from the general 
description of cases we have struck out all those kinds which we know how to 
describe in general terms but which we know never will occur; those that then 
remain, embracing all whose non-occurrence we are not certain of, together with 
all those whose non-occurrenee we cannot explain on any general principle, are 
called possible. 

A habit of inference may be formulated in a E which shall state 
that'every proposition c, related in a given general way to any true proposition p, 
is true. Such a proposition is called the leading principle of the class of infer- 
ences whose validity it implies. When the inference is first drawn, the leading 
principle is not present to the mind, but the habit it formulates is active in such 
a way that, upon contemplating the believed premise, by a sort of perception the 
conclusion is judged to be true.* Afterwards, when the inference is subjected to 
logical criticism, we make a new inference, of which one premise is that leading 
principle of the former inference, according to which propositions related to one 
another in a certain way are fit to be premise and conclusion of a valid inference, 
while another premise is a fact of observation, namely, that the given relation 
does subsist between the premise and conclusion of the inference under criticism; 
whence it is concluded that the inference was valid. 

Logie supposes inferences not only to be drawn, but also to be subjected to 
criticism ; and therefore we not only require the form P .-. C to express an argu- 


* Though the leading principle itself is not present to the mind, we are generally conscious of inferring 
on some general principle. 
8 
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ment, but aso a form, P; —< C;, to express the truth of its leading principle. 
Here P, 3exotes any one of the class of premises, and C, the corresponding con-: 
clusion. TLe symbol =< is the copula, and signifies primarily that every state 
of things iz which a proposition of the class P, is true is a state of things in 
which tke corresponding propositions of the class C, are true. But logic also 
supposes scene inferences to be invalid, and must have a form for denying the 
leading remise. This we shell write P, << Ci, a dash over any s yniei signifying 
fn our nos the negative of that symbol” 

Thus, zhe form P, —< Cj implies | 
either, 1, 51% it is impossible taat a premise of the class P, should be true, 
or, 2, that every state of things in which P; is true is a state of things i in which 

the cerresponding Cj is true. 

The fera P; — C; implies 
both, 1, thas a premise of the class P, is possible, 
and, 2, kx: among the possible cases of the truth of a P; there is one in which 

the corresponding Cj is not true. 

This aczep:ation of the coptla differs from that of other systems of syllogistic 
in a mater which will be explained below in treating of the negative. 

In th: orm of inference P .-. C the leading principle is not expressed; and. 
the infere-ce might be justified on several separate principles. One of these, 
howeve-, = — Ci, is the formulation of the habit which, in point of fact, has 
governed zie inferences. This principle contains all that is necessary besides the 
premise P 70 justify the conclusion. (It will generally assert more than is neces- 
sary.) We may, therefore, construct a new argument which shall have for its 
premises the two propositions P and P; — C, taken together, and for its conclu- 
sion, C. This argument, no doubt, has, like every other, its leading principle, 
"because si inference is governed by some habit; but yet the substance of the © 
leading 5-neiple must already be contained implicitly in the premises, because 
the prepœition P; << C; contains by hypothesis all that is requisite to justify 
the inGreace of C from P.. Such a leading principle, which contains no fact not 
impliec er observable in the premises, is zermed a logical principle, and the argu- 
ment it governs is termed a complete, in contradistinction to an incomplete, argu- 
ment, cr exthymeme. 

The akove will be made clear by an example. Let us begin with the enthy- 


meme, 
Enoch was a man, 


*. Enoch died. 





* This dash was used by Boole, bat not over other than class-signs. ` 
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The leading principle of this is, “ All men die” Stating it, we get the complete 
argument, 


All men die, 
Enoch was a man; 
*, Enoch was to die. 


The leading principle of this is nola notae est nota ret ipsius. Stating this as a 
premise; we have the argument, 


Nota notae est nota rei ipsius, 
. Mortality is a mark of humanity, which i is a mark of Enoch ; 
*. Mortality is a mark of Enoch. 


But. this ver y same principle of the nota notae is again active in the drawing of 
this last inference, so that the last state of the argument i$ no more complete 
than the last but one. 

There is another way of rendering an argument complete, namely, instead 
of adding the leading principle P; < C, conjunctively to the premise P, to form 
à new argument, we might add its denial disjunctively to the conclusion; thus, 


P 
|. Either Cor P, d C,. 


A logical principle is said to be an empty or merely formal proposition, because 
it can add nothing to the premises of the argument it governs, although it is rele- 
vant; so-that it implies no fact except such as is presupposed in all discourse, as 
we have seen in § 1 that certain facts are implied. We may here distinguish be- 
tween logical and extiralogical validity; the former being that of a complete, the latter 
that, of an incomplete argument. ,The term logical leading principle we may take to 
mean the principle which must be supposed true in order to sustain the logical 
validity of any argument. Such a principle states that among all the states of 
things which can be, supposed without conflict with logical principles, those in 
which the premise of the argument would be true would also be cases of the truth 
of the conclusion. Nothing more than this would be relevant to the logical leading 
principle, which is, therefore, perfectly determinate and not vague, as we have 
seen an extralogical leading principle to be. 

A complete argument, with only one premise, is called an immediate inference. 
| . Example: All crows are black birds; therefore, all crows are birds. If from 
the premise of such an argument everything redundant is omitted, the state 
of things expressed in the premise is the same as the state of things expressed 
-in the conclusion, and only..the form of expression is changed. Now, the 
logician does not undertake to enumerate all the ways of expressing facts: 
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he suppose: the facts to be already expressed in certain standard or canonical 
forms. Ku. the equivalence between different ones of his own standard forms is © 
of the his axst importance to him, and thus certain immediate inferences play the 
great pa-; in formal logic. . Some of these will not be reciprocal inferences or 
logical eca-tions, but the most important of them will have that character. 

If ons “act has such a relation to a d'fferent one that, if the former be-true, 
the latter 5 necessarily of probably true, this relation constitutes a determinate 
fact; anc taerefore, since the leading prineiple of a complete argument involves 
no matte- f fact (beyond tkose employec in all discourse), it follows that every 
complete ard material (in op osition to a merely for mal) argument must have at 
least two premises. 

From. tae doctrine of the leading principle it appears that if we have oad 
and comr.eze argument from more than on? premise, we may suppress all premises 
but one £x. still have a valic but incomplete argument. This argument is justi- 
fied by tae suppressed premises ; hence, from these premises alone we may infer 
that the ccnelusion would -ollow from the remaining premises. In this -way, 
then, the ciginal argument 

PQRST 

f SUC 
is broker uD into two, namely, Ist, 

. PQRS: 
STO 


and, 24,0 T-—O.. 


n 


By repecvis g this process, any argument may be broken up into arguments of two 
premises exch. A complete argument having two premises is called a syllogism.” 

An a-giment may also-be broken up in a different way by substituting for 
the seco1c constituent above, the form go 


T—O 


+. Either C or not T. 


In its way, any argumert may be resclved into arguments, each of which has 
one prer-i» and two alternative conclusicns. Such an argument, when complete, 
may be 22-led a dalogism. 


* The gereral doctrine of this section is contained in my paper, On the Classification of Arguments, 1867. 
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.. $3. Forms of Propositions. 


In place of the two expressions À —7 B and B —< A taken together we 
may write A — B;* in place of the two expressions À —7 B and B —7 A taken 
together we may write À < B or B > A; and in place of the two expressions 
A -=< B and B —. A taken together we may write A X B. 

De Morgan, in the remarkable memoir with which he opened his discussion 
of the syllogism (1846, p. 380), has pointed out that we often carry on reasoning 
under an implied restriction as to what we shall consider as possible, which re- 
striction, applying to the whole of what is said, need not be expressed. The 
total of all that we consider possible is called the universe of discourse, and may 
be very limited. One mode of limiting our universe is by considering only 
what actually occurs, so that everything which does not occur is regarded as 
impossible. | 

The forms A — B, or A implies B, and A —7 B, or A does not imply B, 
embrace both hypothetical and categorical propositions. Thus, to say that all 
men are mortal is the same as to say that if any man possesses any character 
whatever then a mortal possesses that character. To say, ‘if A, then B' is 
obviously the same as to say that from A , B follows, logically or extralogically. 
By thus identifying the relation expressed by the copula with that of illation, 


* There is a difference of opinion among logicians as to whether —— or = is the simpler relation, But 
in my paper on the Logic of Relatives, Y have strictly demonstrated that the preference must be given to —< in 
this respect. The term simpler has an exact meaning in logic; it means that whose logical depth is smaller ; 
that is, if one conception implies another, but not the reverse, then the latter is said to be the simpler. Now 
to say that À = B implies that A —< B, but not conversely. Ergo, etc. It is to no purpose to reply that 

À —« B implies A = (A that is B); it would be equally relevant to say that A~< B implies A — A. Con- 
sider an analogous case. Logical sequence is a simpler conception than causal sequence, because every causal 
sequence is a logical sequence but not every logical sequence is a causal sequence; and it is no reply to this 
to say that a logical sequence between two facts implies a causal sequence between some two facts whether the 
same or different.‘ The idea that = is a very simple relation is probably due to the fact that the discovery 
of such a relation teaches us that instead of two objects we have only one, so that it simplifies our conception 
of the universe. , On this account the existence of such a relation is an important fact to learn ; in fact, it has 
the sum of the importances of the two facts of which it is compounded. It frequently happens that it is more 
convenient to treat the propositions A — B and B — A together in their form A = B; but it also frequently 
_ happens that it is more convenient to treat them separately. Even in geometry we can see that to say that 
two figures A and B are equal is to say that when they are properly put together A will cover B and D will 
cover A; and it is generally necessary to examine these facts separately. So, in comparing the numbers of two 
lots of objects, we set them over against one another, each to each, and observe that for every one of the lot 
À there‘is one of the lot B, and for every one of the lot B there is one of the lot A. 

In logie, our great object is to analyze all the operations of reason and reduce them to their ultimate 
elements ; and to make a calculus of reasoning is a subsidiary object. Accordingly, it is more philosophical to 
use the copula —<, apart from all considerations of convenience. Besides, this copula is intimately related 
to our natural logical and metaphysical ideas; and it is one of the chief purposes of logic to show what 
validity those ideas have. Moreover, it will be seén further on that the more analytical eopula does in point 
of fact give rise to the easiest method of solving problems of logic. 


UT purgo 
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we identi^y the proposition with the inference, and the term with the proposition.. 
This ide xi ication, by means of which all that is found true of term, proposition, 
or inferer>3 is at once knowr. to be true of all three, is a most important engine 
of reasocirg, which we have gained by beginning with a consideration of the 
genesis >` logic.* % 

Of tx: two forms A — B and A —< B, no doubt the former is the more 
primitiv> in the sense that it is involved in the idea of reasoning, while the 
latter is caly required in the critieismm of reasoning.: The two kinds of propo- 
sition are essentially different, and every aïtempt to reduce the latter to a special 
case of £h» former must fal. Boole attempts to express ‘some men are not 
mortal, ri the form ‘whatever men have a certain unknown character v are not 
mortal. But the propositions are not identical, for the latter does not imply 
that some nen have that character v; and, accordingly, from Boole's proposition 
we may ezitimately infer that * whatever mortals have the unknown character » 
are not men’; yet we cannct reason from ‘some men are not mortal' to ‘some 
mortals cre not men. t On the other hand, we can rise to a more general form 
under waish A — B and A — B are both included. For this purpose we 
write A —7 B in the form À B, where À is some-A and B is not-B. This more 
general £:rm is equivocal in so far as it is left undetermined whether the propo- 
sition w=1-d be true if the snbject were impossible. When the subject is general 
this is tac case, but when th» subject is particular (i. e., is subject to the modifi- 
cation s22c) it is not. The general form supposes merely inclusion of the subject 
under tx: predicate. The short curved mark over the letter in the subject shows 
that sorg part of the term denoted by that letter is the subject, and that that is 
assertec =o be in possible existence. 

The =udification of the subject by the curved mark and of the predicate by 
the streizkt mark gives the old set of propositional forms, viz. : 

A. a— b Every a is D. Universal affirmative. 
E a-—<6 No uis b. Universal negative. 
l d4-«b Some a is b. Particular affirmative. 
O. dá -—b Some a is rot b. Particular negative. 


Them is, however, a difference between the senses in which these propo- 








# In cascquence of the identificaïion in question, ia S — P, I speak cf S indifferently as subject, ante- 
cedent, or aise, and of P as predicate, consequent, or conclusion. 

+ Eoual’y unsuccessful is Mr. Jevons’s attempt to overcome the difficulty by omitting particular propo- 
sitions, ‘Leænise we can always substitte for it “some] nore definite expressions if we like’ The same reason 
might be a “zed for neglecting the corsideration cf zot. But in fact the form A TZ B is required to enable us 
to simply ce.y A — B. 


A 


subjects. The following figure illustrates the pre- 
which are all vertical; in the quadrant marked 2 


in quadrant 4 there are no lines. Now, taking dine 
` as subject and vertical as predicate, - | 
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sitions ‘axe here taken and those which are traditional; namely, it is usually 


' understood that affirmative- propositions imply the existence of their subjects, 


while negative ones do not. - Accordingly, it is said that there is an immediate 
inference from A to I and from E to O. But in the. sense assumed in this 
paper, universal propositions. do not, while par- 
ticular propositions do, imply the existence of their 


cise sense here assigned to the four forms A, E, 1, O, 
In the quadrant marked 1 there are lines 


some lines are vertical and some not; in quadrant 
3 there' are lines none of which are vertical; and 





- À is true of: quadrants l and 4 Sid fe of 2 and 8. 
. E is true of quadrants 3 and 4 and false of 1 and 2. 
I is true of quadrants 1 and 2 and false of 3 and 4. 
.O is true of quadrants 2 and 3 and false of l and 4. 


"Hence, A ini 0. precisely deny each other, and so do E a I. But any other 
: pair of propositions may be either both true or both false or one true whilé the 


. other is false; . 


De Morgan (On the So No. L 1846, p. 381) igs enlarged thie system 
of propositional forms by applying the sign of negation which first appears in - 
A — B to the subject and predicate. He thus gets 


A—- B. Every A is B. A is species of B. 
AB. Some AisnotB. ' ` . A is exient of B. 
AB. NoAisB. | - * À is external of B. 
A-< B. Some Ads B. | t A is partient of B. 
A-<B. Everything is either A or B. À is complement of B. 
Á — B: There is something besides A and B.- A is coinadequate of B. 
'"Á—— B. A includes all B. | A is genus of B. 
A-ZB. A does not include all B. > ` À is deficient of B. 


: De Morgan’ s table of the relations of. these propositions must be. modified to 
: eonform.to the meanings here attached to —< and to <<. 

We might confine ourselves to. the two propositional forms S —< P and 
S—C P. If we once go beyond this and adopt the form S —7 P; we must; for 
Eo P ! 
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the sake of completeness, adopt the whole of De Morgan's system. ` But this 
system, as we shall see in the next section, is itself incomplete, and requires to 
complete it the admission of particularity in the predicate. This has already 
been attempted by Hamilton, with an incompetence which ought to be extraor- 
dinary. I shall allude to this matter further on; but I shall not attempt to say 
how niany forms of propositions there would be in the-completed system.* 


§ 4. The Algebra of the TR 


From the identity of the relation expressed by the. copula with that of 
illation, "PRES an algebra. In the first place, this gives us 
- s< g l (1) 
the ht of identity, which is thus seen to express that what we have 
hitherto believed we continue to believe, in the absence of any reason to the 
contrary. In the next place, this identification shows that the two inferences ' 
s 


y ad ^ x | "e wm) 
are of the same validity. Hence we have i T 
Ie (y <3} dy (2) (3) 
From (1) we have K . 
l 5 (<y) <<), 
whence by (2) . | 
A (4) 


is a valid inference. 
By (4), if x and x — y are true y is true; and if y and y << z are true z is 
true. Hence, the inference is valid 


& <y gy-«? 
= * Z 


By the principle of (2) this is the same as to say that ; 
BY YA 
NS (8) 
isa valid inference. This is the canonical form of the syllogism, Barbara, The 
* In this connection see De Morgan, On the Sy yllogism, No. V., 1862. | 
+ Mr. Hugh McColl (Calculus of Equivalent Statements, Second Paper, 1878, p. 183) makes use of the sign 


. of inclusion several times in the same proposition, He does not, however, give any -of the formulæ of this 
section, 
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. 


statement of its validity has been called the dictum de omni, the nota motaé, etc.; 


. but it is best regarded, after De Morgan,* as a statement that the relation.signified 


by the copula is a transitive one.f - It may also be considered as implying that 
in place of the subject of a proposition of the form A —7.B, any subject of that 


‘subject may be substituted, and. that in place of its predicate any predicate of 


that predicate máy be sübstituted.f The same principle may be algebraically 


- conceived as a rule for the elimination of y from the two propositions $— y 


and y—— z§ 


It is needless to remark that any letters may be substituted for +, y, 2; and 
that, therefore, Z, j, Z some or all may be substituted. Nevertheless, after 


'' these purely extrinsic changes have been made, the argument is no longer called 


Barbara, but is said to be some other universal ne of the first figure. There 
are evidently eight such moods. 
From (5) we have, by (2), these two forms of valid imniediate inference: 


S—< P a 
e (e) < (o P) (6) 


s—<-P . - 
| >. (Pa) < ($ <a). - SN S" 
The latter may be termed the inference of contraposition. 
From the transitiveness of the copula, the following inference is valid: 


(S — M) — (8 < P) 
(S< P) -— 
(Sx M) < a. 
But, by (6), from (M — P) we can infer the first premise immediately ; ; hence 
the inference is valid 
M e 


(S-<P)<e . (8) 
e. (S — M) A n. 


B 


and 





* On the Syllogism, No. IT., 1850, p. 104. 

+ That the validity of syllogism is not .deducible from the principles of identity, contradiction, and 
excluded middle, is capable of strict demonstration. The transitiveness of the copula is, however, implied in 
the identification of the copula-relation with illation, because illation is obviously transitive. 

T The conception of substitution (already involved in the mediæval doctrine of descent), as well as the 
word, was familiar to logicians before the publication: of Mr. Jevons's' Substitution of Similars. This book 
argues, however, not only that inference is substitution, but that it and induction in particular consist in the 
substitution of similars. This doctrine is allied to Mill’s theory of induction. 

§ This must have been in Boole's mind from.the first. De Morgan (On the Syllogism, No. TI. , 1850, p. 83) 
goes too far in saying that “ what is called elimination in algebra is ‘called inference in logic,” if ‘he means, as 
‘he seems to do, that all inference is elimination. | . 

4 P è . ` à j 2 . "E 
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This may be called the minor indirect syllogism. The following is an example: 
All men are mortal — l f | 
If Enoch and Elijah were mortal, the Bible errs; 
+. If Enoch and Elijah were men, the Bible errs. 


Again we may start with this syllogism in Barbara 


(M — P) =< (8 < P) 
16-58-65 
. (MP) <a. 
But by the principle of contraposition (7), the first premise zameristely follows 
from (S d M), so that we have the inference valid | 
S— M, d | 
(S-<P)<a;. (9) 
This may be called the major indirect syllogism. 


Example: _ All patriarchs are men, 
| If all patriarchs are mortal, the Bible errs ; 
^. If all men. are mortal, the Bible errs. 


In the same way it might be shown that (6) justifies the syllogism 


. M< P, f 
e< (<M; | (10) 
" x —. (S < P). 
And (7) justifies the inference ' 
| - | ~- 8< M, 
v —. (M -— P); | (11). 
a (S <P). 
But these are — slight modifications of Barbara. 
In the form (10), x may denote a limited universe comprehending some 
cases of S. Then we have the syllogism 


M — P, | , 
SM, . |. (12) 
AUSTR 
This is called Dara. A line might, of course, be drawn over the S. So, in 
the. form (11),-2 may denote a limited universe somprehending some M. Then 
we have the syllogism 
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ET | SL, : 
| a LP; (13) 
8 <P. 
Here a line might be drawn over the P. But the forms (12) and (13) are 
deduced from (10) and (11) only by principles -of interpretation which require 
" demonstration. 
On the other hand, if in the minor indirect syllogism (8), we yat * what does 
not oceur’ ^ for x, we have by definition 


| (S<P) <2} = (STE) 


M < P, . 

SacP; . An (14) 
which is the syllogism Baroko. 1f a line is drawn over P, the syllogism is called 
Festino ; and by other negations eight essentially identical forms are’ obtained, 
which are called minor-partieular moods of the second figure. In the same 
. way the major indirect syllogism (9) affords the form 


S-—M | 
SP; (15) 
' This form is called Bocardo. If P is negatived, it is called Disamis. Other 
negations give the eight major-particular moods of the third figure. 
We have seen that S — P is of the form (S —< P)—« x. Put A for 
S —. P,.and we find that A is of the form A — x. Then the principle of 
contraposition (7) gives the immediate inference 
| s<P P | (16) 
PCS 
uo this to the universal moods of the first figure ee six moods. 
These are two in the second figure, 


g<] zL y. “a << (Cintra): 
BG <y BE; 
two in the third figure, ^|  '' . p d 
ya LT ei; 


* De Morgan, Syllabus, 1860, p.. 18..." 


and we then have 
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and two others which are said to be in the fourth figure, 
x< y y< z SU Ee E 
<p Jr ER - 


put the negative has twọ other properties not yet taken into account. These are 


| CE + = (17) 
or æ is not not-X, which is called the principle of contradiction ; . and | 
Ps (18) 


or sias is not not-X is x, which is called the principle of excluded middle. 
By abs and (16) we have the immediate inference Sar 
S—P (19) 
QE S 5. ; 
which is called the conversion of E. By ( 18) and (06) we.have 


S—P |" (80) 
PS | | 
By (17), (18), and (16), we have - Lg | 
S—P | (21) 
V Pe S. j i 
Each of the inferences (19), (20), (21), justifies six universal syllogisms ; - 
namely, two in each of the figures, second, third, and fourth. The result is that 
each of these figures has eight universal moods; two depending only on the 
principle that A is of the form A —< x, two: depending also on the principle of 
contradiction, two on, the principle of excluded Xd and two on all three 
principles conjoined. 

The same formule (16), (19), (20), (21), applied to the minor-particular 
moods. of the second figure, will give eight minor-particular moods of the first - 
figure; and'applied to the wibonpartculsr moods of the third figure, will.give 
eight major-particular moods of the first figure.* 

The pr inciple of contradiction in the form (19) may be further transformed 
thus : — : 


If (P ~ .Oi is valid, then (C .. PY is valid. P^ (22) 


Applying this to the minor-particular moods of the first figure, will give eight 
minor-partieular moods of the third figure; and applying it to the major-particu- 








* Aristotle and De Morgan have particular conclusions from two universal premises. These are all 
rendered illogical by the significations which I attach to — and =<, : 


- 


. put S, we have 


“with 


, also, we have 
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lar moods of the first figure vill give dut major-particular moods of the second 
‘figure. - 
It is very noticeable that the corresponding Senile 


If (P .. C) is valid, then.(O.:.P)is valid,  - (23) 


has no application in the existing. syllogistic, because there are no syllogisms 
having a particular premise and universal conclusion. In the same way, in the 
Aristotelian system an- affirmative conclusion cannot be.drawn from negative 
premises, the reason being that negation is only applied to the predicate. So in 
De Morgan’s system the subject only is made particular, not the predicate. 

In order to develop a system of propositions in which the predicate shall 


be modified in the same way in which the subject is modified. in particular - 


propositions, we should consider that to say S—< P is the same as to say 
(S — a) < (P < 2), whatever x may be. That 

ME (S< P) < (8X 1) < T. 

follows at once from Bokardo (15) by means of (2). Moreover, since À may be 
put in the form A —< x, it follows that A may be put in the form A —< 2, so 


‘that by the principles of contradiction and excluded middle, A may be put in the 


form A < $. On the other hand, to say: S < P is the same as to ay (S—— a) 
E (P —< x), whatever a may be; for 


(S — P) — ((S — 2) A (P — 2)), 


is the principle of Ferison, a valid syllogism of the third. figure; and if for x we . 


(8 <5) < (P Z 5), 


. which is the same as to say that P TS is true if the principle of contradiction 
“is true. So that it follows that P — S if S — P from the pr inciple of contr a- 





diction.. Comparing - 


SLR or (BL) (PT) 
SP or (8—2)—— (P— 2) 


we see that they differ by a modification of the subject. Denoting this by & 


short.curve over the subject, we may write 8 — P for. SZ P. We see then 
that while for A we may write À ZZ x, where « is anything whatever, so for A 
we may write À — i. If we attach a similar modification to the predicate 


É—É o (8-9) (n. 
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dd is the same as to say that you can find an S which is any P ‘you please. 
We thus have 

6 < P) < (É — 8), 5 (24) 
& formula of contraposition, similar to (16). 

It is obvious that : : 
(S<P)<(B-<s); (25) 
for, negating both propositions, this becomes, by (16), ' 

(P — 8) <(S<P) 

which is (19). The inference justified by (25) is called the conversion of. I From . 
(25) we infer un. 
i — x, E ^. (26) 
which may be called the principle of particularity. This is obviously true, be- 

cause the modification of particularity only consists in changing (A =< 2) to 
(A — ë), which is the same as negating the copula and predicate, and a repe- 
tition of this will evidently give the first expression again. For the same reason 
we have f 


m: | | (27) 
sius may be called the principle of individuality. This gives - 
(S —< P) < Pom. | (28) 
and (26) 'and (27) together give 
(S — E) — (P— S) | (29) 


It is doubtful whether the proposition S — P ought to be intérpreted as . 
signifying that S and P are one sole individual, or that there is something be-- 
sides S and P. I here leave this branch of the subject in an unfinished state. 

Corresponding to the formule which we have obtained 2A the principie 2 
- are an equal number obtained by the noes principle : 


(2^) The inference 
g 


+. Either y or z 
e — y 


‘has the same validity as 


` From (1) we have : 


(y) —— (8 TE y) 
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. whence; by (2), 


(4) ny * o con ops 
| P .. Either (x — y) or y. 
This gives 
Es + Eitherz — y or yz or z 
Then, by (2), 
(&) 5’) ; x < Z i 
| l : vy or y 
shi is the canonical form of dialogism. The minor indirect i is 
E | sZ MZ P) ` 


s Either x md (S < P)or S < M. 


The major indirect dialôgism is 


(SM) . 
We have also | + Hither æ X (SZ P)orM = P. 
qx a + ORD a 
oe '; Either (S — M) OE» Te 
an m 
n > BI: 


. Either (M — P) or (SX M) < &: 
We have A of the form x IZ À. And we have the inferences 
P SEP: SP. S-<P 
| P< S 


7 CHAPTER IL. — Tas Logic oF NON-RELATIVE TERMS. 
- SL The Internal Multiplication and the Addition of Logie. 


We fave: seen that the ee | 
` æ and y 
; 2 
is of the same validity with the inference 
ae 
- Either ÿ y or z, r 


€ 


€ 
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and the inference é E | + 


^. Either y or 2 
with the inference | 
- vand 
In like manner, 


is equivälent to . | 
(The possible) -— Either g or y, ` : 


and to 
x which is ÿ — (The impossible). - 


To express this algebraically, we need, in the first place, symbols for the two 
terms of second intention, the possible and the impossible. Let o and 0 be the 
terms; then we have the definitions i 


whatever v may be.* 


' We need also two operations whieh may be called non-relative addition and 
multiplication. ey are defined as follows.: t 


* The symbol 0 is used by Boole ; the symbol oo pum his 1, according to a suggestion in my Logic of 
Relatives, 1870. ~ 

t These forms of definition are original. The algebra of non-relative terms w was given by Boole (Mathe- 
matical Analysis of Logic, 1847). Boole’s addition was not the same as that in the text, for with him whatever 
was common to the two terms added was taken twice over in the sum. .The operations in the text were given 
as complements of one another, and with appropriate symbols, by De Morgan (On the Syllogism, No. III., 1858, 
p.185). For addition, sum, parts, he uses aggregation, aggregate, aggregants; for multiplication, product, 
factors, he uses composition, compound, components. Mr. Jevons (Formal Logic, 1864) — I regret that I can 
only speak of this work from having read it many years ago, and therefore cannot be sure of doing it full 
justice — improved the algebra of Boole by substituting De Morgan's aggregation for Boole's addition. The 
present writer, not having seen either De Morgan’s or Jevons’s writings on the subject, again recommended the 
same change (On an, Improvement in Boole’s Calculus of Logic, 1867), and showed the perfect balance existing 
between the two operations. In another paper, published in 1870, E introduced the sign of inclusion into 
the algebra. 5 - 

In 1872, Robert Grassmann, brother of the author of the Ausdehnungslehre, published a work entitled ‘Die 
Formenlehre oder Mathematik, the second book of which gives an algebra of logic identical with that of Jevons. 


To C ie | | (1) 


The very notation is reproduced, except that the universe is denoted by T instead of U, and a term is negatived 


by drawing a line over it, as by Boole, instead of by taking a type from the other case, as Jevons does, Grassmann 
also uses a sign equivalent to my —<. Ín his third book, he has other matter which he might have derived 
from my paper of 1870. Grassmann’s treatment of the subject presents: inequalities of strength s and most of 
his results had been anticipated. Professor Schröder, of Karlsruhe, in the spring of 1877, produced his 
Operationskreis des Logikkalkuls. He had seen the works of Boole and Grassmann, but not those of De Morgan, 
Jevons, and me. He gives a fine development of the algebra, adopting the addition of Jevons, and he exhibits 


. the balance between + and X by printing the theorems in parallel columns, thus imitating a practice of the’ 


geometricians. Schrüder gives an original, interesting, and commodious method of working with the algebra. 
Later in the same year, Mr. Hugh MeColl, apparently having known nothing of logical algebra except frm à 
jejune account of Boole's work in Bain’s Logic, published several papers on a Calculus of Equivalent Statements, 
the basis of which is nothing but the Boolian algebra, with Jevons's addition and a sign of inclusion. Mr. 
MeColl.adds an exceedingly ingenious application of this algebra to the transformation of definite integrals. 


fx 
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“Ia<eandb—<2, 9 Ife < a and & — b, ` (2) 
Jhena-cb——2; . : | then zx <a X b; i 
and conversely, -| and, conversely, . 
uec s 2c is if —< a X b,. (3). 
then a — g and b — a. He then x — a and x — b. 
From these definitions we at once deduce the following formule: — 
A "a- ab axb—<a (Peirce, 1870) * 
D b— ad a X b—< b: (4) 
| These are proved by substituting a + b and a X b for x in (3). | 
a i - r= gete aX2=a (Jevons, 1864). (5) 
m» substitating x dor a and b in (2), we get. ; 
| g He—< r /|og—mXa 
and, by (4), 
$i x< gtg eX e< T. - 
C. a+b=b+a. a X b -— b X a (Boole, Jevons). (6) 


These formule are examples of the commutative principle. From (4) and (2), 
b+a—<atb c aXb-<bxXa | 
.and interchanging a and b we get the reciprocal inclusion implied in (6). 
(a+b) te=at(b +e) ax(bx c) — (a X b) Xe (Boole, Jevons). (7) 


t are cases of the associative principle. By (4), c — b + c and b X e — c5. 
also b -F e — a-F (b -- c) and a X (0 X c) — b X e; so that e<a+(b+e) 
and a X (b X c) — c. In the same way, b —< a + (b +c) and a X (b X e) CD, 
and, by (4), a — a + (b +c) and a X (b X c)— a. Hence, by (2), a+b< 
` a+(b-+e) and a X (bx e) — a X b. And, again by (2), (a+b) + e — a + 
(5-d- c) and a X (6 X c) << (aX b) X e. In a similar way we should prove the 
: converse propositions to these and so establish (7). | | 
E. (a-b)Xec(axc)t(bxe) (aXb)+e=(a+c)X(b+e)t (8) 
These are cases of the distributive principle. They are oaiiy pioreo by (4) and | 
(2), but the proof is too tedious to give. 


F. (a 3-0) +¢e=(ate)+(b+ e) (aX 8) X e (axe) x (bX 0). (9) 


— 








# Logic of Relatives § 458g gives a X b — a. The other formule, equally obvious, I do not find anywhere. 

t The first of these given by Boole for his addition, was retained by Jevons in changing the addition. The 

. second was first given by me (1867). 
6 : 
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These are other casos of the distributive principle. They are proved by (5) 
(6) and (7T). These formule, which have hitherto escaped notice, are not with- 


out interest. | 
G: at+(axXb)=a , aX (at+b)=a (Grassmann, Schröder). (10) 


By (4), a—<Cat+(a X b) aX (a4- 5) —. a. 
Again, by (4), (aX b) — a and a a+b; hence, by (2) ' 

. a+ (ax b) <a a —. a X (a+b). 
H.. y ‘(atb—<a)=(b-<aXd). . Gt) 
This proposition is a transformation of Schróder's two propeen 21, (p. 25), 
one of which was given by Grassmann. By (3) 

i-o - Qc stu 

Hence, since b — b, a—< a 
we have, by (2), 

(a+b<a)<(b<axt) (b — ax b) < (a+b — a). 

| (ac B)X (og) C (a n y) } (Peirce, 1870). (12) 


I. (a <b) X (x — y) -— (ax 2 — b X y) 
Readily proved from (2) and (4). | 
J. | (a — 5 tr x) X (a X v —— b) — (a — b). (13) 


This is a generalization of à theorem by Grassmann. In stating it, he errone- 
ously unites the first two propositions by + instead of X. By (12), (5), and (8), — 
(a~<b+2)-< [a< (a X b)+ (aX 2) 
(a X a< 5) < [(a +b) X (a+ b) b]. 
a — a+ db | aX b — b. 
Hence, by (2), it is doubly proved that $ 
l (a<b +2) X (aX w< b) -< (a =< b). 
The demonstration -of the converse is obvious. 
Wé have immediately, from (2) and (3), 


K. (a-4-b — c) (a — c) X (b — c) (e— aX b)= ec ax c9 (14) | 
L ^ (e<Ca+b)=2{(p—<la)X(q-<cb)} wherepd-q-— 15 
(a X b e) — E f (a — p) X (b— q)) m ) 

The propositions (15) are new. By (12) l | 
(p—<a) X (q-—<b)} (6 a+b) where p + ge 
Mus pps Qo gressus ese) where ¢ = p X q. 


But by (4) 
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And, since ' these are true for any set of values of p and q, we have by (2) 


E {(p—<a)x (g — b) ] < (e — a+b), where p+ q=c. 
2 [(a— p) x 6] (a x bo where e pX q 
By (4) and (8), we have 
(ea 0) — (aX e) (6 x 0) =e} 
(a X. — e) < L(e a) X (e b) e]. 


aXc=p bXc=q, E where p+ q—c 
atc=p b+ce=q, — wherepXq-e, 


- (e — a 5) — (p —— a) X (q— 0), where p+q=c 
(à X b — e) - (a — p) X (b — q), where c=pX q, 
whence, by (4) : 
(c — ab) < E [(p—2)X (<b) } where p + g=c 
(ax b — c) — E | (a< p) X (b — q) } where c=p X q. 
- A formula analogous to (15) will be found VOS jor 
From (1) and (2) and (4) we have . 
r+ 0 =a B= BX oo., (16) 
From (1) and (4), | ue À EE | 
. -, &-d-o-o | 0=gX0. . (17) 
The definition of the negative has as we have seen three clauses: first, that à 
is of the form a — x; second, a — à; third, a E 
Nu the first we have that if 


Hence, putting 


we have 


c a 
| 6 
is valid, then | 
* D D $ Cc s 
is valid. Or . E l 
2 (eX a — b) — (eX b — à). (18) © 
Also, that if l f 2E l 


, +, Either c ora 
- is valid, then 
: " 
. Hither c or b 
bce —<e<et hh, (19) 
Combining (18) and (19), we have . | | 


| (aX Dot d) (aX de B). | (20) 


is valid ; or 
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By the prineiples of contradiction and excluded middle, this gives 
| GREEN RER) (21) 


Thus the formula 
(ax b— e-- d) — (ax d<e+b) E . (22) 
embodies the essence of the negative. . 
If in (22) we put, first, a— d. b —e-— 0, and then a = d =œ D=o we 
have from the formula of identity 


axa=0 ata=o. C | (23) 
We have _ | 
p=(pX«) + (px 8) B=(p+2)x (p+8) (24) 
by the distributive principle and (23). If we write . . gh c 
-pt(aXZ) jo—pt(bxs) k=px(c+ax) I— px (4-8), 
we equally have i | : | . 
p=(ixe) + G X 8) p=(l+a)x(k+z) ` (25) 


Now p may be a function of z,and such values may perhaps be assigned to 
a, b, c, d, that 4, j, Æ, 1, shall be free from x. It is obvious that if the function 
results from any complication of the operations + and X, this.is the case. 
Supposing, then, i, Jj, k, l, to be constant, we have, putting successively, 1, and 
0, for a. | 
| $o-—i—k — 
$0 =j=l 

de = (goo X 2) + (40 X ) Sousse cbe (26) 
The first of these formule was given by Boole for his addition. I showed 
(1867) that both hold for the modified addition. These formule are real 
analogues of mathematical developments; but practically they are not con- 
venient. Their connection suggests the'general formula 


(ose) Der cas E se) | (27) 
a formula of frequent utility. 
The. distributive principle and (3) applied to (26) give 


- d0x$o-— dc dz— o 40. E ` (8) 
($9—0)— (POX $0 —0)  (fr—œ) <(H0+pbo—x). (29) 


Boole gave the former, and I (1867) the latter. These formulæ are not con- 
venient for elimination. i 

The following formulæ (probably pen by De Morgan) are of great impor- 
tance : — 


- go that 
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ge Ce ee oe 4 (80) 
By (23) LET 
| (a X b) X (a X b) — 0 o< (a +b) + (CF b), 
whence by (22) and the associative principle . EE 
bx (aXb) <a ü — b d (a d- 5) 
.axb-—cüdb axb-cadb.. 
By (4) and (22) ZUM MM NS 
DE ü-—aXb. GTA 
|b-—axb ad b — b, 
whence by (2) | EM mE 
ü--b-— ad b ad b-cüxb. 
The application of (22) gives from (11) 
E (0 E ax 0) — (a^ a); (. (81) 
from (12) - 
"E pt (a Fa bg) <a 0) + ( 7 y) (32) 
(aX o EX y) =< (i-e 8) (aeg) | 
.from (13) . . | " 
(eZ = (a Ea) (axed); (38) 
from (14) 
(ico aaa ax) CRE (84) 
. from (15) | : 
(ea) Hp T a) + (g Z 0) | where p + g= 6 i 
(00 (aX b-X o) I ((a <p) + (b Z q) } where p X qe; : 
from (22) T 
| (ax56XCerbd)c(axd-Zcocb) -. — . (8) 


$2. The Resolution of Problems in Non-relative Logic. 


Four different algebraic methods of solving problems in the logic of non- 
relative terms have already been proposed by Boole,-Jevons, Schröder, and 
McColl. I propose here a fifth method which perhaps is simpler and certainly 
is more natural than any of the others. It involves the following processes: 

First Process. Express all the premises with the copulas —< and —— , re- 
membering that A = B is the same as À —< B and B — A. 

Second. Process. Separate every predicate into as many factors and every 
subject into as many aggregant terms as is possible without increasing the 
number of different letters used in any subject'or predicate. 
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An expression might be separated into such factors or aggregants (lef us term 
them prime factors and ultimate aggregants) by one or. other of these formule: 


pu = (fo X a) + (90 X z) 
px = (Pot €) X (90 + x). 


' But the ‘easiest method is this. To separate an expression into its 


. fultimate aggregants product : : 
{ ` prime ET | take any | bis hot i all the different letters of the 


expression, each taken either positively or negatively (that is, with a dash over 
it). By means of the fundamental formulæ 


' XXY<Y<Y+Z, 
uM , produet ; subject : factor 
examine ‘whether the { som | taken is a ds RE à of èvery aggregant 


ultimate aggregant 
prime factor 


ultimate aggregants have 
prime factors 


been found as the expression possesses, This. number i is found in the case of a 


a M os ded of letters, as follows. Let m- be the number of different 


"of the given expression. If so, it is a { \ of that expression ; 


otherwise not. Proceed in this way until as many { 


sum of products 
letters in the expression (a letter and its- negative not being considered different) ; 
let à be the total number of letters whether the same or different, and let p be 


factors ultimate aggregants 
the number of { t ud ; Then the number of { . prime Poa H is 


2" + n — mp — p. 

For example, let it be required to separate x + (y X z) into its prime factors. 
Here m —3, n= 8, p= 2. Hence the number of factors is three.. Trying” 
a+ y +2, we have | ; | i i 
a<atyte yXe<Caetytsz, 
so that this is a factor.. Trying x + y + Z, we have 

eat ytz yXs— umo yM-E 
so that this is also a factor. It is, also, obvious that x + y + z is the third factor. 
Accordingly, ` 
x+ (y X z)= (x+y +z) Xx (x +y +2) X (2 + ÿ + 2). 
Again, let us develop the expression 
(& d- b 4- e) X (a+b +E) X rie 


Here m = 8, n = 9, p = 3; so that the number of ultimate aggregants is five. 
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of the sight possible products of duos letters, theri, aly three are excluded, 
namely: (a X 5 X @), (a X b X c) and (a X 6 X 2). We have, then, 
(à d- b d- e) X (a+b E 8) X (a+b 4 e) — 
(aX £x e) + (aX BX i) (ax Ex à + (aX bx o) - (ax bx o) 
Third Process. Separate all complex propositions into simple ones by means 
of the following formule from the definitions of + and X : 
(X -£ Y — Z) 2 (X — 2) X(Y << 2) 
(X Y x Z)e (X -« Y) x (X C2) 
ZEIZ) - (X — Z+ (Y 2X 2) 
(20 (XE Y X Z) (X E Y)- (X T2) 
In ‘practice, the first three operations will generally be parouned off-hand in 
writing down.the premises. 
Fourth Process. If we have given two propositions oné of one of ihe forms 
" a<b+e c axé-b | 
and the other of one of the forms `` D E 
e— dE. eX x< d, 
we may, by the transitiveness of the copula, eliminate 2, and, so obtain 
E | | axe-L+d 


Fifth Process. We may transpose any term from subject to: predicate or the. 
reverse, by changing it from ‘positive to negative or the reverse, and at the same 
time its mode of connection from addition to multiplication or the reverse. Thus, 


(eX y) (e <7 F2). 
We, may, in this way, obtain all the subjects and predicates of any letter; or we 


= may bring all the letters into the subject, leaving the predicate 0, or all to the 
predicate, leaving the subject co. 


ropositions havin subject 
Sith Process. Any number of propositions having a common i predica te) 
are, taken together, equivalent to their peas 


As an example of this method, we may consider a well-known problem given 
by Boole. The data are — 


IN Lo GX e gk) 
v x c X w— (y X.2) + (GX Z} 
(£ X y) + (o X 2 X y) = (z X i) F (2 X w). 


e 
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The quæsita are: first, to find those predicates of x which involve only y, 2; 
and w; second, to find any relations which may be implied between y, z, w; 
third, to find the predicates of y; fourth, to find any relation which may be im- 
plied between x, z, and w. By the first three processes, mentally Peres we 
resolve the premises as follows: the first into ` 


the second into 
- oxXexXw—<yte ~ 
BXaxXw< Cote; 


à gXy-csdw, 
eX y —— Er 
voXcoXg-zdcw 
voXceXg—- E40 
2Xd4—-r 
£c w-—vwuty 
z +0 x 
E + uw —< v + y. 

We must first eliminate v, about which we want to know nothing. : We have, 

on the one hand, the propositions 
vXoeXidj— ud w 
oxx <+ ü; 
‘and, on the other, the propositions 
i EXË—< v 
vXzXw-cyc£z i : f 
oOxexw-cg-e 
xX — vy | 
| X w< 0 +y." 

The conclusions from these propositions aré obtained by iid one from 
each set, multiplying’ their subjects, adding their predicates, and omitting v. 
The result will.be a merely empty proposition if the. same letter in the same 
quality as to being positive or negative be found in the subject and in the predi- 
cate, or if it be found twice with opposite qualities either in the subject or in the - 
predicate. Thus, it will be useless to combine the proposition e X e X jj —— 2-- w. 
with any which contains Z, y, z, or w, in the stibject.- But all of the second set 
do this, so that nothing can be concluded from this proposition. So it will be 


the third into 


RE R 
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useless "to. combine UXuUX ¥ = Z + © with any which contains à, y, Z, w in 
the subject, or z in the predicate. This excludes every proposition of the second 
set except 0 X aX w —— y +3, which, combined with. the proposition under 
‘discussion, gives 
T 2o cc yan 
or - x xX w< ytz, | 
which is therefore to be used in place of all the premises containing v. 
One.of the other propositions, namely, Z X Z —— i$ +% is obviously con- 
` tained in another, namely: Z X w —< a. Rejecting it, our premises are reduced : 


to six, namely : 
EXE—Cydw 
&xXy-zctw 
Xy — Edd 
x Ü< r 
X w< % 
X w — y +Z. 
The second, third, and sixth of these give the predicates of x. Their product is 
w—<(gtetw) X (gj 4E d- d) X (y -- & - 2) 


t< yxa XB Fy XIXw +H] XXH] XZXw+t]XZXD 


R ANR & 


or 


or 
v< zX HEX wH] XZX Ü. l 
To find whether any relation between y, z, and.w can be obtained by the elimi- 
nation of v, we find the subjects of x by combining the first, fourth, and fifth 
premises. - Thus we find 
IXEX OLX G+EXw-<e 
It is obvious that the conclusion fromthe last two propositions is a merely identi-. 
: cal proposition, and therefore no independent relation is implied between y, z, 
and w. 
To fnd the predicates of y we combine the second and third propositions 
This gives 
y -< (& +z +w) X (8 4-2 4- 5) 
or . i y< uXsXüsxXut 


Two relations between x, z, and w are -given~“in the premises, namely: 
‘2X d — x and Z X w —<[ x To find whether any other is implied, we elimi- 
` nate y between the above proposition and the first and sixth premises. ' This gives 
&XE-—C-:xzzx4-4u48 | 
a XWCEXIX HE+ 


$ 
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The first conclusion is empty. The second is equivalent to æ X w -< 2, Which is 
a third relation between 2, z, and w. ` 

Evérything implied in the premises in regard to the relations. of v, y, Z, wW 
may be summed up in the proposition 


co < gz +z X wt+yxzX ü. 


E 


Caaprer HL — Tue Locrc or RELATIVES. 
$1. Individual and Simple Terms. 


Just as we had to begin the study of Logical Addition and Multiplication by 
considering oo and 0, terms which might have been introduced under the Algebra ` 
of the. Copula, being defined in terms of the copula only, without the use of + or 
X, but which had not been there introduced, because they had no application 
there, so we have to begin the study of relatives by considering the doctrine of 
individuals and simples, — a doctrine which makes use only of the conceptions of - 
non-relative logic, but which is wholly without use in that part of the subject, 

"while itis the very foundation of the conception of a relative, and the basis of 
the method of working with the algebra of relatives. 

The germ of the correct theory of individuals and simples is to be found in 
Kant's Critic of the Pure Reason, Appendix to the Transcendental pian where he - 
lays it down as a regulative principle, that, if 


a — b b< a, 
. then it is always possible to find such a term 2, that 

a <> wsh 

a—< a b-— m 
Kant's distinetion of regulative and constitutive principles is unsound, but this 
law of continuty, as he calls it, must be accepted as a fact. The proof of it, which 
I have given elsewhere, depends on the continuity of space, time, and the in- 
tensities of the qualities which enter into the definition. of any term. If for 
instance; we say that Europe, Asia, Africa and North America are continents, 
but not all the continents, there remains over only South America. But we may 
distinguish between South America as it now exists and South America in former. 
geological times; we may, therefore, take + as including Europe, Asia, Africa, 
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North Radio and South America as it exists now, and avery visa continent, 
„but not every continentis x. _ i 

Just as in mathematics we speak of TN infinites, which are 

"fictitious limits of continuous- quantity, ` and every statemént involving these 

expressions has its interpretation in the doctrine of limits, so in logie we may 


define an individual, À, as such a term that . SUR 
Ad: 
but such that if- . E 
TP | | du. WD uec uM 
, then ; | | x —< 0. 
And in the same way, we may define the ee a, as such.a term that 
m Zo 
- but such that if - 
: | tos a x x 
then id ~< x. S 


. The individual and the -simple, as here defined, are ideal-limits, and every 
statement about either is to be interpreted by the doctrine of limits. 
- Every term may be conceived as a limitless logical sum of individuals, or as 
a limitless logical product of simples ; thus, í 
i a = A, +A + As + A, + A; + ete. 
2 — À,X A, X A, X Ay X A, X etc. 


': Tt will be seen that a simple is the negativé of an individual. 


§ 2. Relatives, 


A relative is a term whose definition describes what sort of a system of objects 
that is whose first member (which is termed the relate) is denoted by the term; 
and names for the other members of the system (which are termed the correlates) 
are usually appended to limit the denotation still further. In these systems the ` ` 
order of the members is essential; so that (A, B, C) and (A, C, B) are different 
| systems. As an example of a relative, take ‘buyer of — for — from’; we may 
append to this three correlates, thus, ‘buyer of eag horse of a certain deserip- 
tion in the market for a good price from its owner. l 

A relative of only one correlate, so that the system it supposes | is a pair, may 
be called a dual relative ; a relative of more than one correlate may be called 
„plural. ; A non-relative teen thay be called aterm of singular reference. i 

Every FEE like every term of singular reference, i is general ; its defini- 
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tion describes a system in general terms; and, as general, it may be conceived 
. either as a logical sum of individual relatives, or as a logical product of simple 
relatives.* An individual relative refers to a system all the members of which - 
are individual The expressions 


| (A : B) (A:B:0) 
may denote individual relatives. Taking dual individual relativeg, for. instance, 
we may arrange them all in an infinite block, thus, 


A:À A:B  A:C  A:D A:E ete. 
B : À B:B B:C B:D B:E etc. 
C:A C:B 0:0 C:D  C:E etc. 
D:A D:B D:C D:D D:E ete. 
E:A E:B E:C E:D E:E etc. 
etc. etc. etc. etc. etc. 


In the same way, triple individual relatives may be arranged in a cube, and so 
forth. The logical sum of all the relatives in this infinite block will be the rela- 


tive universe, , where © 
2 z eo, 


whatever dual relative Y may be. It is needless to distinguish sis dual universe, 
the triple universe, etc., because, by adding a perfectly indefinite additional mem- 
ber to the system, a dual relative may be converted into a triple relative, etc. 
Thus, for dover of a woman, we may write lover of a woman coexisting with anything. 
In the same way, a term of single reference is equivalent to a relative with an 
indefinite correlate; thus, woman is TRI to woman coexisting with anything. 
Thus, we shall have 
A=A:A+A:B+A: CA: DRN E + etc. 
A:B—A:B:A--A:B:B-FA: B:C-- A: B: D + etc. 

From the definition of a simple term given in the last section, it follows that 
every simple relative is the negative of an individual term. But while in non- 
relative logic negation only divides the universe into two parts, in relative logic 
the same operation divides the universe into 2” parts, where n is the number of 
objects in the system which the relative supposes; thus, | 


co — A+A 
c: B + À: BHA: BHA: B 





* In my Logic of Relatives, 1870, I have used this expression to designate — I now call dual relatives. 


| E 
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` 0 — (A:B:C) -H(À:B:C) -(A:B: C) - (A: B: C) 
+(A:B:C)+(A:B: C)+(A:B:C)+(A:B:C).- 
Here, we have | f 
A= nur A=A:B :B;. 
A:B=A:B:C+A:B:0; A:B=A:B:O+A: 
A:B=A:B:C+A:B:0; A:B=A:B:C+A: 
It will be seen that a, term which is individual when considered as. n-fold is not — 
so when considered as more than #-fold ; but an #-fold term when made (m + 1)- 
fold, is individual as to n members of the system, and indefinite as to m members. 
Instead of considering the system of a relative as consisting of non-relative - 
individuals, we may conceive of it as consisting of TOES individuals. Thus, 


bl 


bol - 
eO oO 


since 
À = À : A+A: B+A: C+A: D 4 ele, 
mec. 
= (A : iy: dd B):B-F (A: ©): B+(Á: D) : B + ete.. 
B= B: A+B: B+B: 'C +B: D+ ete.; 
so that 


; A:B-—A:(B: AYER: (B:B)+A: (Bs IM (B : D) + ete. 
Here we have Erden" 
; (A: i B-—A: (B: C. 
In the same way we find 
(A: D): (B: €) —(A:€): (B:D)- 
—A:[B:D):0]— A:[B: (C: D) ` 
ÉD Besi e OVE Be. 


$8. Relatives connected by. Transposition y Belt did Carle : 


Connected with every dual relative, as . 
1= X(A:B)— Il(a: 8), 
is another wio is called its converse, l 
; k1= E(B : A) = (8: a), 
in which -the relate and correlate are transposed.. The’ converse, b, is itself a 
rélative, being 


| k= E((A:B):(B: A)]; 

that i is, it is the first of any pair which embraces two individual dual relatives, 
each of which is the converse of the other. The converse of the converse is: 
the relation itself, thus | 
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k-k-l = 1, 
or say | + kk = 1. 
We have also 
kl = kl 
kd = =k 
kIT = Ik. 


In the case of triple relatives there are five transpositions possible. . Thus, if 
| b = Z[(A:B): 0] = Z[A : (C: B], 


Ib = E((B: A): C] - E[B : (C: A)] 
Jó — E[A : (B: O)] 2 E((A : O) : B] 
Kb = X[C:(A:B)] = E[(C : B) : A] 
LD -E[(C:A): B] = Z[O: (B: A] 
"Mb —E[B:(A:Q)] - E[(B:0): A]. 
Here we have LM=ML=1. 
1II-JJ-— KK —1 
IJ—JK-—KI-—L 
JI=KJ=IK=M 
-IL = MI = J = KM = LK 
JL=M=K=IM=II 
KL= MK=1=JM= LJ; 


If we write a:b to express the operation of putting A in place of B in the 
original relative 


we may write 


b= S [(A : B) : €) = [A (0: B)], 


I=a:b+ b:ate: 

us Ws : J=a:atb:ice+e: 

an | | K=a:cetb:b+e: 
L=a:b+b:cet+e: 
M=a:c+b:a-+e: 
l=a:atb:b+e: 


I+J+K=1+L+M, 


(IJ -K)1-(14L- M). 
Ta a die way the n-fold relative will have (n! — 1) transposition-functions. ` 


then we ee 


a Fae og. 


Then we have 


which does not imply 
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§ 4. Classification of Relatives. 
Individual relatives are of. one or other of the two forms 
' A:A C A:B, 
and simple relatives are negatives of.one or other of these two forms. : 
The forms of general relatives are of infinite variety, but, the following may 
be particularly noticed. | ~ 


Relatives may be divided into those ‘all whose individual aggregants are of. 
‘the form A: À and those which contain individuals of the form A: B. The 


former may be called concurrents, the latter opponents. Concurrents express a - 


mere agreement among objects. Such, for instance, is the relative ‘man that 


is =) and a similar relative may be formed from any term of singular reference. : 


We may denote such a relative by the symbol for the term of singular reference 
with a comma after it; thus (m,) will denote ‘man that is —' if (m) denotes 
‘man’ In the same way a comma affixed to an n-fold relative will convert it 
‘into an. (n+ Me -fold relative. Hus (1) being ‘lover of + (5) will be ‘lover 
. that is — of —. 
The negative of a coneurrent “be will be one each of whose simple com- 
. ponents is of the form À : À, and the negative of an opponent relative will be 
` one which has components of the form À : B. 

We may also divide relatives into those iid contain individual aggregants 
of the form A: A and those which contain only aggregants of the form A: B. 
' The former may be called se/f-relatives, the latter alio-relatives. We also have neg- 
atives of self-relatives and negatives of alio-relatives. | | | 

These different classes have the following relations. Every negative of a 
concurrent and every alio-relative is both an opponent and the negative of a 


self-relative. Every concurrent and every negative of an alio- relative is both. 


a self-relative and the negative of an opponent. There is only one relative 


which is both a concurrent and the negative of an alio-relative; this is ‘identical ` 


with —' There is only one. relative which is at once an alio-relative and the 
negative of a concurrent; this is the negative of the last, namely, *other 
i than—. The following pairs of classes are mutually exclusive, and divide all 


' relatives between them: 


Alio-relatives and self-relatives, 

Concurrents and opponents, 

Negatives of alio-relatives and negatives of self-r elatives, 
Negatives of concurrents and negatives of opponents. 
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No relative can be at once either an alio-relative or the negative of a con- 
current; and at the same time. either a concurrent or the negative an alio- 
relative. 
^. "We may append to the symbol of any relative a ao to convert it 
into an alio-relative of a higher order. Thus (/;) will denote a * lover of — that 
is not—.’ ~ M 
"This completes the classification of dual relatives founded on the difference 
of the fundamental forms A: À and A:B. Similar considerations applied to 
triple relatives would give rise to a highly complicated development, inasmuch 
as here we have no less than five fundamental forms of individuals, namely, 


(A:A):A (A:A):B (A:B):A (B:A):A .(A:B):C. 
The number of individual forms for the (n + 2)4old relative is 
240.844 for viia ier roe e (3 —1) 
+3(2—1} Sra [1—4 (#1) +6 (3> 1)—4 (2— 1}. 6 
Eg (tesque 5 (5 — 1) + 10 (4^— 1) 10 (8*— 1) +5 (r-nl ys s 
If this number be called fn, we have 


A fü — f (n — 1) 


fo = 1. 
The form of calculation is 
Lr 
2 1 
5 8 2 5 
15 10 7: 5 
52 37 27 20 15 


203. 151 114 87 67 - 52 


where the diagonal line is copied number by number from. the vertical line, 
as fast as the latter is computed. l 

Relatives may also be classified according tò the general amount of filling up 
of the above-mentioned block, cube, ete. théy present. In the first place, we 
have such relatives in whose block, cube, etc. every line in a certain direction 
in which there is a single individual is completely filled up. Such relatives may 
be called complete in regard to the relate, or first, second, third, etc. correlate. 
The dual relatives which are equivalent to terms of singular reference are com- 
plete as to their correlate. 
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A relative may be incomplete with reference to a certain correlate or to its 
relate, and yet every individual of the universe may in some way enter into that 
correlate or relate. Such a relative may be called unlimited in reference to the 
correlate or relate in question. Thus, the relative ` 


A:A+A:B+C:0+C:D+E:E+E:F+G: G4 6: H + etc. 


is unlimited as to its correlate. The negative of an unlimited relative will be : 
unlimited unless the relative has as an integrant a relative which is complete 
with regard to every other relate and correlate than that with reference to 
which the given relative is unlimited. 

À totally unlimited relative is one which is unlimited in reference to the 
relate and all the correlates. A totally unlimited relative in which each letter 
enters only once into the relate and ônce into the correlate is termed a substi- 
tution. P 

Certain classes of relatives are he by the occurrence or non- © 
occurrence of certain individual aggregants related in a definite way to others 
which occur. A set of individual dual relatives each of which has for its relate 
the correlate of the last, the last of all being considered as preceding the first 
of all, mày be called a cyele. If there are n individuals i in the cycle it may be 
called a cycle of the n™ order. For instance, EL 

k:B B:C C:D  D:E E:A > 

may be calléd the cycle of the fifth order. Now, if a certain relative be such 
that of any cycle of the n®™ order of which it contains any m terms, it also con- ` 
tains the remaining (n— im) terms, it may be called a cyclic relative. of the 
n order and m™ degree. If, on the other hand, of any cycle of the n™ order of 
whioh it contains m terms the remaining (n — m) are wanting, the relative may 
be called an anticyclic relative of tlie n™ order and m™ degree. 
A cyclic relative of the first order and first degree contains all individual 
components of the form A:A. A cyclic relative of the second order and 
first degree is called an eguiparant in opposition to a disquiparant. — . 

A highly important class of relatives is that of #ransitives ; that is to say, those 
which for every two individual terms of the forms oe B) and (B:C) also 
possess a term of the form (A : C). 


&5. The Composition of Relatives. 


." Suppose two relatives either individual or simple, and having the relate or 


correlate of the first identical with the relate or cor relate of the second or of 
7 
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its-negative. This pair of relatives will then be of one or’ other of sixteen 
forms, viz. : ; 


(A:B) (B:C) (A:B)(B:C)  (A:B)(B:O)  (A:B) (B:0) 
(A:B) (C:B) (A:B)(C:B) (A:B) (C:B) (A:B) (C:B) 
(B:A)(B:0) (B:A)(B:C) (B:A)(B:C) (B74) (B:0) 
` (B:A) (C:B) (B:A) (C:B) (B:A)(C:B)  (B:A)(C:B). 


Now we may conceive an operation upon any one of these -sixteen pairs of 
relatives of such a nature that it ‘will produce one or other of the four forms . 
(A:C), (A:C), (C:A), (C: A) Thus, we shall have sixty-four operations 
in all. | + 
We may symbolize them as follows: Let 


A:B (|l B:C=A:C; 


that is, let (|||) signify such an operation that this formula necessarily holds. . 
The three lines in. the sign of this operation are to refer respectively to the first 
relative operated upon, the second relative operated upon, and to the result. 
When either of these lines is replaced by a hyphen (-), let the operation sig- 
nified be such that the negative of the corr esponding relative must be substituted ' 
in the above formula. Doce 


B (-]) B:C— AsO, 


In the same way, let a ameni (v) signify that the converse of the correspond- 
ing relative is to be taken. The hyphen and the semicircle may be used 
together. If, then, we write the symbol of a relative with a semicircle or curve 
over it to denote the converse of that relative, we shall have, for example, | 


A: (4 B: — A:C. 


Then any combination .of the relatives & and e, in this order, is equivalent 
to others formed from this by making any of the following changes: 

First. Putting a straight or curved mark over ‘a and changing the first 
mark of the' sign of operation in the corresponding way; that is, 


for d, from.| to v or from — to = or conversely, 
for a, from | to — or from v to & or conversely, 
for d, from | to u or from — to u or conversely. 
Second. Making similar simultaneous modifications of e and of the ‘second 
mark. | 
Third. Changing the third mark from | to — or from v to = or conversely, 
and simultaneously writing the mark of negation over the whole expression. 
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Fourth. Changing the third mark from | to v or from — to & or conversely, 
‘and interchanging a and e and also.the first and second marks. ` | 


We have thus far defined the effect of the sixty-four operations when certain 
members of the individual relatives operated upon are identical. When these ` 
members are not identical, we may suppose either that the operation ||| pro- 
duces either the first or second relative or 0. We cannot suppose that it 
produces œ for a reason which will appear further on. Let us elect the formula 


A:B ([[]-C:D — 0. 


The other I operations will be included in a certain manner, as we 
shall see below. From this formula, by means of the rules of equivalence, it 
. will follow that all operations in whose symbol there is no hyphen in the third 
place will also give 0 in like cireumstances, while all others will give 0 or co. 

. We have thus far only defined the effect of the sixty-four operations upon : 
individual or simple terms. To extend the definitions to other cases, let us 
suppose first, that the rules of equivalence are generally valid, and second, that 


"Y a — b and e — d then a (I|) c — (|||) d 
(a < 0).X (e < d) < fa (Illy e — 5 (III d}. 


"Then, this rule will hold good in all operations in whose symbols the first and 
second places agree with the third in respect to having or not having hyphens. 


first 
second 


or 


‘For operations, in whose symbols the D } mark dorées with the third 


in | this respect we must write ee d-e Ae instead ` of E HE in this rule. 


Thus, the sixty-four operations are divisible into four classes id to which 
oné of the four rules so produced they follow. | 

It now appears that only the hyphens and not the curved marks are of 

| significance ‘in’ reference to the rule which an operation follows. Let us 

accordingly reject all operations whose symbóls contain curvéd marks, and there 

remain only eight. For these eight the following formule hold : 


“AGB (|||) B:C=A:C . A:B (||-) B:€ =A:6 
.À:B (-|) B:C=A:C A:B (-|-) B:C=A:0 
A:B (M) E:C—A:C ` A%B (--) Bi = K5G- 
A:B (-+)B:C=A:C À:B(---)B:O— A:C 
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B (|||) C:D=0 A:B ([|-) C:D = 
A:B (-||) C:D=0 A:B (-|-) €:D— o 
A:B (|-|) C:D=0 A:B (|--) C:D = o 
A:B(--|)6:D=0  A:B(---)C:D = œ% 


(a—<b) x (e d)-— ja (D. e-— (D d) 
(a-« 0) x (e d) — fa(---) e-~<b (---) d 


| } 
(b — a) X (e— d) {a (-|]) e-« 5 CI) d} 
(b <a) X (e d) — {a (|--) «<b (|--) d} 


(a—<b) x (d 0) — {a (1-1) e (l-I) d 
(a — 8) x (d e) — fa (-|-) e-~<b (-|-) d] 


(b <a) X (d—< e) -— {a (--[) e 6 (--1) d] 
(b — a) X (d— e) -— ia (|[-) e— 5 (IT) 4}. 
As it is inconvenient to consider so many as eight distinct operations, we 
` may reject one-half of these so as to retain one under each of the four rules. 
We may reject all those whose symbols contain an odd number of hyphens (as. 
being negative). We then retain four, to which we may assign the following 
names x symbols : 
a (|||) e2 ae Relative or external lots 
a(|--)e=%e Regressive involution. 
a(-|-)e=a@ Progressive involution. 
a(--|)e=ace Transaddition.* 


We have then the following table of equivalents, negatives, and converses: t- 


Eod 
aie SE eC CIC 
eo 
ac 
SE 


ex SK ar 


éd 
* 
e 


I 


€ AC ac 
X gr QK 


ac 
o 
€x 
i 

















* The first three of these were studied by De Morgan (On the Syllogism, No. IV.) ; the last is new. The 
above names for the first three (except the adjective inter nal suggested by Grassmann’s operation) are given in 
my Logic of Rélatives. : 

t A similar table is given by De Morgan. Of course, it lacks the symmetry of this, because he had not 
the fourth operation. TES 
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If Z denote ‘lover’ and s ‘servant,’ then 
ls denotes whatever is lover of a servant of - , 
F^ whatever is lover of every.servant of — 
ls whatever is in every way (in which it dés at all) lover of a servant, 
los whatever is not a non-lover only of a servant of — 
or whatever is not a lover of everything but servants of — 
' or whatever is some way a non-lover of some thing besides servants of —. 


86. Methods in the Algebra of Relatives. 
The universal method in this algebra-is the method of limits. For certain . 
letters are to be substituted an infinite sum of individuals or product-of simples ; 
. : whereupon certain transformations become possible which could not otherwise 
_ be effected. 
The following theorems are indispensable for the application of this method : 
1st. : W? =l(A: B) t- 4B. 


Since B is equivalent, to the relative term which comprises all individual | 


relatives whose relates are not B, so & B may be conveniently used, as it is here, . © 


to éxpress the aggregate of all individual relatives whose correlate is B. To 
prove this proposition, we observe that 


qu? =7(A: B). 


Now /(A:B) contains only individual relatives whose correlate is B, and of 


these it contains those which are not included in 7(A:B). Hence the nega- . | 


tive of Z(A:B) contains all individual relatives whose correlates are not B, 
together with all contained in 7 (A:B) Q.E.D. 


2d. | ASI (A: B+ A. 


Here À is used to denote the aggregate of all individual relatives, whose Te- 
lates. are not A. This proposition is proved like the last. 


3d. ._ A:B=(A: B)i+A. 
This is evident from the second proposition, because 
E _ A: B= 4:37, 

Ath cos ABSA: Dre 


Another method of' working with the algebra is by means of negations. This 
‘becomes quite indispensable when the operations are defined by negations, as in 
this paper. 
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To illustrate the use of these methods, let. us investigate the relations of - 
'b and ? to ib when Zand b are totally unlimited relatives. | 


Write ^^. I= (M)  b=3,(B,:C). 
Then, by the rules of the last section, _ | 
| DLLD > p< IS, 

| whence, by the second and third propositions above; 
| | D<C(L:M)b+T -P<CI(B;: G)+48, 
But by the first rule of the last section 
(Li: M) b — b 1(B,:6) — D; 

b-< +L, P< +28. 
There will be propositions like these for all the different values of i and j. 
Multiplying together all those of the several sets, we have 


hence, : 


But 
ILL,— X IjkB, = XB, 


and since. the relatives are unlimited, . 
LL = Z kB, = co 

XL = s ÈB, = 0 3 

-<b . È< bb: 


In the same way it is easy to show that, if the negatives of Zand b are e totally 


unlimited, 
P — lob © <b. 


hence 


| 87. The General Formule for Relatives. 


The principal formulæ of this algebra may be divided into distribution formule 
and association formule. The distribution formule are those which give the equiv- 
alent of a relative compounded with a sum or product of two relatives in such 
terms as to separate the latter two relatives. The association formulie are those 
which give the equivalent of a relative A compounded with a compound 9 B 
and C in terms of a compound of A and B compounded with C. 
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C 
Or 


I. DISTRIBUTION FORMULAE. | 
1. AFFIRMATIVE. 
i Simple Formule. | 
(aci estas dota a (b + c) = ab + ac 
(axby =a xe + =a xa 
he =e Xo *(b X c) b Xe 
(aX b)oc=(aee)+(bee) .  ao(b X c)= (acb) (acc) 
mE ii Developments | 
(ax b) c — II, ( a (e X p) +b (c Xp) a(bxo-—IL { (aX p)d+(ax p)e} 
(a+ by E p [EXP X BX? | | axe = E, (ad- p) X (a py] 
exhezE We Rp)x {+} c «(b - c): X, {x2 x @x?.g} 
(a3-b)«e— IL(es(ep)-FU«(e-- B) e«(0-- 9) =U, (a+ p)oB-+ (a+ zoel. 


2. NEGATIVE. 


i. Simple Formule. 




















(aF bje = ac X be aG Fo = ab + ac 
(aXby =~@ +0 @te = + 
WES. = +% TX) =%+% 
SERRE E to(b X c) = dob X age 


ii. papas 
(aX De= xfaXg)x5(XE! XD, (EPX FFT 
GF = PFET] c ee, ja Fp t+ (atopy 
Me = OFP OFA TEISI (DH 
(a Fbjc= Z,[as(e-p) x b«(e-F)) ab Fc)= Z,((a-F ppd x @F pec} 
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H. ASSOCIATION FORMULÆ. 
1, AFFIRMATIVE.. 
| i Simple, Formule. 
(be) = a (be) = (ab)c = (ab) =) = (“by 





tt 
elf. 
— 
e 

















 do(boc) = dt . = 00e = (Gob)oc al) = ao(’e) = (aoe = e | 
ao(bc) = go -(gy = (a) c a (c) mh) =; = (ab)ec 











bec) = a (bec) = (%b)oc = le Ge) = do(b°) = (aob) e = (ab) 


ii. Developments. : 


(A and E are individual aggregants, and a and e simple components of a . 
and e. The summations and products are relative to all such aggregants and 
components. The formule are of four classes; and for any relative ¢ either 
` all formule of Class.1 or all-of Class 2, and also either all of Class 3 or all of 
Class 4 hold good. : 


CLASS 1. | E i | CLASS 2. 
(Be) = (bc) = (D)e) = Y (Ged Jo (cod) = Tres (d) = (a) 
d= qo(be)=E{(a0b}} —E{(ab)c} (Coie = (cod)oe = X (c9) = Tf eo(%e)} 
a(b) = d^ = f(y) = (y) (e= e= I foo(doe)} = I6} 
(D) = a(b) = X((Aby)— Xj(Ab| (FF = (Pe = Df} = Z(es(45)] 




















| GLASS 3. . | CLASS 4. 
aI = go(Boc) = E((* e| X((a)e] e= (ed)oe — E ((dec)) = Ef{c(dee)} 
a(bec)=%(boc)=II}(Ab)ocj= Ij} > (ede = (cd) — I1 {e(d®)} = 11}*(d*)} 
Fe) = ate) = E(fhe| = {ee} CI = (d)e= X((dE)) = Z(e(dE)] 
ao(%) =a" =II{(acb)oc} =M} (dee = Me = TI[e(*9)] = f°} 


























— 








— 














The negative formule are derived from the affirmative by simply drawing 
or erasing lines over the whole of each member of every equation. 

In order to see the general rules which these formule follow, we must im- 
agine the Operations symbolized by three marks, as in the commencement of this 
chapter. We may term the operation uniting the two letters within the paren- . 
thesis the interior operation, and that which unites the whole parenthesis to the 
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third letter the exterior operation. By junction-marks will be meant, in case the 


' parenthesis a the third letter, the 1 e a} mark of the symbol of the 


| interior operation and the ias T mark of the symbol of the exterior opera- - | 


tion. - Using these terms, we may say that the exterior junction-mark and the 
third mark of the interior operation may always be changed together. When. 
"they are the same there is a simple association formula. This formula consists 
in the possibility of simultaneously interchanging the junction-marks, the third 
marks, and the exteriority or interiority of the two operations. When the ex- 
terior junetion-mark and the third mark of the interior operation are unlike, 
there is a developmental association formula. The general term of this formula. 


is obtained by making the same interchanges as in the simple formule, and then . ` 


` changing q to A when after these interchanges ab or *b occurs in parenthesis, 
changing a to a when a" or aob occurs in parenthesis, changing ¢ to E when 
de or d* occurs in parenthesis, and ehanging e to e when ^e or dee occurs in 
parenthesis. When the third mark in the symbol of the exterior operation is 
affirmative the development is a summation; when this mark is negative there 
is à continued product. i | 

In the first-column of formule, the second mark in the sign of the interior 
operation is a lire in Class 1 and a hyphen in Class 3. In the second column, 
the first mark in the sign of the interior Spee toni is a hyphen in Class 2 and a 
line in Class 4. 


(To be Continued.) 


: NOTE TO PAGE 47. 


The relative 0 egt to be ident s as at once a'concurrent and an alio-relative, and the relative co as at 
once the negative of. a concurrent and the negative of an alio-relative. "The statements in the text require to 
. be modified | to this extent. 


On Certain Ternary Cubic-Form Equations. 


By J. J. SYLVESTER. 


CHAPTER I. 


Excunsvs B.— On tee CHAIN RULE OF Cugrc. Pine DERIVATION. ` 


I THINK it desirable, while the colons; $0 to say, are still wet on the palette, uid 
my mind is still dwelling upon the subject which has been casually introduced 
in the note to the proem contained in the last number of the Journal (and there 
made use óf to determine the number of in-and-exscribed k-laterals to a cubic), 
without waiting. to put forth the titles which in natural order of sequence, 
perhaps, should immediately follow Title 1 of Section 2, to proceed at once to 
develop the theory of derivation which, irrespective of the casual.use of it 
 alluded to, will be found to be of essential importance when I reach that part. 
of my proposed task which deals with soluble cubic-form equations, nor less - 
so when, in Chapter IL, I have to treat of insoluble cases of certain classes 
of cubic-form equations with four or more terms. ` 
Title 1.— On the Natural or Discontinuously Numbered Scale of Rational Der ivatives 
to a Point on a Cubic Curve. 


Let us. take any point on a cubic curve along with its successive tangentials 
ad infinitum. We may, by drawing straight lines through any two of these points, 
either contiguous or apart, to meet the curve; obtain an additional set of- points, 
and thus orn an enlarged system which may again be subjected to a like 
process of-collineation or tangentialization,.and such. method of augmentation 
and amplification may be continued indefinitely. Every point thus obtained 
will obviously be a rational derivative of the original point (1. e. its co-ordinates 
will be rational integral functions of those of that point), and, at first sight, it 


P4 
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would seem as if we might in this way obtain a network, or spread,* of rational 
derivatives; but I shall proceed to show that such is not the case, but that 
only a line or chain of points will be thus obtained, usually infinite in extent, 
although for certain positions of the initial point coming to a stop, and in other ` 
cases winding rotind and round upon itself so as still to include only-a finite 
number of distinct points. It will be shown subsequently that, in order to 
complete the theory of the chain for the purposes of this memoir, it will be 
necessary to take into account the rational derivatives not merely from a single , 
arbitrary point, but from such points, combined with a point of inflexion, and that 
‘this additional element will not alter the surprising fact of the absence of 
reticulation or spread, but merely bring about the insertion into the chain of 
points corresponding to missing numbers in it as first described, and to the. dupli- 
cation of the chain so completed, owing to every point in it having an opposite. 
point also-situated on the curve and collinear with it in respect to the given in- 
flexion. This duplication will be of little importance in general to the arith- 
metical theory with which we shall be occupied, inasmuch as opposite points 
will correspond to the same arithmetical values, with merely a change of name 
between two out of the three-variables which denote the co-ordinates of any 
point. First, let us consider-the chain law of derivation when a point on the 
cubic curve alone is given. I shall call the original point 1, and its first and 
second tangentials 2 and 4 respectively, and in general use (m,n) to denote the. 
point on a given cubic collinear with two points m,n also situated upon it.f 
Obviously; then, we shall have 1, 1—2 2,2=4, using 1,1 2,2 to denote, in 
either case, two consecutive points upon the cubic. It is also obvious that if 
m,n=p then m,p-nand n,p-m,sothatl1,2—1 2,4=2. | 

Tatuoi 146 2,553 1,758. 2810; 1,105112; 11519 
and so on. It will be seen that no number which is a multiple of 3 is brought 
into existence by this process. Supposing a,b to be any two integers, neither 
of them divisible by 8, let us agree to signify by afb that of the two values 
a -T- b, a — b. which is not divisible by 3. The theorem to be established is that 
the point m , 1 collinear to m and n. will have for its value m $ n; as, for instance, 
4,4, or the third tangential to 1, will have for its value 8; i. e. will be identical 
with 1,7, that is to say, with 1; [2, (1, 4)], where 2 and 4 are the first and second 


# Spread, as a noun (scarcely to-be found in tlie dictionaries) I employ in the sense in which it occurs 
in the phrase spread of foliage. On this continent the word spread is also used. to denote a thick coverlet or 
padded woolleri quilt, id over the bedelothes in winter to keep out the cold; also on both continents as a . 
familiar name for a collee banquet. : 

+ dae however, it will -be found, more convenient to. use Fa, ÿ P, oo Bay PS, Play... Ph in lieu 
of 1,2, 05-1, 25... n. 
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tangentials to 1, which amounts to a rule for obtaining the third tangential, when 
a, point on a cubic and its first and second tangentials are given, by collineation 
alone. The theory of residuation, in its simplest form (see Salmon’s Higher Plane 
Curves, 3d ed., p. 134)* teaches us that the rule of the older chemistry known 
by the name of double decomposition, viz. that (a;b),(c,d)=(a,c),(b,d) is 
applicable to the .säme symbols regarded as points on a cubic curve. This rule 
of double decomposition is all that is required to prove the theorem in question. 
Thus, e. g, in order to prove that 1,7 — 4,4, I write 1,7 — (1,2), (2, 5) 
—(2,2),(1,5)— 4,4. Q. E. D. = ; 
So, to prove in general that r,s =r fs I proceed as follows: 
1° Suppose r= 342-1; s—3Jj-F 1, wherej — iis positive. Then. 
r,s =(3i— 1,2), (3j +2, 1) =(3i— 1,1), (3j + 2 ,2)=3i—2, uw 
=r—8,s+3. Hencer,s=r—8i,s+8i=1,8+r—1=5+7. 
2° Supposer-3i—1;s-—3j—1. Thenr,s-—(3i—2,1),(87 1,2) 
= (38i — 2,2), (3j + 1,1)=3i— 4, 3j +2 =r— 3 ,s + 3, as before. Hence 
ris=r—8(i-1);st8G—-1l)=2,str—-2=strn. " 
3°. Suppose r = 3i— 1;5- 3j +1. Thenr,s—(3i—2,1),(87— 1,2). 
—(84—2,2),(8j—1,1)—3i—4,8; —2—r—3,s5 —3. Hence r,s— 
r—~S8it+3,8—381+38=2,8—r+2=s—n.. 
.. 4^ Suppose r= 8i+1;8= 37-1. Thenr;s—(32—1,2),(8—2,1) © 
—(86—1,1),(3j—2,2) =3i—2, 894r 8j s—3. Héncer,s— 
r—8i,5—83i—1, 8—rd-l-s-r. c ; 
Collecting the four cases, it will be seen that I have proved, for all values of 
the points r,s in the chain, that r,s —ris. Q. E. D. 
The points 2/ correspond to tangentials of the i order to the point I. 
It is obvious from the above theorem that no process of continued collineation 
“or tangentialization performed upon these points can lead to any points extrane- 
ous to the series of points 1,2,4,5,7,8.... which form a simple chain extend- 
ing in general to infinity. Moreover, as it follows from.the theory of residuation 
that any single point reached through the intervention of curves drawn through 
any number of points on a cubic can be reached by simple linear constructions, 
it follows that by no conceivable geometrical process can any rational point be 
réached not included in the numbered chain, and the inference becomes in the 








* The theory of residuation was originally brought by me before the Mathematical Society of London, | 
and subsequently, in the form of questions, in the “ Educational Times." Dr. Salmon makes no allusion to the 
fact of my applying the theory to curves of all orders: in the case of the quartic, the residual becomes a system 


of three points ; of a quintic, a system of six points, and so on. I understood Professor-H. S: Smith to say that ^ ` 


he made use of my theory for the quartic in his memoir which gained half^the prize for the subject set by 
the Academy of Sciences of Berlin, but which T have never seen. 
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> 
» 


‘highest degree probable, and, as à matter of fact, is undoubtedly true (although 


the reasoning upon which it is here made to rest is not absolutely conclusive), 
that no rational deducts from a general point on a general cubie exist save those 
that belong to the numbered chain, the póints upon which constitute what may 
properly be termed'a self-contained group, infinite or finite (as the case may be) 
in regard to the number of terms which it contains. I shall presently determine 
the order of each successive derivative, meaning thereby the order in the co- 


“ordinates of the initial point of any one of the three functions which express the 


co-ordinates of the derived one.* 

The case in which the:chain forms a closed polygon, which can only happen: 
when. for some number i the 7 tangential coincides with the initial point, has 
“alr eady been discussed i in the note to the proem. 

If the chain: is an open but’ finite one, it is necessary that a tangential of | 
some order shall fall upon a point of inflexion, in which case the succeeding 
tahgeritials remain fixed at that point, but otherwise contin ual new tangentials 
could be drawn. - These are obviously necessary conditions of the- chain being 
finite, whether it be an open chain or winding .round' upon itself; it remains to 


©: show that they are sufficient as well as necessary, but that will best appear after 


the theory of derivation. from a general rant combined with a pon of inflexion ` 
has been. discussed. 


. I shall begin with finding the co- rasée X, Y, Zofa point on aie ‘cubic 


curve collinear with any two given points z,9y ,2; €, C Let X= ha pé, 


Y= +u, Z= d+ pl then F(X,Y, Vcr gn ec GE 


å `d . 
= (x 352) E PP (Eom, E + MP (xg vq y +22) F (£5, () Hence 


X,Y, Z will be the collineal to (254 y; z), (n, x if 
If now we write F( $,),7) under its modu form de -+ y? d + Keyz it 


will. be found, on substituting for X and g the quantities to which they.are pro- - 
- portional, that 





* There is a further question, but which, as not material to the object of this memoir, I shall not discuss 
here, viz. the degree in the coefficients of each such derivative. For'the tangential, the degorder (being that 
of the minor determinants of the matrix made np of the differential derivatives of the function and its Hessian) 
we know to be 4,4. If z,y,z, be the original co- -ordinates, and X , Y , Z, those of the tangential, we know that : 
F(X,Y,Z) being zero when F (2, y, 2) (the given cubic) is.zero, must be divisible by F" (5, Ys 2 The quotient 
` will be of the degorder 13,12 — n ,95,iLe = , 9, and is in fact the skew covariant of F. | 


E 
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X= (ynë — ye + PLE — al) + K (yat? — qt?) 

Fe Oey Hy P a) T fer te) 

= (WEE — née + yo — yu) + E (yl? — e?) 

But these expressions : admit of a surprising simplification, viz.: we may neglect 
the terms not containing K, for it will be found that the quantities affected 
with the coefficient K are to each other in the same ratios as the other three 
corresponding groups in the values of X, FY, Z Thus, ex. gr. 


(yz£ — nla?) (Ply — ziy + an — af) 
— (ean? — Ley?) (yn — qne + PLE — sU) 
= (£y — ax) (Ent (a ty +2) — aye (P + + D) 
hence EZ eye? ke ww — Lop eyt te 
. We might, instead of these simple expressions, take for X;V,Z the other 
three groups and (using à; ye ; My instead of x,y,z; &,n,¢ and (pq) to 
denote the determinant fida — poy) say that. X, Y, Z are the minor determi- 
nants of . 
Hyp. X,Y Yn Z-Z 
(yz) (m) (ay), 
and these are brie the expressions found by Cauchy, and given by him in his 
Exercices de Mathématiques, Paris, 1826, p. 256, 1. 18-21, pp. 257-60. I take this - 
reference from a loose page of an article by M. Lucas, but have not access 
- either to that article or to Cauchy’s. 

It is remarkable that Cauchy should have given quadrinomiàl expressions 
for the collineal to two given points on a cubic curve, or their connective, as I- 
shall hereafter term it, when, as shown above, binomial ones fulfil the same 

purpose. The correctness, of these remarkable formulæ admits of easy verifica- 
| tion, as follows: 

For greater simplicity denote 2? , y? , 2? , «yz i» u,v, w, p; and E, g, E, ‘tnt 
by w pu, w , p respectively. Then X (yz? — nf’) = X (vwu? — vwu) 
Ban [Qf v! +w) y (iE v ow) y] SX (vou? — vwu). 

Alo, — K(yz£* — qt). (er! — Gy!) (oy? — £y?) | 
m Kuyz (£ 88 + yf Cos " + pË y’) + Ként (eye +, PRE + Pa) 
= (u + v + w) (ww + vou + wie’) — M TE Tow) ve + v'wu + w'üv) 
= 2 (www — wow). 
Hence, giving X,Y, Z the values indicated by the formula, we find 
| AC Y*LZ-TEXYZ-0, 
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which equation depends, as seen, and as we know « priori must be the case, on. 
the pure algebraical fact that X?-1- Y? + Z? + KXYZ is a syzygetic function 
of a? +y ++ Kayz and & + 43+ 0+ Kéi, taking no account of the 
function éng (a? +y? + 2) — eyz (E + s + C), as that is itself a syzygetic 
function of the two. others: If we call the syzygetic multipliers of those two d 
‘and F respectively, it will at once be seen from what precedes that 
D = 8 En Cry PTS En = v ^ ma i 3 
F IL 8 ay Ent = ay? C3 = mE ees Pan". * 
I now proceed to apply the foregoing results to the problem of determining 
the .order in the co-ordinates of any derivative numbered j (where j = 8 i + 1), 
which may be called its index, and shall prove that the order of any derivative is 
‘the square of its index. Tt will also bé. Shown that each of the derivatives above 
referred to will be of the form 'zU,y V,zW, where U,V,W are quantics in 
a? y® ,2? as variables, since these quantities satisfy the equation 
` (UF + (yVy + («Wy + KxyzUYW = 0, 

"where Kayz = — 8 — YP — 2 

. „From this it follows that, calling 25,35 ,2; a,b,c respectively, the scheme : 
of derivatives contains the various solutions of the algebraico- -diophantine equa- 
tion aU? + b V? + c W° — (a +b 4- c) UVW = 0, and that, supposing the dt 
of the squares to be demonstrated, U; V, W will be of the order 1 { (38i + 1} — 
. Le. 3Ë+2iin a,b,c, where i is any integer. We thus see that the ae 
equation admits of solutions in which U,V,W are of the orders 1; 5, 8, 16, 21, 
88, 40 .... respectively. It will hereafter be shown, in like manner, that 
the missing derivatives, whose indices are multiples of 3 (belonging to the 
nat poiht and point of inflexion combined), will satisfy the equation 


Sup V? + abc W° — (a + b+ c) UYW = 9, | 
‘where U,V,W will be necessarily of the orders 3? 24, 8 P24, (i+1) (35+ 1) 








| : " - 

* Thus, F == (yzg + zan + yf) (yz + pean + pou) (ye + pean + peyé) 

| © = (mle + Eu + Enz) -te + pléy + phy) Cake + p'XEy + pénz), 
and it is worthy of notice that we have íncidentally solved with quantio values for F, $, U, Ý, W the simul- 

taneous algebraico-diophantine equations 
" PP Mob AO HHE 
; i UVW = abc% — aßy F. ` 

+ The proof here supplied is sufficiently ; exact to dispel : any reasonable doubt as to the- truth of the law ; 
but an exact proof which does not assume but demonstrates the non-existence of latent common measures to 
the reduced values of the -co-ordinates of the connective to any tivo derivatives will be furnished under Title 3. 
— one of the most surprising feats of demonstration which it has ever fallen to the author's lot to accomplish. 
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respectively, iy as before, representing any integer. Thus we see that, if a+b 
+ c = 0, the equations | 


aU? + bY? +c W° = 0 and U+ V+ aews-o. 


will- admit af an infinite number of solutions in integers, when @,b,c¢ are 
intéger. This fact, as regards the latter equation, has been already pointed out 
“by M. Lucas in this Journal, and previously by the Abbé Pepin i in his memoir 
in Liouville’s Journal, 2d series, Tome XV. 

Let us begin with applying the formule to obtaining the co-ordinates of the 
tangential. 


Let | dg to 3 Haye = 0 
be the equation to the cubic. If we take x,y,z; x+ dx, y + id; PE e two 
consecutive points, their connective will be the tangential. 

Applying the formule just obtained, we shall obtain for its co- ordinates ex- 
pressions each of the form Pôx + Q8y + R&z with only one relation between 
da , dy, 0v. Hence, if we write óz = òr + poy the resulting ratios must be 
independent of À and y. Consequently we may make S2=0. The two connec- 
tives then become 

42,95€ 
upon. y T Sy y2, 
and the co-ordinates of the tangential will-therefore be -proportional to 
yz (a+ xy — 2 (y + dy) a? : ex (y + 8yY — 2 (£ + 8x) y? : 2 (ay — (x + dx) (y + dy)) 
i. e. to x (2 yèx — x8y) : y (2 x By — y8z) : z (x8y + y8«) 
where Opn By iia, Dee: oF F kyz. 
Hence the co- -ordinates required are as 
2 {2 ÿ + a? + 83 kaye} : eye Sii z(a my) 
ie.as . {y —21:yl? — a}: aot fl, 
a result which appears to have been first found by Cauchy for the general form, 
but previously by Euler, and before him by Fermat, for the case & = 0. 
If we write a, b , c, instead of a, y , z, and call the co-ordinates of the tangential 
$,y,2, we might find their values by virtue of the condition that the connective 
ofa,b,c and a,y,zis a,b,c over again. This furnishes the equations 
| bea? — À yz = = am 
cay? — bzg = bm 
abe? — &xy = em, 
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which may be satisfied by writing” | 
aa (D — e)p ; ne ne 
f ; (a5 + 6 + E — qb — be — ac?) P= 
but whether or not the above is necessarily the only LL eMe: is not 
quite clear a priori, and a posteriori it looks as if the solutions might be manifold. 
. The co-ordinates of the point whose index is 4, i. e. of the second tapponta, 
: will be those of the first tangential to the point 
æ (y — 2) : y(P—35):z(2—3), viz. 
e (y — 2) {y (at — 2) + Ey: y m a) f(y? — ay + 2 (5 o =e] 
(00 iel 5) (a (P — 5 y (P TU 
nid are of the order 16. 

To find the co-ordinates of the pou whose index is 5, we may take the 
connective of the one last found, and of x, y, z, i.e. of 4 and 1. Let us call 
them xU, yY, zW, and, for greater simplicity, denote a, y g, foru, v, w. 
Then, omitting the common factor xyz, TENE 

U — (v — wy (v (u— w)? + vw (u —v}}? | i 

'—(w— u) (u—v)(w(v—uy tu (v — wy) ju (ao — vy + v (ao — uy], 

with similar quantities (mud. mut.) set against V and W.' 
l These quantities will have the common measure w? +v? + w — uv — wo — vw. 
To prove this let either one of its factors a8 u + po + pho = 0. 


Then : v — u= pw v) and u— w= p(w—?) 
and the representative of U above written becomes 
{Co —w) — (w—u) (w—v)) (w —0ÿ = (EM vu — uw — uv) (ao — v = 0. 
Hence the representative of U vanishes with, and therefore contains. 
a£ + v? + — uv — wo — ww 

as a factor, and the same must evidently be true for the représentatives of 
V and W; hence, U,V,W, will be of thé order 10 — 2 or 8, in v, v, w, and 
the co-ordinates xU , y V ,z W, of the order 3.8+1,ie. of thé Sdr 25 in vyz. 

The preceding demonstration depends essentially on the fact that my 
simplified formulæ.for the co-ordinates of the connective of two points on a 
cubic fail, that is to: say, become: illusory, for a particular relation between the 


two points, as is easily seen; for let x,y,z; v,py,pz be two points on a cubic, 
then the formule for X, F, Z, the connective s co-ordinates, become 


(py pe ye); (Pz. — amp) ys (E. py — wyp) À 
9 ° : . 
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i. e. all vanish, whereas it may be remarked that the general expressions given 
at page 62, e l 
= (y'n§ — ye + PUE — ax) + K (gré — nta) 
Y= (Zi — Cy + én — séy) + K (zen? — Gy) 
= (Wel 2&2 + ynt — yne) + K (uy — ng), 
py" ph 
(P= py  (1—p)m ` (p1) ays 
ie. (p—p)a(y'—2), (Iy) (Pe h 
which are the same as | | 
© (y — 2), py (?—9) pa (x y) 
and remain perfectly valid. 
This law of the failing case enables me to prove very easily the Law of Squares, 
as follows : 07 
Suppose it proved that for all indices inferior to 64 the order of the derivative 
is equal to the square of its index ; then, to prove that the same law is true up to 
6 (i+ 1), it is only necessary to consider the cases of 64-17 1,6 i + 5, for, as regards 
the index 6 4 + 2 and 6 à + 4, the derivatives may be dsl as the ren 
of the derivatives to indices 34 + 1 and 3 i + 2, and will consequently be of the 
orders 4 (84 + 1) and 4 (3i + 2}, i. e. (6i + 2) and (6%-+ 4) respectively. 
Let us further suppose that for derivatives whose indices are inferior to 6% 
the co-ordinates are of the form xU, y.V,zW ; U,V,W being quanties in 2°, y”, 2; 
then, obviously, from the mode of forming the tangential, this wil be true- for 
derivatives whose indices are 64 + 2,6 4 + 4: for the tangential to xU, y V, zW 
is oU (yf V* — AW), y V (2W? — FU), zW (2U* — 9 V*). 
Let us consider the point (1) whose co-ordinates a,y 52 satisfy the equation 
ex a? + gy! + pe = O. 
For such a point : ÿ—#:#—m:a—3::l: p: s 


become the minors of a? 


and the point (2) becomes 2, py , pr. Consequently the point (4) becomes 
a (y? — 2), py (È — 2), plz (x? — y^) the same as z,p'y,pz; hence the point 
(5), the connective of (1,4), becomes x (y? — 2°), py (à — a), pz (à? — y^), the 
same as & , p ^y , pz, so that, denoting the derivatives by their indices, 
5=4 - 7=1,8=1,1=2 10=2,8=2, 1-1 
` 11=4,7=4,2=2 ” 18=2,11=2,2= 4 ete ` 
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We have, thus, for all values of the point i 
R 9i+41,2,+4=1,2,4, 
when 1 is the point for which a + py? + p2 = 0. 


Hence, if p,p' be any two points for which p — p' = 8, then p, p' will be 
respectively identical with some two out of the three points 1,2,4. And it 
will at once be seen that the simplified formule for the connective of any two of 
these three points become illusory. 

Now the point 67 + 1 is the connective of 34 — 1 and 3i + 2, and the point 
6i + 5 is the connective of 3i + 1 and 8 à + 4. 

Hence, i in each of these cases, the simplified formule become illusory, i. e. the 
he for each of the co-ordinates vanish when 2° + 4 Ales HE En a e. 
— y? vanishes, and must therefore contain it as a common measure. Moreover, 
the simplified formulæ for the connective co-ordinates for the points zU,yV,zW; 
aU’, y V',zW' will contain a?yz , y ze, zxy, and will therefore have the common 
measure «yz. Hence the values of the co-ordinates when freed from these com- 

~mon measures will be of the order in x,y,z, 2 (8i — 1? + 2 (38i + 2) — 9 for 

the point 64+ 1, and 2 (31+ 1 + 2 (3i + 4 — 9 for the point 61+ 5, i.e. 
(64 + 1) and (64 + 5) respectively, and will obviously continue to be quantics 
in 25,35?,2 multiplied by z,y,z respectively. Hence the theorem being true for 
index inferior to 6 is true universally. | 

It will be observed that any co-ordinate X of the point Æ must contain the 
X eo-ordinate of the point # where # is any factor of E; for if k = 8E the point 
k may be obtained by forming the point 6 to the point X’, and it has been shown 
that. the 8 derivative to any.point has co-ordinates which contain respectively 
those of the initial point. Consequently the X co-ordinate to any point k may 
be resolved into factors containing a primitive part of the order r% (the totient 
of #) in the variables, and a non-primitive part containing the primitive part of 
. each power of à prime contained in £, and with the exception of the single factor 

x all the others will be quantics in 2%, y°,2; and, of-course, the same remark applies 
to the other two co-ordinates F and z We might obtain the.point m 1 n as the 
connective of m,n. In that case the simplified formulæ would give expressions 
of the order 2 (m? +1?) in 2,y ,2; and as the actual order of the co-ordinates in 
those variables is (m + n5 it follows that when m — n = 0, Mod. 3, there will be 
a common measure (a symmetrical function of x,y,z) of the order (m — n), and 


. when m + n = 0, Mod. 8, of the order (m + n}? running through those expressions, 


and it might be desirable to ascertain its form; but without waiting to solve 
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‘this problem,* which is irrelevant to the matter in hand, I shall proceed at once 
to consider the derivatives corresponding to indices which aré multiples of the 
number 3, to obtain which it is only necessary, as will be seen immediately, to 
combine one given point of inflexion with one arbitrary point of the curve. But, 
. before doing so, it may be well to notice, that while the preceding investigation 
serves to show that the abridged formule for the connéctive co-ordinates possess 
_the common measure gyz (a? + y? + 25 — zy? — a° — y*2), it does not demon- 
strate categorically that there is no other; ‘or that some power of the second factor 
above written other than the first might not be acommon measure. Consequently, 
what we have strictly proved, as will be evident on reviewing the argument, is 
that the order to a derivative of the index 3i + 1 cannot execed the square of ` 
‘that index; but before I come to an end of the discussion I trust to be able to 
establish with Dirichletian vigor that the order is actually equal to the square of 
the index.f 


Title 2. 220; the Completed or Continuously Numbered Scale of Rational Derivatives 
do an Arbitrary y Point on a Cubie, of which one Point of Inflexion is given. 


Let I be the given-point of inflexion, and let any point (or system of points): 
and another point (or system of points respectively) collinear with the former in 
respect to Z be called opposites. It is obvious that J, I= J, or that the inflexion 
is its own opposite. It will be convenient to denote the opposite to any point 
by .the' same index, but accented. , 

We have, then, obviously, 


ppcli(gy-—pand(p,gy-—I(p,gq)—(, D, ,9= Up, =p, d. 
< Let T ,2 = 3; 1,5 — 6; and in general 7,384— 1—8 i. This is matter of 
definition. Let, now, the infinite system 1,2 3,4, 5,6,7-... and its oppo- 
site be regarded as a single group. I say, 1° , that this- will de a closed group, 
in the sense that a straight line drawn rough any two points (contiguous 
or apart) - of this double chain will cut the cubic in a third point included in 
the group. 
| 2° That the new points will be rational in pie to the co-ordinates of the 
initial point and the given point of inflexion, and, 3°, that the order in the vari- 
ables for every point, without regard to its relation to A modulus 3, will be, as 
before, the square of its index. : 


ii * It is completely solved i in the corollary to Title 5. 
t This anticipation (for it was only such when these words were Tres will be found fully realized 
under Title 5. 
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I proceed to dy that the norte of any. two points in the double chain : 
may be expressed as a single point therein. Several cases present themselves 
according to the form of each of the two connected points in respect to the mod- 
ulus 3-except when the indices are congruent in respect.to that modulus. 
When the residues (r, rj), in respect to that modulus, are dissimilar, the result 
: . will in general be different according as one of them (as r) belongs to the higher 
or lower index. 2E 
(2 dm what follows it is to be "understood that i Sj. 


- Theorem 1. To prove that 8i+ 1, (87 1+ 1) = 8j — 86 
and 3i4-2, (3j +2) — (8j — 81y. 
[This will imply that (24+ 1), oet qr ant re 


(0022834 — 8i]. 


8i+1,(33+1)= (8 i— 1,2), (8 pq 27 — (2,2), [ies (8j — 1y] 
—(8i—1/,3j —1-[(8i—2), 1], (8j — 2,1) 5 (1,1), [(8:— 2), 5j —2] 
= 8i—2,(8j—2). à | ^ | 
` Hence, 84-1, (37 4-1/ =1, (87-8441) — (1,2), [(3j—8 i— 1y, 2] 
20 9(2,2,[1,(83j-3i-1/] 7 1,(8j—3i—1) —8j—83i 
‘and 3i—1,(8j—1y — I,[80—2, (8j—2y] = (8j — 8 i). 

Theorem 2. "To prove that 8 4 +1, (8j—1y— = (3i 8jy 
and .— 8i—1,(8j4-1y = 3i 8j. 

[This will imply that (3 i + 1). 8j—1-—8i 3j 
and vis a em lY, 8j+1=(8i+ 8jy]. 
S0 8i1,(8j—1y—38i—1, 2; (8j+1), Y=(3i—1), 8j+1 
$974 —[(8i—2y, 1] (3j--2 ,1)—78i— 2,(3j- 2). | 
Therefore, 8i+ l, (8j — 1y —1,(3)86— Ly =(8i+ 8jy 
and . t (387 + 1Y = =J,[(8¢+—1Y, 37 41) = 3874+ 8j. 

Collecting the results of these two theorems, we see that ae 

. 8441, (3j +1) = 37 ¥ 8i— (81 F1),38j—1 i, a) 

and ee Se E 8j. +1 | 
so that, using p> q (where neither p nor g contains 3), to denote that one of the - 
: two numbers p + g,p — gnome is divisible by 3, ( p ;d)is always either ; P 2 4 
or (p © gj. - Also ` 

“Bi t1,(87Y= (8i— 1, 2), Lb, (8j—1]-0, 2), [8i— d DATE 

, =(8j—3i),1= (Y, Mens (2, Dub 1); ASS 2)] 

c n 
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again 3i, (3j +1y= (83i — 1,1), [35 — 1y, 27] =T, (87 — 84y 

= (i, 2), [1;(83j—3i— 1] 9 (0,1), [83 — 3i—17,2]=3j+1— 38i; 
and lastly . 94, (84 + 1y2(8i—1,1),[(8i — 15,2] 2 Z, T— 1. 
Hence, collecting the results, 3 ı, (8i + 1) = (36 + E ~ 81, whatever the- rela- ` 
tion of magnitude may be between i and. c. 
Similarly, 

iun 1,(3jy = (84 +1,2), [1,(3) — 1] — (1,2), [37+ 1 Bj- 

—1 (S987) cp ee | / 


DO or qos cds 1], (85+1, 2)—1,(3i+ 8 =(3i+8j—1l); 
and | (8%, 8i—1-—[(8i— I), 1],(3¢+1, DEL, (6 = (64-1). 
Hence, collecting the results, 34— 1, (8 Y = (3i + du AY. and we have 


34, 4-1 = (342-1) 815 (89, 8E 1— [(8i4- 1) ~ 3T) æ) 
Bu, (BET BE 14-845 (84), BE 1 = (BI 1+8) 
Also, 

3,,8i— 1—(81—1,1),8i—2,1)-(81—1,8i—2y = [(8i— Dar 2) 
3,3PE12(9:—1, 1), 62,1) 871,81 2) (But 85+1) l 


. It remains only to determine the connectives of 37, Be and of 3$, (3j) or 
(3 iy, 3 j, which is easily done, for 


3i, 3,2: (86—1,1),(3«—1,T)z (T, Y) (84-1, 3,—1)—2',804-3.—2. 
Hence (by A) 84,3 j —(3 i+ 8Jy and. conséquently (3i) (30) = 844-8 
Again 34, (3 jY =(38i—1, T), K8 j= 1/, 1]=(1, 1), i—-1,(87-1)]= 
(by theorem A) 1,(3j—8i) = 8j — 3i. Hence also 37, (37) = (3j — 3i). 
These three results may be designated theorem C, and theorems A,B, 
B,C collectively prove that the original scale 1,2,4, 5,7,8...., which 
formed a closed system (so to say “group "), remains still cloned vien we com- 
plete it by insertion of multiples of 8, provided that we join on to the com- 
pleted system 1,2,3,4,5,6,7.... the opposite system 1590,93 4. 5 0 0... 
n every case it will be poe T connective of two indices oe egar ding the accent) 
is either their sum or thew difference. | 
The double scale may be formed by alternate addition of 1 and l'in the mån- ` 
ner following : | | 
1,1=2 .1l,2=3 1,8—4 Y,#=5 1,5=6 lT,0-2T 
1,728 1,829 1,9210 l,10-11  1,1l-127 
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.. which gives the numbers 1,2,3,4,5,6,7,8;9,10° 11’, 12 ete. ; and, in 
like manner, by interchanging i r we may obtain 152,3,4,5,6 T 8’,-9', 10, 
11,12, etc. : . 

The- new points 3,6,9. .; 3659. ... belong to the natural scales 
1,2,5. Z2 D xt ele and iot décrire and the ‘accented 
and ania eented multiples of 3 might have had their significations interchanged 
without any impropriety. It is now necessary to extend the law of the order in 
the variables to. these inserted points, and to prove that for them, as for the 
- points in the natural scale, the order of any point, in the variables of the initial 

point, is the square of its index. : 
^. “If the cubic be thrown into the canonical form a*-- y? + E + kxyz, the 
point z = 1,y — — 1,2 = 0 may be‘taken to represent J, and if x,y,z be the 
initial point 1, the co- -ordinates of l’ (the connective of 1 and I). become by the - 
general formula yz, x ,2?, or, more simply, Y 9% 52 l 

To find 3, then, we have to take the connective of y,x,2 and x (s? — 2), 
y (Ë — 2), z (2 — 9) ; its co-ordinates, accordingly, by the general formula, are 


“ye (P — P) (8 — y) — (à — gy 

az (a8 — y) (P — 2) a? — ys (F — a! 

ay (y! — 2) (9 — ab) 2 — ya? (9 — YP 3 

or, neglecting the common factor 2, the co-ordinates of 3 are 
oP (a? — y?) (P — 2) + (y? — 2) 
| a (P — at) (Y — 2) Lg (2 — a 

and - .. aye (2 — a?) (2 — y?) + yz (a? — “PY 


o Cat H EY H E — gabs. 
. ay tee Tay — Suy? 
. and | nye (2 + + a? — ay — dh — yh). 


: In the particular case where a? + y? + 2? = 0, these expressions ONDE for. 
greater a L; M,N for &,ÿ,#) become 
— (L+ M) M^ L(L+MP+3LM(L+M) 
an (E M) P MEN 8LM(L+ M) 
aye [(L+ My + P+ M* — LM (L+ MY] 
or D-o-62DM-c8LM:—M*- | 
| E ` M° + 6 WL +3 ME — I 
3 aye (I? + LM + M7); 
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which remain equally góod, as co-ordinates of the point 3 to the initial point 
2,y,2, when the cubic is a? + ÿ + C, as is easily seen by writing Ciz = ġ 
The point 3, it follows from what precedes, is of the order 9 in the variables : 
x,y,z and the same will be true for 3’, which is obtained from 3 by the inter- ' 
change of» and y; buti in order that these points may be arithmetically as well 
as algebraically rational, it is of course necessary that the given cubic may admit ' 
of being expressed under the form Aa? E Ay? + C2 + Kayz, where A, C and 
| K are integers. 
Again, since 6 = 3’, 3’, 6 is the 2 of 8, and similarly 6’ is the 2 of 3; since 
9 = 3,6’ and 6’ is the E of 3,9 is the 3 of 3. So again, since 12 = 8’, 9’ and 
9' is the 3 of 3, 12 is the (1,3) of 3’, i. e. the r of 3' or 4 of 8; and simil 17 
is the 4 of 3. So again, - 


15 = (812^) = (1,4) of 8'— 5 of 3’, and 15 = 5 of3 
18 = (3, 15) = (1,5) of 3' = 6 of 3’= 6 of 8, and 18’= 6 of 3’ 
21 — (3,18) = (1,6) of 3'— T of 8— 7 of 8, and 21’= 7 of F 
24 = (38,21) = (1,7) of 3'= 8 of 3, and 24— 8 of 8; 
27:= (8,247) = (1,8) of J= Y of 3— 9 of 8. 
Hence, in general, | 
9i+3= (387+ 1) of 8; 9i-+6=(8i+ 2y of 3; and ic Bios 
Consequently 
8: (3i -- 1) — (8i + 1) of 8 of 3 of 8.... (g times SERE 
and > 87 (8i +2) = (83i + 2y of 8 of 8 of 3.... (g times repeated). 
From this it follows, obviously, that 3* (3 à + D and [3? (3i + 1)] are each of | 


the order [32 (37 + 1) in the variables, and thus the law of the squares extends 
to all points alike in the completed scale. 


TITLE à. — On npa Derivation, 


The object of what follows is to show that any derivative of a derivative has 
for its index (due regard being paid to the accents) the product of the numerical 
values of the indices of the operator and operand derivatives, that is to say, the 
i' of f = ij; the mark of interrogation denoting either a blank or an accent, as 
the case may be. ` Thus, while connection involves addition or subtraction, com- 
position involves a process of multiplication. 

1° Let us consider the 7 of j when neither 7 nor j contains 8. Then 


. 8 k+ 10fj — (2 of j) (85 — 1 ofj) and 8% + 2 ofj = (1 of j), (84+ 1 of). 
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Suppose the theorem proved up to Sic Then ' 
i © 3k+1ofj=2j,3kj—j=(3k+1)j 
a 3Bk+ 2 off =Jj, 3h tj = (3k + 2)j.- 
"Hence it is true up to 3 (4 + 1) — 1, and, being true when k= 1 (since 1 of 


j=jand2ofi=5i,j= 2j), it is true wniveraliy, 


In like manner, since 1 of ÿ = ÿ and 2 of 7 x E = LG.) = (25), it may be 


‘shown. that tof 7 —(ÿ). Moreover 


: Y of j = j, and therefore 2’ off — (I of), (r PEA 
and . T (35 + 1y of j= (2 ofj),[(8k—1lyofj]  - 
| ` (8 k + 92) ofj = (1 of j) ,[(8 k + 1) of j]; 


850 that, if the equation 7 of j = (yy hólds good up to 8Ek— 1, 


| (3-1) of j = [(3 k +1) j]; and (8 & +2) of f= [(8 k + 2) jT; 
so that the equation ¥ ofj = (yy will hold good Bp to 8 (k + 1) — 1, and, being 


_ true for E = 1, is true universally. 


? 


In like manner, since I of ÿ = J, it will follow that à of j' = dj. 
It remains to obtain the comesponding equations | when i,j are one or both 
of them multiples of 8. . 
. Since 8 of 37 = (3, 30), (3y = (2.32) {8y = got | 
9 of 3= 8 of 8 of 31 = 3 of 31+! = 31+? 
27 of 31 = 3 of 9 of 31 = 3 of 87+? = 82 +5, and so on. 
Hence 3? of 31 = 3P +e, | 
 Again,.- seairI- Qul, 3i +1), (87 +1) 
=6j +2, (3j + 1/— 93 +3 by A - 


. Hence 5 of 87 15 8of9j-E 8 — (185+ 6), (9j-4-3y- 27 j + 9 by €, 


Sof 8j + 1= 8 of 2. + 9 = (54 j + 18), (27 j + 9Y = 815 + 27 by €; 


© and soon. Hence - 3? of 8j H1= 8? (3741). 


Again ^ 8of8j4-2—(8j4-2,85 +2),(85+ 2) 

a ` 2634-4- 4,(8j - 2y— (9j - 6) by A. 
Hence 3 of 3j + 2 — 8.0f (9j-- 6) — 18 +12, 9 j-- 6 = (277 + 18) by C, . 
and so on. Hence : 8? 0f-37 +2 = [8^ (87 + 2)].. 
— Again, ay tee ae) (87 — 1 of 3?) = (87, 87) , (8 -- 1 of 8”). 
ES = (2 .8PY, (3 j — 1 of 37). 
and . /7Bj — 1 of 3? = (1 of 87), (37 — 2 of 87). - 

00 ce i co : 
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| Suppose it true that 3 7 — 2 of 3? = (3 j — 2) 3? for à certain value of jJ. 
Then © | 8j—1of32—85(8j—2) 8? = [(3y — 1) 3] 
and. ' 8j--lof3"—(2.3»y, [(87 — 1) = (87 + 1) 87. 
But 1 of 3? = 1.38”; hence, for all values of 7, . l 
^o -8gj+1o8r=(83j+1)3r=8r of 87 +1. 
37 — 1 of 8? = [(87 — 1). 87]— 8? of 87 — 1. 
Hence, by the well-known method E. successive transformation, we obtain 
the following results : ; - 
When neither m nor n contains 3, when both contain 8, and im one of them 
. eontains,3 and the other is of the form 37 + 1, we have 
"qn of n — n of m =m ofn =w of m — mn 
m ofa =n of m =m of n — n of m = (mn). 
In tlie remaining case (viz. when of m and n, one contains 3 and the other is 
of the fonm 3j — 1), we have 
m of n=n of m=m obs = n of m = (mny 
m of w =n of m =m of n — n of m = mn. 
- This completes the algorithm of rational derivation. | x 


Tirte IV.— On Pertactile or Periodic Points on a. Cubic Curve. 


A. pertactile point, or point of pluperfect tactility, on a general cubic is a 
point at which the-cubic admits of a higher order of contact with. another curve 
than is in general possible. Thus the points of inflexion are pertactile points, 
because a tangent at one of them will meet the curve in three consecutive 
points. The same is the case with Plücker's twenty-seven points, because at 
each of them a conic of closest contact will pass through six consecutive points, 
the sixth point in which any conie passed through five consecutive points 
cuts the curve coinciding, in- this case, with the point of contact. So, in 
general, a curve of the i order can only be made to. pass through 31 — 1 con- 
secutive points situated at P; but if the i derivative of P is a point of inflexion, 
then the 3% point common to all curves-of the i^ order passing through 34 — 1 

' consecutive. points at P will coincide with P, so that such curves will pass through 
8 i consecutive points, and P may accordingly be termed a pons of pluperfect 
tactility, or more briefly, a pertactile point. — 

To prove that this is the case, itis necessary, in the first place, to prove that, 
at a general point P in the cubic, the 34% point in which all curves of the i^ 
order passing through 3i — 1 consecutive points at P intersect the cubie, is the 

_ (84 — 1)" derivative of P, which may be done inductively as follows: 
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` Suppose P3:_. is the residual of 37 — 1 consecutive points at P. To find the 
residual of 8 4 + 2 consecutive points there, we may combine 34 — 1 giving the. 
residual P3, ,, two more of them giving the residual P, , and one giving Q,R, 
any two points collinear with P. We then combine (Psi-1,P2),(Q, R) and 
obtain Ps;,5, P, which gives P:;,2 as the required residual. Hence the 
theorem, being true for P, (the residual of two consecutive points at P) and. 
true for Ps 41)—1 if true for P3, ,, is true universally. | 
If, now, the residual of 34 — 1 points at P is to fall at P we must have | 
Pi Paii. . | "m E" 
1° Suppose i = 34 — 1, then P}, Pir = P, 1, Pi; i.e. P; = Py. 
Hence P;is a point of inflexion J, or, as we may Saprene it, P is an i* sub- 
derivative of such point, Op vi. 
2° Suppose, t= 8 k + 1, then P,, P= = Py, Pi ni Le. P= Pyra.. 
: Hence P,, Pipi = Pizas Past i. e. P,= Pu, and, as before; P= I1. 
3° Suppose 7 = 3 k. 
Then 1, (i ^ 1y = (i— 1}, 31—1, 1e č = 2i =v, t. Consequently i ?, and 
| therefore also i, is a point of inflexion. '- i Zz 
Hence, as in the other two cases, P is an Qd sub- derivative of a re of 
inflexion,* which may either be the point used to form the. scale, or any of the 
eight other inflexions.t : 
It may be well to notice here that whilst P, when 4 does not xontis 8, is, as 
already shown, ofthe form zU,yV.,zW, it follows from the law of compound 
derivation, since P; is of the form J£, S, xyz® (where R, 8,0, like U,V, W, . 
are quanties in gê, 9, 2°) that P,, when à is a multiple of 3 or any pono of 2, 
. will be of the form M , N',zyzQ (where M, N,Q are still. quanties in oF) y’, 2^). 
— Calling X, Y, Z any i" derivative to aj y+ 2+ keyz = 0, we must have 
"X? +Y + Z’? + kXYZ = 0; and, in order for such derivative to be a point 
of inflexion, it’is necessary. and sufficient that X = 0 or Y= 0. or Z = 0; com- 
bining these equations respectively with the given cubic, we shall obtain, in all, 
‘8 times 37 or 97 points, sub-derivatives of the.’ grade to one or other of the 
- inflexions; but out of these, whether be or be not divisible by 3, nine will corre- 
` spond to x sep y = 0, or z = 0 combined with the curve, i, e. will be the points 
of inflexion. themselves. Moreover, unless ibea prime number, it follows from 
the law of compound derivation, combined with the fact that v, z enter dis- 
tr ibutively or collectively Into the derived co- -ordinates X, Y; UA that, if? be any 





* A sub-derivative'of an iuflexion may conveniently be termed a sub-inflexion. 
‘+ The above forinulæ show that 4,4 == 3i = 37; hence 34 and 3i coineide “with. the ahii „point of 
„inflexion, w hereas 7, 7, 2$ , 2% need not ‘coincide with the original point of. inflexion, 


L 
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factor of i, and X’, Y’, Z' the co-ordinates of the 7 derivative, Z will contain 
Z' and X, Y or F, X, will contain X’, Y' respectively. There will thus be a primi- 
tive part to X,Y, Z which results from driving out all the factors corresponding 
to any factor of à (tinity included), and, if we suppose.i = a’. bf. c"... . the order 
of this primitive part in the variables x,y,z, it is easy to see, will be 
œe, pE- w-d., ((g? — 1) (0 — 1) (8 — 1) ....], which may be called 
the quadri-totient to i, and is the product of two factors, one the totient of 7 and 
the other what that totient becomes when + 1 is substituted throughout for —.1 
in its expression, and which, if a name were needed for it, cn be called the 
contra-totient. 
The number of proper, or primitive, i^ süb-detivatives of any didt of inflexion 
will thus be the quadri-totient of à (just as the number of primitive i® roots of 
unity is the totient), and the total number of pertactile points of the i* grade, 
- 9 times the quadri-totient of 2. 
It is easy to see that the points corresponding: to the non-primitive factors of 
` X,Y, Z satisfy, but in an improper manner, the conditions of the question." For, 


LYS: . " . * . B . . . 
if 4 is any sub-multiple of 7 (say 4 = ;) and P' is an i" subderivative of a point. 


of inflexion, through P’ may be drawn à curves each of the order 7’ (constituting 
an improper curve of the order 7), each passing through 37’ consecutive points, 
‘and consequently their ensemble passes through 5.34 or 37 consecutive. points. 
We have now obtained the generalization of the theorem of which the enumera- 
tion of the points of inflexion and Plücker's points constitute the two first steps, 
and it is very easy to calculate the number of pertactile points W of any given 
.gradez Thusfor /— 1,2,3, 4,5, 6, 7, 8, 9,10, 11,12... 


N € ; : 
9 1,3,8,12,24,24,48,48, 72, 2, 120,96 . 


The calculation is facilitated by the remark that if 7, $ are prime to each 


other, the number of (7j)" subderivatives to any one point of inflexion is the 


product of the number of i^ by the number of j* subderivatives; the quadri- 
totient obeying the same law as the totient in this particular. 

If i is the grade of the pertactile point P,so that P, = P,,_,, then P, is 
an inflexion, and Pen is Z, the original mflexion. Moreover 


P, = P,,P,= Pia Pr Pis 
Pa = Pi, Pi = Pii Prini = D$, and also = P; , Py = Pia , P, = Pays 
P, = P,, Py P, Paie = Pu and also = Py, Pise = Papa and so on. 
And again, Pe P, I= Ps, P4, P3,43, and therefore P, = Paigss - 
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and Ebo Pj as, Pe = Ps, Po = P; whence P= DIO aa 

P,=P;,P;= eo Pss B and also = P5; 3, Pia = Pois. 

Thus in general, Pzr: = y en M = Pick oru 
and Er Por = Pigs, = Pos ar 

Thus the natural scale. P, P,P,P,. . 
Pareil less. © 
Pi Pa Pg Pi PE Po... | 
arè each of them periodic, the period of the indices being 3 i. We may, accord- 
ingly, describe pertactile by the simpler name of periodic points. Every complete 
set of periodic points forms a.closed system. By a complete set is to be under- 
stood the 97 subderivatives of the 9. points of inflexion, and by a closed system 
is to be understood-óne such that every connective and tangential of the points 
which if contains. is itself a point of the system. According to what law such 
closed system may be resolved into partial closed systems must form the subject 
` of further inquiry. When ¿= 2, the complete closed system of 36 points we 
know is resoluble into nine closed systems, each containing one point of inflexion 
. and its three collinear anti-tangentials, and also, in four different ways, into three 
- closed systems, each containing a collinear set of inflexions and their three sets 
of anti-tangentials. ` - 

We are now ina position to solve the problem of in-and-exscribed A-laterals. 

‘Suppose £ = 3, then % + 1— 8 4 where i —.8, and the point P, will coincide 
with the point Ps, provided P, is a point of inflexion. So that the apices of 
the in-and-exscribed trianglés are the 81 points which satisfy the equation. 
P, = P, of which 9 will correspond to the points of inflexion and 72 remaining 
over will give 24 finite triangles. If we denote by p; f^; p” three consecutive 
points in a straight line at any point of inflexion, py’, PP’, p'p form an infini- 
tesimal triangle degenerating into a straight n and this furnishes an improper 
solution of the question. 

Calling M,N, xyzQ the co- primates of P, when P, -— v,y,2, the 72 points 
are given by PE A the equation MNO = 0 with the equation to'the curve. 

If k = 4, we make 2* — 1 = 8i where i = 5, and if P, = Du d we have also 
P, = P445; and the apices of Hie are are found by making P;, i. e. Ps 
_a point of inflexion. | 

The general form , of P, being U; yV, 2 W, the: proper subderivatives P, 
result from UV W. = 0 combined with the equation to the cubic, and there result 
‘9 ee — 1). 


and the completed scale | 


;i.e.541 in- -and-exscribed quadrilaterals 
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Each point of inflexion may still be regarded as yielding an improper solution 
"nV 


of the question, since pp’, p'p^, pp, pp may be viewed as a NS a 
imal quadrilateral. 


“So when k = 5, making 2 + LS 3i, i = 11; and fees will result 


9 (11* —1 
D GED) _ 216 in-and-exscribed ‘pentagoris. - 





NE ES! 481 . ; n 
Likewise, since 3 = 43, there result 9 —7— , i.e. 9.264 or 2376 in- 
and-exscribed heptagons. 

Let us now gonsider ê case of ka composite e and to fix the ideas, 


suppers k= 15. Make + “+ = = i, then à = 10923. zr by và due of. its Jom, 
contains the factors zm an E) i e. 8 and 11, and is in fact equal to 
38.11.3831. P, will therefore be of the form zU,;U4U , yV VaV ;2 W; Wu W 
(£U; , y Vz , Wa corresponding to P;, aid £U; , Y Vu , 2 Wy to Pj). | 
Accordingly U , V , W will each be of the degree (3.11. 8317 > 3 — 1I? 
+ 1, and the equation UVW = 0,. combined with the equation to, the curve, 
will give the apices of the in-and-exscribed quindecagons, | not: including the 
improper solutions due to the points of inflexion, nor those due to the apices 
of the in-and-exscribed triangles or. pentagons, which, in a certain but im- 
proper sense, each belong to the case of quindecagons. "The number of apices 
of the proper quindecagons will therefore be 9 [(3.11. 381) eed TI sp 
comprising sub-inflexions of several grades, as follows: 9 (331? — 1) of the 331 
` grade, 9 (3? — 1) (11? — 1) of the 33* grade, 9 (3? — 1) (331? — 1) of the 9984 








grade, 9(11* — 1) (38P — 1) of the 3641". grade, and 9 (3? — 1 GP— 1). 


(331? — 1) of the 10923" grade.*. "The above number of apices may be written 
9 [1128 (3317 — 1) + (3? — 1) (1r — 1)], so tliat the number of quindecagons 
is 9[1]?. 3°. 22.88 + 8]. 

It may be noticed that the primitive algebraical jai of 25 + 1, viz. 381, 
isa prime number. But the primitive part of 2% — 1'(# being even) or 2 + 1 
(k being odd) , i. e. 2^ — 1 or 2* + 1 stripped of its obligatory factors dependent 
algebraically on the prime factors of k, may be a composite number. . 

Thus, let us suppose k= 9, the problem being that of finding the nature 


j 2+1 
‘and number of the in-and-exscribed nonagons, Here i = —3— = 171,2 +1 


“having, besides the obligatory factor % +1 due to its algebraica form, the , 


9 


two factors 3 and 19. 








* It is obvious that z any derivative of an inflexion is itself an inflexion. For instance, if J is an inflexion, 
Jais the same as J, and J, (viz. J’, Ja) is either J; J, i.e. J, or (1, J), Jai e. (I, Ln Jie. cis being some 
other point of inflexion). Hence if Bi isan inflexion, P, is also an inflexion. - 
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“Taking ‘each divisor of 171, viz. 3, 9,19, 57, 17 1, we see that the 35 gis, 
19% 57%, and 171? subderivatives of - the: nine points of inflexion will each of 
them be an apex of an in-and-exscribed nonagon. Of these, the 3° subde- 
rivatives,. and they only, give improper. solutions of the problem, they being 
the apices of the in-and-exscribed triangles. Hence the aggregate of proper 
apices and the corresponding nonagons separate into four, distinct groups, cor- : 
responding to the primitive subderivatives of the 9,19", 57^, and 171" grades 
respectively, ‘of the inflexions. The number of the nonagons belonging to the 
. several groups will be. the quadritotients of 9, 19,57, 171, i.e. 9?— 9,19 — 1, 
(19 — 1) (8 1), (@— 9) (109 — 1) ne Le. 171 — 9, acy the 
same as if 57 had been a prime number JV, in which case the (8 W} subderiva- 
tives of an inflexion of the grade 3 JV would be subject to the deduction of 9 — | 
for in-and-exscribed triangles, and 1 for the point itself. 

"To make more clear the distinct-solutions of which the problem of in-and- 
exsoription of a Fate in general admits, consider the case of k = 8. Here 


| mm + y= 865 | 


"The first factor (the one’ Arai contained in i) is is 5 and the primitive 

| algebraical factor is 17. The total number of octagonal apices will-be 9 (85*— 52), 

the number 5? corresponding. to the points of inflexion and the in-and-exscribed 

‘quadrilaterals. ^ These 255? — 15? apices will consist of points of the form I, 

and 7,,the number of ie former being 9 (17? — 1) and of the latter 9 a = 1) 
[I5 — 1). 

| Tt is ori seen that, in general, the ane o apiċes of in-and- exscribed 


Ok __ TÉ\2 
Klaterals: is nine times the functional. totient of (=) , or, what is the same 


thing the nuniber of apices is the functional totient of (2 2 — 155 as previously 
stated in Note to Proem in the last number of the Journal; the number of 
f-laterals is, of course, the number of apices divided by k. For instance, we- 
‘thus have for the number of apices of ati din Tonagoni, and octagons, 
peachy, 

(2s Jj eee rel): ae T. LR 1%, 

(PD Heri a de er 


l as found above. 


Since 7 is odd, every divisor. of i will necessarily be so too. Conversely, it is - 
easy to- prove that every odd subderivative of a, point of inflexion is an apex 
of an in-and-exscribed polygon, and to determine the number of its sides. For 
` let 7, any odd number, be given, and let k be the least number which will satisfy ` 
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the condition that 2*— T: shall be a multiple of 84, then the sub-inflexions 
of the i grade will be the apices of an in-and-exscribed #-lateral. I give, in the 


annexed table, the values of k corresponding to a given value of 7, which, of . 


course, are unique; whereas to a given value of k, in general, several values 
of i will correspond. | 

2118 5 7 9 11. 13 15 17 19 21 23 25 27 

3 3 4 6 9 5 12 12 8 9 6 22 20 27 


to which may be subjoined the reciproéal. table 








8 t= 8 

= 4 t= 5 

= 5 ill 

Ed we 

= 7 i—48  . 

= 8 i = 17,85 

= 9 i= 9,19,57, MI 
k= 10 i = 81,341 
k= 11 i = 688 ; . 
k= 12 , 17: 18,15,35,39,65,91,195, 278 , 455 , 1365, 

To illustrate the way iu which this table is formed, take the. case of k= 12; 


12 
dis t = 8.5.7 X 13 where 3 belongs to k—8,610&—4, 710 &—6; 





the values of à are found by taking the divisors of 1365, except those which are 


found set against k = 3,5 = 4, k= 6,16. 38,5,7,21. 

The successive tangentials of any Sven ded inflexional E ve as 
21 4; where i is odd, will evidently consist of a chain of q “points attached to the 
ring formed by the apices of an in-and-exscribed polygon of. & sides, where & is 
the least number which makes 2° + 1 divisible by 3 i. | 





| 2 +1 
In all cases (since & is to have the minimum value which makes 5 con- 


tain 4) 2% must be r (37) or a submultiple of it, so that, if i = 317, k is either 
8? 5j or a submultiple of it; when i = 3%, since the cyclotomic functions of the 
first species X, 2, Xæ 2,....X 2 can only contain the first power of the intrinsic 
divisor 8, it follows that pe = 3? = į, as is seen in the table to be the case for 


a= 8,9, 27 ; or, in other words, a 3’th subderivative of a point of inflexion is: 


. an apex of an in-and-exscribed polygon of 3° sides. 
It may be as well to mention again here, by way of a remind, that the 
number of in-and-exscribed Ak-laterals whose apices are À i subderivatives of the 


e? 
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| Dia is always the Af oe of nine times the quadritotient’ of 4;- when 


= 3% this nuniber will be E a (85 — 84-4}, Le, 8e** — 39, being thus 24,72, 


216, ete., for Rss nonagons, ROSIE ped etc. 


fra Edi Exact Proof of the Sealar Law of Squares. 


I will now give an “exact proof of the law that the order in the “able of 
P, is nin regard to the co-ordinates of P, and furthermore that the co-ordinates 
when 4 — 3m Æ 1 are of the form gU, y V , zW, and when i=3m are of the form: ` 
M,N px rye ; L Y? bone the: co- -ordinates of the primitive P, and U,V, W, 
M,N,Q quantics in 2, y®, 2. Of course the order of a point means the 
- order of its system of co- -ordinates expressed in its lowest terms, that is to say when 
the values of the three co- -ordinates have no common measure, and consequent] y 
. -the co-ordinates of any two of them are relatively prime in an algebraical sense, 

` as follows from the equation X? + Y? + Z? + kXYZ — 0. 

The law to be established comprises, it will be seen, two elements, — one nu- 
merical, the rude of squares ; the other forinal, containing two rules, one regarding 
the distribution of x , y ,2 bétons the co-ordinates, the other the. Ly of the | 
parts not- multiplied by x, y , 2 or xyz in respect to a?, y, 2. | 

Let us suppose that the law is true up to s inclusive. I shall show that it is ` 
true up to 27 inclusive. à | 

1° For the case of 24 where 4 A n. 

Let X,¥,Z be the system of co-ordinates to P; in its lowest terms; den a 


the law of compound derivation, P; is X(Y*— Z9), Y(Z*! — X°), Z (xs y. 


. If these regarded as functions of X, Y, Z had any common measure X, Y ~ 
or X, Z? — X? would have a common measure. Hence X, Y, Z would all have 
a common measure. Nor can they have any common factor F, a function of 
x ,Ÿ 2; Hor in that case, when F = 0, we should have 
Y= Z*=0, Z5— X*=0 or X! = Y* — Zs, 

_ and the arbitrary parameter k would be — 8. 14, so that the cubic would become a 
triplet. of straight lines, a supposition which falls outside the pale of the question. 

Hence Pz: will be of four times the order of P, and therefore, by hypothesis, of 
the order 44%, i^e. (24). ‘Also, obviously, the form xU, y V, zW or M,N, xyz0 
(as the case may be) which exists for à is maintained for 27, which is or is not 
divisible by 3 according as 4 is or is not so divisible. i 

2° Let the index be any odd number less than 2m. ; 

I shall first establish a Lemma concerning the -co-ordinates given by my, 

11 - Ped 


82. : . SxLvzsTER: On Certain Ternary Cubic-Form Equations. 


. formule for the connectives of P, Q na P', Q, where P iè the opposite to P | 
in respect to a given point of iffexion (say z= 1, y=—1), and æ + yore 
+ kxyz = 0'is the equation to the cubic. l . 


The connectives of (u,v, w) and of (v, u "S 
(vw). 00 (uv, ww) 
are represented respectively by us | 


vwu? — al wwu"? — vv 
and 


wu? — apu v? 1 woo? — epu? 
wow? — wv? vuw? — vd, - a ; 
e e 


the 3? co-ordinate being the same in both systems, which, of course, remain to be 
reduced to their simplest terms, being at present each of the order 294-275 

I say that the same granty F cannot divide each of the two sets of quanti-. 
ties when u,v,w; w,v,w are derivatives, one of an even, the other of an-odd 
grade of the same point on the cubic. | 

For, if so, let F = 0; then each quantity in the two systems. becomen zero. 


Uù v w v 


Call a y y er DS rys respectively. 
Then — (1)....s? — sr? = 0 rr? — s = 0.... (8) 
(2). :.. r8? — rs = 0 r — ss =0.... (8) - 
(5). ve re — vg. "ns 


Writing à? = R, $ = 8,7 = ite s? = 855 5,(8,4), (1, 2) respectively give 
RS = R'S', RR = SS’, RS = RS'. The second and third of these combined : 
give R? = S*, R? = S? and the first and second combined give R? = S°. 
Hence, R° = R= = (8? = 8". and consequently the original equations (1), 2), (3) 
give S= S', R = R, R= S' or PH g — p? — 85, 

Let r = as, = fs',s = ys. Then a? = f$ = y? = 1, and all the équitions 
. (1), (2), (8), (4) , (5) will easily be. found to be satisfied When (and only when) 

Qo By. : 
The equations 7? = s, r? = 8°, i. e, af = v9, uF = v3, ai that the points P, Q- 
-are two either distinct or FE anti-tangentials to the same-point of inflexion 
z=], y=— E say that this is impossible when P ; Q are derivatives of the 
degrees 7,7 of the same point Ọ on the curve, if i+ 7 is an odd number. It 
must be noticed that P and Q (two Plückerian points belonging to the same 
point of inflexion 7) are identical with P’ and Q respectively. 

` Any even-degreed derivative of P or Q is J, and any odd-degreed derivative | 

is the same point P or Q over again. 
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Let now iu —jv=1. Then U= U,,_,, will be (without regard to the modu- 
. lus 3) the connective of U, and U,, because we may, substitute at will Uj for U; 
` and U; for U, But U, and U, , if p,v be both odd, will be U; and U; over again, 
or if u,v be one odd and the other Sea, vil be J and one of the two Plückerian 
points. 

Hence U is the connective of J and a Plückerian point, or else of two Plück- 
erians which are identical, or of two. Plückerians (both appurtenant to I) which 
are distinct. ` - 

. In the 1* and 3 cases, on Uisa Piüsketan: in the 2* case a point of inflex- 
ioa! But every derivative of a point of inflexion is a point of inflexion, and 
every even-degreed derivative of.a Pluckerian is also a point of inflexion ; but 
by hypothesis (since one of the two numbers i ,j is even) an even- once dé: 
' rivative of.U is a Plückerian, which is self-contradictory. Hence, it follows that 
the expressions given by my formulæ for the connectives of P;, P; and P;,P, 
when i+ j is odd; say P, Q, R; P', Q', R, cannot have a.common factor; 
that if M is'a common measure of P,Q, R dnd M’ of P; LE R', M is aS 
tively. prime to Ar. 

Let ¢,%, be always ündessiood to mean i (a9, à y. e) » Ÿ (a?. VE) 

o (a?, y, 2); let (u) ; (v) be understood to mean the prime systems of co-ordi- 
nates u, Y, w; w, vw which represent p,v (p and v being numbers, accented 
or unaccented, preide derivatives to the index p and v) let [u , v] repre- 
sent the unreduced system of the co-ordinates of the connective of p ,v, viz. 
. Vw — vwu? , wwe? — wav? , wvu? — ww; (p ,v) the above en reduced 
by. elimination ‘of the greatest common measure of its terms. 

.. Jf (u),(z) are each of the form x , yi, zo, [pv] is of the form dun xy hubs 
ay, but [w v] i. e. the unreduced connective orj yy ; xin. za; ap’, YY, zo, is 
of the form zd, , zji , tyo . 

Again, if (p) is of the form. xp , yy ,2e and (v) of the form 4$, , yi , xyzax, 
[w , v], the unreduced connective of the systems yy, x$ zo and gi, yai, xyz, is 
‘easily seen to be of the form 2vo , zyW , 270. 
` _ Furthermore, the order in the variables of ( p)i is obvieusly the same as that | 


of (p). . : 
Now it has been shown under Title 2 that 


64—1-8i-T, 3i 64—5-8i/—53,8:—7 60—83—8i—2, 8i— 1. 
If, hen: (31) and Gi- 3)* are of the form à, y, gyza, and (34— 2), (8. i—1) 








* gi—8 will obviously be of the same formas 34 — 3. 
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each of the form a, vi , £o, it follows that” [64 — 1] and [6 à DES 5] will be of 
the. form ax, zy , w and [62 — 3] of the form zà , zy , «y yo. 

`` The above inference suffices to show that, if, for all values of.8 jz + 1 and 5 m 
up-to n inclusive, it be true ‘that (8 u + 1) is of the form a¢, yb , 2o and of* the 
order (3,3: 1), and (9 x) is of the form ¢, y, yz and of the order (3 ^; then 
the same will be true up to 27 inclusive. 

That this is true for even values not exceeding.2 appears from what has 
been already shown. Confining, then, our attention to odd numbers less than 2 
these must be representable by 64 — 5,64 —.3 or 6; — 1, and by ne 
the form of each of the systems (3i),(8i—1),(3i—2),(3i—3) fulfils the 
conditions of the last paragraph but one ; -consequently the form of [6i— 5], 
[6i — 3], [62 — 1] will be 2d, 2yÿ , Po; zp, zp, xyčw; 20d, zyp, čo, ie. 
im every case the factor z will be contained in each term of the system Pere °], 
which represents an unreduced system of co-ordinates of the point 21— 1, the 
mark of interrogation signifying a blank or an accent as the case may be. 

- But either the point 1 or the'point 1’ will, in every case, correspond to the 
connective obtained by changing ;—1 into .— 1; * moreover, the unreduced sys- 


tein of co-ordinates to that connective will have the third term, say m in common - 


with the unreduced system to 2uccl above mentioned.: 
This contrary system we ‘know must have the common factor = oi I and 


T are denoted by z,y,2; y,x,2 respectively. Hence the a system 
for 2ı— 1 can have no other common factor: except 2, which they have been 
| shown to have; since, were it otherwise; the two contrary. systems would have 


some quantity contained in z = for a joint common measure, which has been i2 


. to be impossible. 


Hence, the form of (2 ı — 1) is xp, YY, zw or $ , Y, xyz according as 21—1 


is not or is divisible by 3, and its order is in all cases 2; —i? + 28 — 1, i.e. 
(2« — 1f. 


Hence the form-law of distribution of the simple powers óf. the variables 


æ,y,2.and of the quanticity in 25, 3^, 2? of the multipliers of x ;y.,2 or of 1,1, 
xyz, as well as the numerical law that the order of any derivative is the square 


of its index, will be true up to 2” inclusive if true up to » inclusive; and being” 


true for 1 — 1, is true universally. | 
As a corollary we may now do away with the restriction of à E: j bolus odd, 
and vnm that in all cases (the futile one of i = j alone excepted), if-the reduced 








* For, on nt Title 2, it will be found that in every case, if the arithmetical value of ‘the index of 
D; , P; ist Xj, that of P, Pj is (o 3: 5). 


e? 


LS 
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systém of co-ordinates to the conneótive of P,, P, be F,G,H and to that of 
P, P; be F", G', H', then the urireduced system expressing those' connectives 
“given by my formule of connection will be HF, H'G, H'H; HF', HG’, HH’, 
respectively; for the two systems of unreduced co-ordinates (each of the order 
2:8 -+ 29") contain, one of them a common factor.of the order (27?-+ 27?) —(i—yy? 
i.e. (i +7); the other a common factor of the order (22+ 23?) — (i + jf i. e` 
(i — jJ), and these two factors being prime to each other, their product must be 
contained in the term common to the two systems, and being of the same order 
(G +i + (i — jy as that common term, must. be equal to it. 

Hence, if T be the: common unreduced term, and. H, H’ the two reduced | 


terms, we must have 7 = F F or 7 = HH’ , as was to be shown. 


`. As a matter rather of curiosity than of real importance I will state the analo-. 

gous law when the connective’ and eross-connective between two derivatives is 

expressed by Cauchy’s formule instead of my own. These formule, it will be 

remembered, give for the co-ordinates of the corinective of u,v, W; W,U, w, the 

minor determinants of-the matrix ^ -> a Se | 

` vw, — vw ; wu — wu ; 5 UV — UU 
Wu 5. Uh y Wu 


| If, now, the prime: system of co- ordinates to. the connectives of Pis P;; Pi, P, be 
denoted as before by P, G, H ; F”, G', H', 1 find by calculation that the Caachian 
formule will present these two systems under the unreduced forms 
(E + GP QUOI eU + G^ H 
CP OF, (P +. @) œ,(F+G)AX", 


between which there is no common term ; and consequently, bad I not discovered 
mj own. simpler formulæ, the method of proof of the Law of Squares which I` 
have employed would have been inapplicable, and it is not easy to see br 
other strict method of proof could have taken its place. 

Ihave thus accomplished the very difficult task of pr oving : a negative, in this : 
instance the non-existence of latent common factors to the co- -ordinates of the 
connective of any two given derivatives. I might have founded a much easier 
proof of the Law -of Squares upon Mr. Franklin's geometrical solution of the 
problem of. finding the number of in-and-exscribed k- laterals’ to a cubic (if one 


©‘ ‘could feel quite assured à PIE of the strict logic of the process ) as follows : He 








* In that solution the’ apices are found as the iritersections of the cubic with another curye. Certain of 
these intersections are seen from geometrical considerations to count twice, ‘and others ‘three times ; but while 
we have no reason to stppose any further cause of reduction, the non-existence of such cause isnot proved. —YF. 
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has virtually found (vide last number of the J ournal) that the number ‘of apices 
of the in-and-exscribed Æ-laterals of every kind [and not. excluding the points of 
inflexion] is (2* — T-P. If then, 2 — 1* = 8 i, it follows from what. has been 
shown in the preceding pages, that the order of P; in the Ne di of P 2 
3 (327, 1. e. 2. : 

Let now ?' be any ponb whatever, and r the totient of ‘81’; then v is even, 
. and, by Fermat's Theorem; 2 —1 = gii”. 

Hence, if p, j^ are the orders of Py , Py respectively, the law of compound 
derivation will suffice to lead to the conclusion that wu" 


ty! =" ; but Bot > Ge? nit has been "s under a preced- 


Dy , and accordingly wp 
ing Title, are neither of them greater ‘than unity: hence each of them is equal 
to unity, and 7” is the order of P,;as was to be shown. 


1 M 


eC M 


Appesprnt ON THE DEGORDER OF THE DERIVATIVES TO A Port ON A Curie 
m ^ IN THE NATURAL SCALE. ` 


Let n be any number not divisible by 3. The n* derivative, it has been 
proved, is of the order n? in the variables. It remains to determine its degree in 
the coefficients. : 

When.n=2 we know that the degorder is [4 ; 4], each new co- -ordinate being 
oné of the minors of the rectangular matrix 


au dU dU 
di dy dz | 
2 
dH dH dH 
dz. dy ` dz 


where Ui is the cubic and H its Hessian. 


Suppose v to be the degree in the coefficients of the n™ derivative. Then the: 
degree of the (2 4)" derivative regarded as the second of the z^ will be4»--4,: 
and regarded as the n^ of the second will be n’. 4 + v, and these two must be - 


equal. Hence 3» = (i — 1) 4 or v =4 ( — 1). 





4n? — 4 
Hence the TOM of any n^ derivative in the natural scale is [ - 3 r | & 


If we substitute the co-ordinates of this derivative in the givén cubic U, the 


result must be of the form U. R and will be of the degorder [1 + 44$? — 4; 3 x? ]. 
. Hence R is of the degorder [45? — 4; 3n?— 3]. Ifthe well-known covariant of 


the degorder [12 ; 9] be called J, R is of the same degorder as J "T and possibly 


will be the order of, 


` inches 8 
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may be found to ‘be identical with it. To corroborate the validity of the deter- 
mination of the degorder of the n™ derivative, we may proceed as follows: 

. Imagine, at first, the cubic to be reduced to the canonical form 23+ s? + 2 
— 3 kays. The connective of P,, P, in its reduced form is v, y, 2; but in its ` 
unreduced form: and, prior to all simplification; will, by virtue of the theory 
(Titles 1 and 5), be of the form Mx , My , Mz where : 

co May + ys + x + ay? + y + iru à— Gao 
+ dm eae — ye sat eph 
| consequently M expressed (as I shall ‘hereafter suppose) in terms of the original - 

_ coefficients and variables; will be of the degorder [9; 9]: for Mx, My, Mz are of 
the dégorder [14- 2.4; 2 (1-- 4)], i. e. [9 10]. Also the degorder of P, will 
. be [4 + 4.4; 16], i. e. [20; 16]. - 

Suppose now we wish to find the degorder of P,. 

The unreduced connective. of P,, P; will be of the form MX,MY,MZ, 
where X,Y,Z are the reduced ‘co-ordinates and M is exactly the same thing 
as before. The degorder of the unreduced. co- ordinates will be [1+ 2.20; 
| 2 (1 + 16)], i e. [41; 34]; and consequently, subtracting [9 ; 9], the A ee of 


X, Y, Z will be (32; 25], i. è [4*5 |. 


- So; again, to find P, we may regard it as the connective of: P,,P,. The 
-unréduced degorder of P, will thus be seen to be [1 + 2 (4 + 32); 2(4 + 25)], 
i. e. [7 3; 58], and subtracting, as before, RE 2 the degorder of the reduced co- 


ordinates of P, becomes [64 ; 49] i. e. [4*3 Peces d agreeable to what has S F 
| previously found ; and "up in n general, supposing the degrees of P, and P,. «s ln 


the coefficients to be 4. E San nd.4 er 





the unreduced degree of Pid 
will be $ E 8 {ee $3 de eril from which subtracting 9, the reduced degree | 


es P; which is the same thing as 4 [gesge-t], as 


ought to be the case, There is, therefore, no loophole for doubt left. open as 
regards the degorder of any natural derivative to the index k (a number neces- 
sarily of the form 3i+ 1) being-[# (& — 1); #],-a notable result! 





* Tt is hé of remark that, if we make U — 0, so that 3 kryz becomes equal to a? + y? -+ 28, the 


expression in the text for M gives 3 M equal to the norm of æ + 14y + 152, namely, (a? + y3 -- 55) — 27 a5y5:5. 
‘+ In fact, M, as may easily be shown, is ‘the covariant [s E du — dig am zl U, in other words 
the symmetrical determinant of the 5th order formed by double operas the Heenan, matrix with the differ- 


ential derivatives of the- Hessian and of the original cubic. 
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We are now in possession of a method- for finding any natural derivative to 


the index n. Ifnis even, it may be derived immediately from the derivative to 
the index z If n is odd, it must be of the form 2 p p 3 where p is not divisible by 3. 


Taking P as the initial point, P, and P,4s Tnay be considered as known. 
Calling théir co-ordinates X,Y,Z; X, Yi, Z respectively, and substituting 


AX + pXy AY FB Yi, AZ pZ in the equation to the cubic, we shall bn. 


an equation of the form 2uB+)2C=0. The unreduced, co-ordinates of 


P,,,s will then be CX — BX,,0Y — BY, , CZ — BZ, which will contain a 


CX— BX, CY—BY, CZ-— BZ 
common measure M of the degorder [9; 9], and — y :— uE 97 





-will be the expression for the point Pa. 4.3 in its simplest terms, ' 

More generally, if n = 2 & + 8i, we may obtain, in like manner as. above, 
the-unreduced co-ordinates of the connective to P, , P, ,.,;, and, by an easy cal- 
culation, it will be found that the new common measure will be of the degorder 


[12 2—3; 9 ?], and will be constant, i. e. independent of y for any given value ` 


of i, and identical with the common measure to the unreduced co-ordinates of 
P,;42 regarded as the connective to P and-P3;,1. 

It is well worthy of remark that if.X, Y, Z be the co-ordinates of any 
derivative, and £,5,£ contragredient to x,y,z, X£ + Yn + Zt will bé an 


'invariantive concomitant to the given cubic. This gives rise to a new series. 


of reflexions, the development of which must be deferred to a more convenient 
occasion. * 


* It is obviously a step towards the attainment of the desideratum of finding the general expression for 
any derivative in an explicit form, or, at all eyents, by explicit processes and without the necessity for division 


of.the unreduced co-ordinates by a common measure. This latter, it should be observed however, by virtue: 


of what is stated above, is always known à priori. 
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Ix the last number of this Journal I gave what may be considered as the intro- 
duetion to this paper, and the two should be read continuously. 


IL. General Equations in an Extensive Conducting Medium. 


> 


In thinking over the subject there discussed, and seeing how intimately 
rotation is connected with magnetic phenomena, and how, according to Max- 
well's theory of electric displacement, there can be no such thing as an electric 
current which is not closed, I have ‘been led to a. number of curious theorems. 
And I have been further guided by the idea of Faraday on the conduction of. 
magnetic lines of force, and by the well-known equations of vortex motion ` 
which apply to electrie and magnetic phenomena. To free my mind from all 
complications of conductors and non-conductors, and to place magnetic action 
and electrie conduction on the same footing; I conceive.of an infinite conducting 
medium filling all space in the same manner as all space is filled with a 
‘conductor of magnetic lines of force, and consider the electro-magnetic action. 
Such a medium is often used in the theory of electric conduction, but I am not 

12 z 5 x 
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. aware that others-have occupied thèmselves much with the magnetic action of 
currents in such a case. At least I believe the following theory to be new. 

~ Tt is usual in the ordinary theory of magnetic action to conceive of the poles 
of the magnet as separated from each other, and to define the magnetic field 


at any point as the force acting on a unit pole at that point. As analogous to. 


that, let us conceive of points in the medium at which electricity is either gen- 
erated or destroyed, so that electric currents shall radiate either from or to the 
points. Let us call these points electric points, and let the same quantity of 
electricity stream from them whatever their position, and let the strength of the 
point be denoted by e, where 4ze is the quantity of electricity streaming from 
it. Let the strength of the magnetic pôles be denoted by m, which will be + for 
North polarity and — for South. This system is perféctly symmetrical with the 
other, as 4mm lines of force stream from magnetic poles of strength m. 


Axiom. Two magnetic poles, two electric points, or a magnetic pole and 


an electric point, cannot exert force on each other except in the direction of 
the line joining them, for they are symmetrical around that line. 

` Thus to find the action between an electric point and a magnetic pole, ‘c con- 
sider any two current rays situated symmetrically with respect to the pole: the 
irue magnetic action of these two will be zero, and hence the force to and from 
the point will be zero. But-the ends of these rays may still have an: unknown 
action. One end of these rays is at the electrical point, and the other on the 
surface of the sphere at an infinite distance: the action of the sphere is zero 
and hence there may be a force between an electrical point and.a magnetic pole 
with which we are yet unacquainted, and whose existence we are almost unable 
to. prove experimentally, seeing that we can hardly experiment on unclosed 
circuits. But there is no true magnetic action such as we are acquainted with. 
‘This condücts us to the following remarkable proposition, which is extremely 
useful, E E ua 
Pror. The /rue* magnetic action of any system of currents which can be 
generated in an unlimited medium by electric points is zero. . Or, in other words, 
the magnetic action of any system of electric currents which are acyclic is zero. 

‘In an unlimited medium, then, unclosed electric currents have no magnetic 
action. According to Maxwell's theory, unclosed circuits cannot exist; but on 
the ordinary theory, the discharge of conduétors produces such currents. 








* By true magnetic action I mean such magnetic action as we detect in closed circuits, and do not include the 
direct attraction or repulsion between an electric point and a magnetic pole, which we have seen above may 
exist in the case of Rite circuits, When speaking of magnetic action, I shall generally mean true magnetic 
action. 


o? 
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Let us now conceive of a plus and a minus electric point placed very near 
each other. Any series of such points can have no magnetic action. But now 
let'us join the points by a line, and suppose such an electro-motive force to exist 
along the line as to produce a current equal to the strength of one of the points. 
The current in this line can then have magnetic action; and as the whole circuit 
is closed, we can calculate it by the well-known formula for the element of a 

` closed circuit. For the unknown direct action between the pole and the electric 
points will then vanish, because the currents are closed, and there are no ends 

_ to the lines of flow. So that the whole magnetic action in the medium will be 
that due to the current along this line alone. A current can only be produced 
along such a line by the action of an electro-motive force along it. 

Hence we have the remarkable proposition, that in such a medium the action 

.reduces itself to an action between magnets and electro-motive forces, instead of 
between magnets and ordinary electric currents. And all the equations for the 
magnetic action of such currents are much simplified. 

To represent the conduction of currents along wires of any shape in such a 
medium, we have only to suppose the electro-motive force to be in the direction 
of the wires, and by a proper distribution of electro-motive force, all cases of 
conduction in limited media can be represented. 

Let us again conceive of a plus and a minus magnetic pole near each other 
iri & stream of electricity coming from electric. points. They will evidently not 
have any tendency to a motion of translation in any direction. But now let 
the poles be joined so that the lines of force flow from one to the other, and the 
magnet would probably tend to move across the currents. Hence, reasoning 
as before, this kind of magnetic action cannot be explained, unless the lines of 
magnetic induction form closed circuits. - We cannot speak definitely about this 
case, a3 we cannot experiment on anything but closed circuits, But the action 
seems probable. : 

From the analogy with the case `of electric conduction, let us suppose such 
a force to exist between the two magnetic points as to cause the same number 

.of lines of induetion to pass between the points as flow out of either of them, 
and call this force a magneto-motive force. Such a force is proportional to what 
‘has hitherto been called. the magnetization, and replaces with a definite mathe- 
matical idea the old indefinite idea of coercive force. 

As thus all lines of magnetic induction and all electric currents are closed, 
we have to deal in either case with cycles and. cyclic regions. Hence the equa- 

_ tions of vortex motion should apply to these cases. 
Again, when a potential is cyclic, we know very well that we can divide the 
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region into Bd regions by diaphragms, : and that the potential in each of these 
regions can be represented by integrals taken over the diaphragms enclosing it. . 
With the ideas thus introduced, all equations giving. the relations of electric 
currents to electro-motive force are exactly similar to the equations giving the rela- 
tions of magnetic induction to magneto-motive force. All Thomson’s ideas with respect 
to lamellar and. solenoidal distribution of magnetism thus apply ‘to: electro- 
motive force. If we. conceived electro-motive force distributed within a cer- 
tain region similar to'a, magnet and proportional to the magnetization, the 
electric currents at every point of space would be propor tional to the magnetic 
. induction in the case of the magnet, without any limitation as to the pot being 
within or without the magnet. 
. Should the components: of the electro-motive force satisfy the inlay or 
solenoidal condition within the region, which condition is thé same as the equa- 
tion of continuity, then a single diaphragm enclosing the region will.divide space 
into two acyclic regions, and the electrie currents within and-without the region 
can be represented by integrals over this surface. The distribution of electric 
points for the outside integration must.be similar to that of the so-called surface 
distribution of magnetism on the magnet. 
-a The magnetic action of an electric current is well known to be equivalent 
to that of a magnetic shell with its edge in the current. Such a magnetic shell 


merely consists of a sheet of some substance magnetized in a direction normal 


to the surface. In terms of the words used in this paper, it is a sheet of matter 
possessing a magneto-motive force in a direction normal to.the surface. 


As there must be a similar and analogous theoreni in the other direction, let 


“us introduce the idea of an electro-motive shell, that is, a shell of matter which 
possesses an electro-motive force in a direction normal to its surface. The poten- 

_tial of the electric currents from such a shell is evidently equal to the solid angle 
subtended by the shell, as in the analogous case in magnetism. __ 

. Let us now develop the reciprocal rélations of electro-motive force and mag- 
neto-motive force in a conducting medium. Let us call certain small regions 
possessing electro-motive or magneto-motive forces, electro-motive or magneto- 
motive points: these are similar to elements of currents or magnets un 
so called. We then have the following reciprocal theorems. 

An electro-motive point tends to pass across the lines of, magnetic force in a 
direction: at right angles to both, ind therefore a magnetic pole tends to revolve 
around the electro-motive point. ` 

= Reciprocally, a magneto-motive point tends to pass across the dieit current 
in a direction at right angles to both, and elierefore an electric point tends to 
revolve around the magnets mote point. : 
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Could we prove that an electric point tends to move with the electric current 
in the same manner as a magnetic pole tends to move in the direction of the 
lines of magnetic force, the reciprocity would be more exact. 

. The forces which act or may act between two electric points may be divided 
into two classes, the electrostatic and electromagnetic forces. The electrostatic 
forces are evidently the same in the given system as if we should gradually 
reduce the conductivity to zero, the potential remaining the same. Hence the 
force between two electric points of strengths m and n/ will be 


Amm. 

where K is the specific inductive capacity and p’ is the conductivity. 

The calculation of the electromagnetie forces depends upon the existence of 
a force of tension along the current which will be produced when the elements 
have some action on each other in the direction of their length. As we are 
unable to prove the existence of such a force, we are unable to say whether two 
electric points attract each other electromagnetically or not. | 

That the reciprocity is not perfect, we also prove as follows. ` Each magneto- 
motive element is equivalent to an element having an electric current around 
it, or rather an electro-motive force around it; in other words, the magneto- 
motive force is proportional to what Maxwell calls the cur? of the electro-motive 
force. But the lines of magnetic force around an element of electro-motive - 
force fill all space according to a well-known law, and.are not merely packed 
closely around the element. . 

The electric potential due to an electro-motive force, A’, in an element, 
dxdydz, is, for all points outside the element, as we shall see further on, : 





, ! 
, V — A' 7 drdyde, 
and the magnetic force 

EE: sin 6 


$ =— 4 = dedydz ; 





where 6 is the angle between the radius vector and the axis of the electro- 
motive force. It is evident that these can be both calculated from the same 
. function, for let us define a quantity, U, by the equation, 


U= A’ * dady dz ; 


then. Fans and $—ug 
where g= CET Ta 
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Proceeding ii this way wé.can deduce the whole theory of vector. potentials 
as applied to this case, but with this difference from the ordinary theory that - 
the vector potential is given with reference to the electro-motive force rather than 


to electric currents. 

But I prefer to treat the subject in a manner inim to vortex motion, and . 
symmetrically. I shall first give the theory for electric conduction and for - 
magnetism separately, and then introduce the electro-magnetic relations of the 
two. Having thus developed the old theory, I shall then consider the modifica- ` 
tion required by the newly discovered action. : 





Let a, b, c be the components of the magnetic Let a’, U/, c' -be the components of the electric 
induction. . | eurrent. | : , 
Select three quantities, F, G, and H, to satisfy Select three quantities, P", G’, and E, to 
‘the equations . satisfy the equations - 
dH dG fe WB € 
AT dy de 9 — dy. de 
pude aH ` | | pue m 
^ de da. e . ~~ dz dx 
aa at, D gade lum. 
CT de dy ? | CT de dy ? 
whence S ; : whence 
da , db’, de da! db’ de’ 
ds dy ta =O c s ca ua 
"Dhese equations are satisfied by taking any These equations are satisfied by taking any 
three quantities LZ, M, and JN, such that three quantities, L’, W, and M, such that 
| dN aM aN al 
PF—a & EC e 
_ dL dN’ V og , dL aN 
C= — de O = de de 
| dM. dL, MEN ,_dW dU, 
B= ae > ay} S Fa gi 
whence —. te '| whence 
| dF , dG , dH | dF dG , dH 
et ay oa. =O. . "e C dy | de =o 
- Hence, putting | . Hence, putting | " 
dL., dM , aN | y AU jm a" 
J = 


A E y dr uen uc up ae 


we have 
d dJ 

— A2 
À LE 


mer 
c—— NÉ. 


Whence, if we choose some other quantity, ; x 


so that 
seit dedyds, 


we may write 


z= fff! 
ui fff a 
wai fffe dodyde — po 


Let p = i. 


; dad, njdz — I ox 


, Substituting these quantities in the previous 
` equations, we have, as x disappears, 


=i SIER- “a jé vdydz 


piro | sd sy | 6 


(poy dudar 


H= ee 
sj. J ffr id -2) mE AE 


de "S dp ; 
z) tec o£) dandyde 


Fx 


ab da 
oe) 
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w ap] dedude. | H 
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we have 


=- Ar +Z 
v=- AM Fe 
(0d —— ANA &. 


Whence, if we choose some other quantity, x^, - 


so that 
= £f x à ie dadydz, ` 


NR may write 


Ue ESITT maesi 
US * 
=z SSS + delis à À Ei 


Let p — i. 


dX - 
dæ 


Substituting these quantities in the previous 
equations, we have, as x disappears, 


pes z. ff [on a sn ten "E 
e= x fff ee à (o 
" = Pe 
' xm 

RU 





Se] drdyde 





£ ep 2 dodi y de 
ee ve dudydz 


1B y2 
T 3 dady ydg 


(2— w) 


dp dn 
1% 7 Op 
di: +) rer 


uc js de 
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These equations, as we have thus obtained them, do not contait any of the 
phenomena of electro-magnetism, but each series of equations is entirely separate: 
from the other series. The only assumption we have made is that a, b, and c, 
as well as a’, b’, and c', are vector quantities which satisfy the equation of conti- 
nuity at every point of space. And this we know to be true in magnetism, where 
we cannot separate the, North from the South pole of a magnet, and in the case 
of electric currents, provided we also include the displacement currents. If we - 
could separate the poles of a magnet, or if we consider the electric currents from 
the discharge of electrified bodies without the currents of displacement, there 
will always be ‘certain points where the lines of force or the currents end, and 
where, therefore, the equation of continuity does not apply. Both the lines of 
force, then, and the electric currents, must, as we have ‘shown, be cyclic; and 
they can have no real potential in general, though by the proper placing of 
diaphragms we may cause the space to be acyclic, and so may express ‘the 
potential by a proper integration taken over the diaphragms. Thé value of 
the potential so obtained will then apply to all space which.can be reached 
without passing through a diaphragm. | 

Hence the integrals which we have given can be expressed either as sur- 
face integrals over some surface or surfaces, or as volume integrals through- 
out some volume occupied by the sources of the lines of induction or the 
electric currents. And this last proposition is evidently true from a physical 
point of view. 

Commencing with the electric currents, let us suppose that an electro-motive 
force, A’, acts throughout the element dxdydz, in the direction of x The elec- 
trie currents will then stream through thé cube in the direction of x, and pass. 
out through one end to return through: space ‘to the other end, thus complet- 
ing a cycle. 

By enclosing the element within a surface, we divide cyclic space into two 
acyclie regions. Within the cube the current will evidently be, provided we 
take a proper unit for measuring the electro-motive force, 


Aap! A. ` 
The amount passing out each end of the cube is therefore 


Amp’ A’dydz ;. 
and the current potential at every point situated outside the cube and at à very 
gr ru distance; r, from it will therefore be 


H 
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| ANE ; 
E uu S duds da = p A drdydz. P 


3 
by 


^x 


At every point of the medium the current is then made up of two parts, 47/4’ 
and another which we may call p’a’. So that we may write for the component - 
of the eurrent 
` @ =p (of + 4m AP). 


We can deduce a similar equation for magnetism, indeed, one that is already 
known, except that wé shall have what I call the magneto-motive force (similar 
to coercive force as used by some) in the place of the magnetization. We may 
then write out the equations as follows: | | 


a = p (a + 4drÀ) ~ "D ' a =p (a + 4m. AP) 
b = p (B4-4«B) O V= (PB + 4B) 
| c= p(y + 470). = pl (y +470). 


The quantities «u, B, and y are evidently the The quantities a’, B!, and y are evidently the 
components of the magnetic force in the direc- | components of the electric force in the direc- 
tion of the axes, and c, à, c of the magnetic | tion of the axes, and a’, b’, c' of the current. 
induction. ` 


The quantities a, b,c, 4, b, c, and «, B, y, a, B, y differ essentially from 
each other, inasmuch as the first indicate cycles, but the second are necessarily 
acyclic. The quantities indicated by the Greek letters can always be obtained 
from acyclic potentials. . 

In this case we have, taking one equation as an illustr ation, 


E. dV 


or A, =£ (J— pV). 


Hence, by changing the values of y and y from their former values to 


x=; JJ f rm LY); ddyd, | x7 sfffe nv): ai 
| B i 
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we can write . . | 7 


Ben {ISI ona - A 3 | 
ie # f cdd D) xu GUTES idis 2] 
IIT dis || = dni — E 
re fff terns |» “sii fo (Gp) + Bag aa 
e-£ fff e Gt- - He: e-efff piment Lie 
HELLS Pec) eme | m Ef ora) emunt 


These equations have thus been put into a form ipis only on the 
electro-motive and magneto-motive forces, an extremely important modification. . 
All the 'equations which we have so far obtained are entirely independent of 
any.relation between electricity and magnetism; and they are perfectly true, 
whether that relation is the one hitherto known or also includes the relation. 
just discovered. "The.equations on the left hand are all more or less known, 
but the similar equations on the right are for the most part new. J shall first 
give the relations between the two systeins of equations on the old theory, so 
-as to contrast them with the new. We remark, in the first place, that it is 
supposed in these equations that'the electric currents are due entirely to electro- 
motive forces, and the magnetism to magneto-motive forces. But where closed 
electric currents exist, magnetism must always exist; and thus to calculate the 
magnetic effect by these equations, we must replace each electric current by its 
equivalent magneto-motive shell. It is readily seen that this will be accomplished 
by the addition of. terms depending on the current, and hence we may write 


de db, re dB 
dy de Tb L aa. 
' da de — P dC | 
a cum. i et 
db da n dB dA 
te ay = ATH Ye ae a 


Equations similar to this were first given by Sir William Thomson, except 
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that his applied to magnetic force rather than magnetic do and so did 
- not contain the terms i in A, B, and C. They would oe be 


dy dg T 4ra 

de d : : 
5 de 4s — Arb 

dB da 4 7 

dx. dy. . e 


As equations of: this form exactly define a, B, and y, in terms s ot A', B', and 


C, we must have, 
a= =a, 4rG = B, 4rH = y 


Amy. (z +g 0) = F— ju 4ff ie: CÒ _ : nr) | dandy de 
Amp (a+ WA) ge "e Min x E C» m 


dy Cari zx) = Av f. T f [p el (PB) — 209); ‘indyde. i 


and 





. Where there is no E force (no permanent magnets), and we 
choose L’, M’, and N”, so as to satisfy the equation of continuity, wè have 


Me AspI/ =F, Amy MI =G, . Any IN! = H. | 
From the almost perfect reciprocity between electric currents and magnetic 
induction which I have developed in this paper, we' might be led to expect 
that similar expressions might be found for the other case. But this is not so 
according to our usually conceived ideas, for lines of magnetic force must. always 
exist around a wire carrying a TERN but currents need not necessarily exist 

around magnets. À ^ i 
As we know that all the electric currents and’ all the. magnetic force must 
. depend only upon the terms containing A’,’B’, and C", and A, B, and O, 
therefore we may select a series of terms as follows to represent the final result: 


E= {ff ais i 
UL 
ven feos 2] 
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/^ogodN dH E E Aoc 
: Fer m +-4rup iJ Jf apta oy 
G= -m a m + ému J. f T B'pdrdydz — a | 


=a D + pp [ff etatis — 2 à 


dH dG 





4m de hrud =E D gyu CURE LE 
a= dy de "He dy dz Th dy ^ de | 
pP 4H POP CL] 
dz dx TRO — Te dx TR) da dx 
. dG  dF PERENNE dA 
c dz dy I TAC dæ dy Th | dz ^ dy 


We know that every magnetic action can be represented by-electric currents, 
therefore let us suppose the permanent magnets to be replaced by their equiva- 
lent electric currents. Ne then have simply í 


F= Amp. | f T J A’pduch yde — Ap 


= iai ne Bpdsdyds — * 


+ 
H4 C'pdadyds — À n 
Tup j pazrayagz — dz 

up aa PERENNE 
a = dy de ames dy dz 
LU dH Ss aga S P9 
= dz 7 dx TIS ` Amp EN dz dz 
_d& aP E ,__dÿ da 
^ dx ~ dy ` THC — Tæ dy 


These equations at first sight seem to be similar to those already in use, and 
which are given in Maxwell’s “Treatise,” Art. 616. ‘But if we examine them 
further, we shall see that the values of F, G, and H are given in terms of 
A’, BY, and C", rather than in terms of a’, b’, and c, and the introduction of these 
electro-motive forces together with the idea of magneto-motive forces, are the 
principal new points in the above theory, and are very necessary. to the further ' 
extension of the theory to include the new electro-magnetic action. 


^ 
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iy, The form.in which the formule: are thus thrown by expressing them in 
-terms of the electro-motive forces has suggested to me the following physical 
theory of magnetism, which I give here before proceeding further. 
They evidently point to the existence of.a fluid filling all space, the compo-, 
` nents of whose velocity are — F, — G, and — — H, the vortex filaments of. which 
are the lines of magnetic induction and the vortices of the vortices, or the rela- 
' tive motions, of which constitute the electric currents. The motion of this fluid, 
we see, depends upon quantities of two kinds. The first kind includes the terms 
containing 4’, B’, and C’, or the electro-motive forces; and these forces must 
be conceived existing at various points, and tending’ to propel and rotate the fluid 
‘in certain directions. The’ second series of terms containing y are those por- 
. tions of the components of the fluid motion which it is possible to produce by 
the existence in.the fluid of points at which the fluid is being constantly gen-- 
erated or destroyed, or by moving bodies within the fluid. In other words, they 
indieaté.the motion of translation of the fluid. The calculation of x^ is thus 
necessary to make F, G, and H. satisfy. the equation of continuity, and thus to 
represent the components of fluid motion; but as they disappear from the suc- 
` eeeding equations, they are not necessary for the calculation Of either the mag- 
netic action or the électric currents. 
The disappearance of x^from the d 'equations gives ihe theorem 
in vortex motion that no vortices can be produced in a fluid by external forces, 
and in electricity the theorem, whicli I have before demonstrated, that electric 
currents in a continuous medium, can never produce ma, nee action. unless they Y are 
. closed. EE E ~ a 
We have thus to conceive of a medium, the ordinar y motions of which do not 


produce magnetic action or constitute electric currents, but the vortices of which . : 


` are the magnetic lines of force, and the relative motions the electric currents. 
| The idea of such an extended conducting medium with its electric currents 
has thus'lead us to the idea of a fluid filling all space; of whose ordinary — 
‘motions we are unconscious, and which the earth may be whirling through with 
its full velocity without our being conscious of it, seeing that no magnetic action 
would be thus produced. | But does not this give a possible. explanation of the 
magnetism of the earth, seeing. that the earth’s rotation might produce rotation 
of this fluid which would be magnetic action? We might call this fluid ether if 
we pleased; but I do not wish this undeveloped theory to be confounded with, 
. the very crude, unscientific, and. altogether untenable theory of Edlund; for 


102: ROWLAND: On Electromagnetic Action, and 


‘the fluid which I conceive of has none of the properties of Edlund’s so- -called 
ether. € 
Whether this theory could be adapted to éxplain shicttcstatie phenomena, 
: and hence the propagation of light on Maxwell’s theory, I have not yet deter- 
mined. But it is to be noted that Maxwell's equations are in terms of F, G, 
. and H, and indicate that the waves of light are» waves in the fluid of which I 
conceive. Could a. property be added to this fluid to explain electrostatic phenomena, 
the fluid would therefore be identical in properties with the light ether, This property is 
that on which the so-called electric displacement of Maxwell depends. Max- 
` well has worked up a theory similar to this in some respects, in the Phil. Mag. 
for 1861 and 1862; which, however, requiréd. a very artificial constitution of 
thé ether, as he could not conceive of any method of making vortex rings in a 
perfect fluid. But I will show further on that my idea of electro-motive force | 
gets over this diffieulty, and allows us to explain all magnetic sas ‘and 
repulsions by the motion of a perfect fluid. 

To get the true motion of the fluid we must be able to T x’, although 
this is unnecessary as far as the magnetic action or the electric.currents are con- - 
` cerned. To accomplish this, it is best to investigate the value of y’ for an 
‘element of eleétro-motive force, and then it will always appear in other cases 
as a. definite integral. The values for an element of electro-motive force, 


A'dadydz, at the origin are , 


A! 4 
F= Array q dadydz — x 


, ax 
G = — bruh Gy 
2o, a. 

H = — 4app dec 


The equation of continuity gives therefore 





Amy | 4° 


| 5 y aa dude 
whence. ` 2 x= 7 = A ff fe FR 7 dadyds. 


But as this integration is very difficult, I make use of the theorem 


7 © dadyde e = 0, 


1 
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. which gives ‘by differ entiation | 


Ae) gv 
= ? 


WE d is -— 
and hence X = DA zt 








dudes 


If we also had at the given point electr o-motive fore ces B’ and vs then we mus 
have finally | 


| A, ,:, dy 
F= san = deat = -g | 
Grup! | P Bue =a 


H= P an = a - 
‘where in general : A 


a | | ; SI a . 
side (y — y) + C (z— 2) dedydz. 


X will evidently disappear when A’, B’, and C' satisfy.the equation of con- 
tinuity. This happens when the electro-motive. force for ms circuits which are 
, perfectly closed. g À | 

The integrals"of these Bd tiken throughout space will give the’ 
values for any case. 3 

As the motion of the imaginary fluid is rotational, it is at first sight very 
difficult to conceive how. this rotation ‘can be. produced. For Helmholtz has 
‘shown that vortex filaments can neither be created nor destr oyed by any forces 
acting on the fluid from without. Our problem is to conceive how an electro- 
: motive force of intensity A’, acting within an element, can fill the ipie Space 
. with vortex rings, whose intensities are givén: by the equations. 

_ At first I was puzzled, but finally conceived the following solution. Tet the 
.nature of electro-motive force be such that it tends to form vortex rings imme- 
diately around itself, not by action at a distance, but by direct action on the fluid 
‘in the immediate vicinity. The first ring will move. forward, another one will 
: form, and so on until all space. is filled with them, when there will be equiipnum; 
I have.not yel attempted the whole dynamies of the subject. u , 

Magnetic attractions can. be explained as follows. Conceive the fluid in a 
tube to be rotating around its axis with.a certain velocity, and suppose the ends 
of the tube to. be closed. with movable pistons. ` Ther, if the pistons are left 


x 
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free, there will be a centrifugal force against the sides of the tube "proportional 
. to the square of the velocity of angular rotation. If the walls are flexible and 
the-pistons immovable, then there will be a force tending to press the pistons in, 
and proportional also to the square of the velocity. i 

' According to our theory the magnetic force is the velocity of rotation, and 
so we have'in the medium ‘a tension along the lines of force, and a pressure e at 
right angles to them.» 

To satisfy the conservation of energy and the- equation of conünuity of the 
fluid, the work done: on the pistons or on the envelope, together with the volume 
passed over, must be the same; and hence the pressure and the tension must be 
the same numerically. | 

` Now Maxwell has’shown that all net attractions or repulsions can be 
accounted for by a tension along the lines of magnetic force, together with an 
equal pressure-at right angles to them. Hence the motion of such.a fluid as we have 
been: considering will account for all magnetic action either of magnets or of electric currents. 

Again, Sir William Thomson has shown, in his analogy of magnetism to-fluid 
motion, that two points in a liquid at which the liquid is generated, so that there 
‘are constant currents out from them, atiract each other. In other words, his 
analogy is not perfect; for, although the lines of force are of the same shape as 
the stream lines, yet like poles would attract, and unlike repel' But the theory 
of this paper, which considers lines ‘of force as vortex filaments in a perfect 
fluid, gives a true analogy, which we have seen abóve accounts for all magnetic 
action. But Sir William Thomson's. principle does not explain such action, for 
it would vanish for a closed circuit; and would thus give that term which has 
an arbitrary value in Ampère’ s théory, and which likewise vanishes for a closed 
‘circuit. 

All the motion of translation of the fluid represented by the terms X 


disappears when the electro-motive force forms closed circuits; that’ is, when . 


the components of the’ electro-motive force satisfy the equation of continuity 
throughout space. The energy of the fluid will then be merely that of the 
vortex filaments all through it; or, in other words, the énergy will be entirely 
magnetic. Tt is evident without calculation, thereforé, that this kind of fluid 
explains the magnetic attraction of currents without further hypothesis, and 
that the equation of Ampére, or some other giving the same results for closed 
cireuits, could be readily deduced. | 


The principal advantage of this theory over that of Maxwell is in the 


idea ‘of electro-motive force here introduced, by which an ordinary perfect 


fluid becomes available. instead of one having a complicated and unknown law i 
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connecting ‘its molecules. But I do not yet attempt to explain electrostatic 
‘action. . l | 
The idea of electro-motive force here introduced has thus rotation as its basis. 


And by this idea we have thus done away with.the necessity of any action similar. ` 


to viscosity in the medium, but have shown that a force producing vortices at 
any one point will fill all space with vortices, which will he packed together - 
‘according to the laws indicated by the equations. 

I do. not consider this theor y as final, by any means, "but only as one link in 
the chain, the first three links of which have been added ‘by Thomson, Helm- 
holtz, and Maxwell, and which may Bua end in. n the true theory. 


IV. Extension of Equations lo liche the jal discovered T LN Action. 


‘Leaving this théory, however tempting further discussion might be, and con- 
‘sidering the equations again merely from an electrical point of view, we have 
"now to inquire how the recently discovered electro-magnetic action will affect 
them. The following theory may be regarded as only preliminary. - 

Evidently we must add to the electro-motive forces which produce the original 
currents others depending on the current and the magnetic force -at each point. 
These new electro-motive forces have been found to be linear functions of the 
magnetic force and the current at each point. At present they appear to be 
at right angles to the plane. containing these two, but for the sake. of generality 


~ [will first: ‘suppose the function to be general. Let the new electro-motive forces 


be A”, B". and C^, and let à, b, €, and D be four new constants depending on 
. the material. Then we can write evidently 


4 


A S da VEF E b VEF B (bd — Ve) + bad 
B" = àb Va? + E + by vai + gue t (ed — d'a) + DOD’ 
C" = Qc Va? b? + Bd Va + V HE (ab — db) + bec. 


Of these four constants, Mr. Hall has proved the existence of ¢, and also that — 

Q is very small or zero. As to the other two constants, it would seem almost an 
impóssibility to test their value with accuracy; Mr. Hall has attempted to do 
- sO by trying the resistance of a wire and also of a piece of gold leaf under 
-magnetic action, but has as yet determined only that the ence is almost inappre- - 

ciable on the resistance. 
But if we suppose the action to be rotator y,asl pointed out in the last num- 
ber of this journal, we can get a » probable relation between f and b. For let 
14 


106 | ~ RowLanp: On Electro-magnetie Action, and 


b = c =a = d = 0, and we have the ‘case of a current, c’, and a magnetic force, 
b, and the équations reduce-to 


A” = tbc 
' B" = bé = 0 


C” = be. -* 


If the action is a rotation of the current element around the line of force, we 
should have this rotation proportional to band D would be to € in the ratio of the 
tangent of the angle of rotation to unity. But as the angle must be very minute, 

must be also very small compared with unity. - 
b t be al y small pared witl ty 

I have attempted to apply the conservation of energy to the case, but-have 
not yet obtained any very good results, especially as conduction in a moving, 
medium does not seem to be perfectly understood. : 

Let us thei suppose all the constants except € to be zero, ánd y we then have 

A" z € (be — Vc) | 
B" — t (ca — cay 
C" = ¢ (ab — db). . 


The general equations for the electro-magnetic action alone will then be 


c= mp | Jf ka + t (ad = edi - dadydz — a 
x} 
J 


H= dnp f f. f [otera]: dy À 


where &, i. and c indicate the zotal components of the magnetism due to mag- . 
nets as well as electric currents, and a, b, and c are Hie components due to the 


? 5 


. currents alone. 
F, G, and H do not include the vector potentials of the magnets. 


. dH ' ag | Anu = 2 
477 dy de pa = dy. dz 
nH di Aui. du de 
"ode — dx ud d de ~ dz 


dG dF ; f = da 


C= de ^ dy : NP rue = dz ^ dy 


D 
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Te: we vu F, G, and Æ to sati is equation. of cm then the value 
of x’ will be; as we have found before, : t li 


X = I fpe) E LB "Ete e a) [yy HOla bad er Kanda : 


Otherwise we can give it any value we please, as it-vanishes from the other 
equations. In case we make it zero; we shall have * 


Ar = — AF 
| Anpb! = — AH 
Arpe = — AH. 2 


The exact calculation will in general be very complicated. But as ¢ is very 
small in all substances so far. experimented on, we can easily calculate the 
effect as a. correction to the quantities calculated on the ordinary theory. But 
where thé effect'is to be calculated in a limited body, it then, in general, 
‘becomes very complicated. However, the solution is possible by ordinary inte- 
gration for a thin circular dise ôr for a sphere, as we “can then apply the method 
. of images. | 

In some cases no currents will be produced i in the TM but simply à differ- 
ence. of potential which can be measured by a BARRE as in Mr. Hall's 
experiment. | 


V. Explanation of the ‘Magnetic Rotation of the Plane of Polarization of Light. 


To apply these results to Maxwell’s theory of light, we must assume that 
tlie same action which takes place-in conductors with reference to conducted. 
currents, also takes’ place in dielectrics with reference to displacement, currents. 
It is almost impossible to detect this action experimentally, but we shall here 
follow out the consequence of its existence. I shall follow the method of Art. ' 
783 of Maxwell's “ Treatise,’ with the addition of this new action. - 

Assume at once C= 0; p=0, and J=0 as ney are afterwards taken or 
4 peeved to be.. ~ : 7 : 
^" :'Let P, Q, and R be TM patent of the ue forces. Tm at 
. äny point. - The electro-motive force will be composed of.two parts: first, the 
rate of Vastu pte vector potential as on the old theory.; and, second, a term 








i aoc 
* I use the expression A? to signify the operation * v Ls + = + os while: "Maxwell uses, it in his Theory 


of pee with the opposite sign. 
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TCU 


depending on the new action, and whose components we have dnd by 
A", B", and C". Adding these together, v we have | 


P=- + (bf — Ve). 
iG "A ae | 
Q=- Hela mem) a J 
TE 
R=— qa — dh). 


The displacement currents d, b’, and ¢ will be 


,__ K dP 
a 7 4m dt 
i= K dQ 
dr dt 
iem K dR 
ir dt? 


and they are alio expressed by the equations 


rud = — MF 
_ Amped’ = — AGE 


drud = — AH. A E 


Hence we have by elimination 
dip 
ES E — Feb! — Va) — AF =0 


di dou is m. 
| En sg — ar (ad — da} — a 0 


Ky lue — ác (ab — db) } — MH= 0. 


Before the solution of these equations, of course the wales of a, bi 6 and 
a’, b, ¢ must be substituted in terms of F, G, and H. 

Let us now take the case of a plane polarized ray passing in the direction of : 
the axis of z, with a magnetic force, e, along the same axis. The magnetic 
forces a, b, c, the variations of which constitute- the waves of light, are very 
small; for Maxwell has-calculated that.in str ong sunlight the maximum is about 


one- -tenth of the horizontal intensity. of the earth's magnetism. Hence. we can 
write 
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e [dp dies dr. 
Ki | + eg (Ya) } — æ=0 
[n eG. EG 
> Ku ae — £ (de) — TG 0 
z dH * | 
th ge c0; 


and, replacing 0’ ide d by their- “values, we hava 


x {fF 8G) eR 
Fe , dE Aru dtdz? ~~ de® m 





| v, PF) BE 
Kp. | dt za Amp, did? ~~ de = 0. 


From the.form of the equations we can well suppose that one solution is 
s ) . * 
F =r cos(n£ — qz) cos mt 
G =r cos inf — qz) sin mt, 
and making the substitution we find ` 
{ip (ot + mt) — (1 + 


— Kn Kn | 2m. - e AE | sin sin d — gz) sin mt = 0 





meat) ji cos d — q2) cos mt 








i | Ky (s? +m) — e? ( : oe =) } cos (nt — qz) sin mt 


. , 
+ Kn (ma- —e | sin (nt — gz) cos mt = 0. 


‘These’ are satisfied if we make the coefficients zero. 
If Vis the velocity in general of light in the medium, and V, the a 

in vacuo without magnetic action ; if iis the index of refraction of the medium, 

and À the complete wave length in the medium, and A, in vacuo; we thus find 





TEM Wey 
Ý Kme, 
Y = m / 1+ t, Sr 
TREE ae Kym»? 
Y— +) 


3. 
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These equations indicaté that when a ray of plane polarized light passes in 
the direction of the lines of magnetic forée, the plane of polarization will be 
rotated in a direction depending on the sign of the quantity €, which is the 
well-known action of Faraday. But the second expression which gives the 
velocity, and consequently the index of refraction, also depends on f, and thus 
indicates an acceleration of the velocity which is unknown. But this action is 
so very minute that it can probably never be measured. 

If-D is the length of the substance, the total angle of rotation of the Ben 
will evidently be. i 


6—mny-—tUm Da. : um a 

This solution is rigorously exact for all cases where the index of refraction ~ 

is not à function of the wave length. To get the value where the index varies, 
we can use the principle of the superposition: of small quantities. Every plane . 
polarized ray can be supposed to be made up of two circularly polarized rays; and 
‘to say that the plane of polarization is rotated simply means that one’ of the çir- 


` eularly polarized rays travels faster than thé other; when one ray gains À on the 


‘other the plane of polarization,is rotated through the angle 27. ‘Hence, if V 
‘is the velocity of one and V” of the other, we have 


| | yay! (+5) 


where D’ is the distance in which the plane of polarization is rotated Hi the 
angle 2 v. | 
But this effect will be sente by the iaia of the body, seeing that 
the’ velocity affects the wave ‘length, and hence the index of ‘refraction will be 
different for the s eee This farther action can be taken into account 


y multiplying p by + p and we then have 





Vor 
Fi = = | + = d 
So that D’ has been changed to : E 
p'— Up TN S ` 
Arm 
This can. nS put into the form M 
D | 1 
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"Lu 
But oe , = yao: E 
S "EU A2 l 4 —4 X—X di: 
whence >. X — X= p ad HT ar AUTO 


Hence, omitting all quantities of the second order of ire we cari write © 


I 1l 
T iy. d DV Adi? 
"oq SEE 


- and the angle of rotation, 6, will become 


O= 20 p= De Tr, ec À ai) 2 

which' is of the same form as Maxwells expression. Now Maxwell's equation is 
obtained from considerations entirely: different from - any which I have used in 
this paper, In obtaining them, Maxwell -made no assumption -as to the kind 
of motion which constitutes light; but merely assumed that the magnetic lines 
of force were vortices, and that the motion of the vortices caused a rotation of 
'the motion constituting light. In my theory I have used no hypothesis as to 
the nature of magnetic force, but have simply calculated, from the known laws 
of magnetism and electricity, the action in this case according to Maxwell’s theory 
of light. And the conclusion which we draw is that the effect discovered by Mr. Hall 
is the same, or due to the same cause, as the rotation of the plane of polarization of light. 

‘It is interesting to repeat here the comparison made by Verdet pon the 
various formule and observation. SRE 

The formule of Maxwell and Rowland, of Air Yo and of Neumann are’ 


D. ee xS (i KE) Da 
(D 8— Mix) Da 
` (HI) Roda De 


The comparison of can formule with- the experimenta of Verdet * are as 
: follows: ; : 


E. Verdet, Œuvres, Vol I. p. 262. 
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Bisulphide of Carbon. 

- g^ - ub E F EY. 
Observed rotation, 0.592 0.768 1.000 1.284 1.704 
Calculated, formula I, 0.589 0.760 1.000 1.234 1.718 


« © * IL 0.600 0.772 | 1:000 1216 1.640 
« © * TIT, 0.948 0.967 1.000 - 1.084 ^ 1.091 ` 
| Creosote. | 
E € D 'E FO. & 
- Observed rotation, 0.573 0.758 1000 1241 — 1.723 
Calculated, formula I, 0.617 0.780 : 1.000 1.210 1.603 
(« 000€ IT, 0.627 0.789 1.000 | 1.200 1.565 
« « TI, 0.976 0.993 ' 1.000 1.017 1.041 


To examine the direction of the action, we must see what the relative direc- 


tion of the currents, and magnetism are in the: ME as I have not taken 
the signs with respect to any system. 

Let the positive direction of the current be the direction in which the aie 
electricity moves, and the positive direction of the magnetic lines of force be the 
direction in which the north pole tends ‘to, move. Then we easily find that our 
equations are on the right-handed screw system, the right-handed screw being 

such that if we turn it in the direction of the hands of a watch with its face 
toward us, it will move. away from us. According to this system, Mr. Hall has 
found that the value of € is positive for gold and some other diamagnetic sub- 
stances, and negative for iron. Hence a magnetic force in the positive direction 
will cause the ray to be rotated in the positive direction in diamagnetie sub- 


stances, and in the negative direction in magnetic ones, which is exactly what 


has been observed. 

To compare the numerical amount of the revolution with observation, we 
can take the constants as observed by Mr. Hall for gold, and thus find at least 

whéther it is of the proper order of magnitude. ` 
. From more recent observations thani those published, Mr. Hall finds that, in 
the field of his magnet, he can cause the lateral electro-motive force to be at 
least as great as yyy of the force along the strip. According to the system of 
units used in this paper, the new electro-motive force will be in the case of con- 
duction, the current passing along Vand the magnetism being in the direction 


of z, T 
i ; La 
A” = — eab = dae eo 


i 
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but Mr. Hall finds l | 
| F — 2000 nearly. . 


Henco, wing the C. G. S. system, i in which w = 2000 nearly, we shall have 
T nearly for gold. 


The length of the substance in which the nay? is rotated a complete revolution, 


or 360°; will then be mE 
| 2z V, "m 4 uM, 


Dead 
. Ce t— AT 


where it is to be noted that M is the length of a complete wave. Taling the wave | 
di 
of 55$ Cm. length, and the index of refraction 4, we find, supposing g = (, 
| D = 240 cm. nearly. 


We do not know the magnetic force used by Verdet, bat it was evidently of 

_ the same order of magnitude. He found D to be about as follows: -300 for 
heavy glass, 700 for flint glass. Hence the rotation calculated for gold is of the 
same order of magnitude as the rotation observed in some common substances. ` 
Thus the new electro-magnetic phenomenon explains in: the most perfect 
manner the magnetic rotation: of the plane of polarization of light, and we are i 


. - almost in the position to pronounce positively that the two phenomena are the 


same. Should this preliminary theory of the subject stand the test of time, it 
. hardly seems to me that we can regard it in any other light than a demonstra- 
tion.of the truth of Maxwell's theory of light; for the rotation of the plane of 
- polarization is thus a necessary consequence of the laws of electro-magnetism, 
and this, added to the other facts of the case, raises Maxwell's theory almost to 
- the realm of fact. | 
15 


Orthomorphic Projection. of an Ellipsoid upon a Sphere. 


By Tuomas CRAIG, 
Johns Hopkins University, and U. S. Coast and Geodetic Survey. 


ATTER - the labors of such men as Gauss, Lagrange, and Lambert, upon the 
general theory of orthomorphic projection, or projection by similarity of infini- 
tesimal areas; it does not seem as though much of value or interest could be 
obtained by any further study of the subject, and indeed there is nothing more 
to be said upon the general theory, but an abundance of opportunities still exists ` 
for applying the results obtained by these princes of the realm of mathematics 
to the solution of particular cases of the problem. Boole, in the supplementary 
volume to his Differential Equations (a posthumous: work, edited by Tod- 
hunter), gives a most elegant investigation of orthomorphie projection upon a 
plane; the formule arrived at are applicable to any surface which it may be 
. desired to project upon a plane. ‘One application is made by Boole to the case 


of an oblate spheroid, such as the earth. I have given in another place an appli- - . 


cation of his formule to the projection ‘of the general ellipsoid upon a plane, 
and the results obtained there led me to attempt the projection of the ellipsoid 
upon a sphere. Gauss gives, among the examples illustrative of his general 
theory, the projection of an ellipsoid of revolution upon a sphere, and considers 
the so-solved problem to be a valuable addition to geodesy. At the present day, 
when it is at least considered possible that the earth may be a general ellipsoid, 
it may be that the formule necessary for its projection upon a sphere will not E 
be devoid of interest. 
Denote by R the radius of the sphere, then its equation may be given as 


Ptpt law, | — 
if.U and V are the usual spherical co-ordinates, we have for £ y, £, the values 
é= R cos Usin V, i | | 
= E sin Usin V, . : (2) 
) ` £7 RH cos F. : 
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Denote by as b, e, the semi-axes of the ellipsoid, then this surface is given by 
at$+S=1; Pc (3) 


if À and A, denote the variable parameters idonei to the two hyperboloids 
confocal to the given SEA we have for these surbices the equations 


y? "um 
zz IX + Ga, 








(4) 





x y” £x 
a? + x B+ dy + C+ À 1, 
and then, as is well known, the co-ordinates 2, y, z, are given by 
| 2 € (2 +A) (0 + À) 
| (0 (a =) (a? — è) | 
AE B (BPA) (+A) | 
. 2 — 3) O T Ag) 
| ; y — 6509-3) hse Pe (8) 
aS S (rA) FA) | 
T (=a) (P=) 5 





and the element of length on the ellipsoid by 


= gg Came) fg 
Q = d=. ra CRESCE YA) t FEX UT (6) 
Write for brevity 





L= = (a + X) (D? + X) (+ À), 








EP Be L, = y (dà? + A) (0° + X) (P + À) 5 an Fa HS 
the Gaussian equation s 
° Q= 0 
leads then to : | | l 
One Fi uds "€ 0, (8) 
L, L, 


the differential equations of the problem. 
For the element of ius on ‘the sphere equations (2) give 


= dS? = K sin? VdU? + RV? | (9) 
a=0 lasek to-the int ipium "8 | 
dU See EM Sy = 0, 
and from this follows _by integration | 
U i log cot 4 V = const.  — > — (10) 
If we find one integral of. (8), i in the form d D 
P- iQ: = const, - 
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the problem will be solved by equating U to the real, and 7 log cot 4V to the 
imaginary. part of 

nn F(P-+iQ); 
f being : an arbitrary functional symbol and P + iQ being the ar inet of the 
function, all operations having to be performed upon this complex-quantity as a 
‘whole and not upon its components. ; 

The first thing to be done is, of course, to so es (8) that an integration 
may be performed. To this end, observe that the par ameters M and À, are 


3 


limited by the relations : : 
be Mo 
mu ou: 

so that we can express À, in terms of a few variable 0 as 


0? (a? — c?) cos? 0 + c? (a? — D?) sin? 0 





y= 





(a — e) cos? 0 + (a? — 0?) sin? 0 ; (11) 
or again, writing pu 
' | — D? 
oa tan? 0 = of, E (12) 
E p 4 | 
MES Ee à ae) 


` From these we have the relations 


: 2_ 72 2. y? 
daa SOE po fx, 
hi > E L 








Lto 
pus, ns BES, (Q4 
+=, a, = uL 
These substitutions made in P give after simple reductions 
P= RS 5 (15) 


For the transformation back to the variable 0 observe that we have 


—Ë (a? — c?) —  (a* — of) — a (f — e) sin? 0 ls. 








Pob ^ (cost | 
= Ve sec? 0 db, a 
d d mE 
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multiplication of the last three of these gives + . 


2 fa? rg ? cos 6 dé , 
(à? — e) — (D — e) Bu 6° 





` The fesili of substitutin g in P these values is: 
T 5? — 
i ES DN sin” TN 


TT u Frs 








VE (17) 

The quantity . 
A 2 | P — e 

| ze < l- 

occurs in both os and denominator of the differential expression ; in the 

numerator occurs also the-factor 7 t ; forc e= b, 





|a Pe 
Pga l; 
for e = p, un is = 0; so that the value of 
| Us qug - 
: Pee Po 
lies always between the limits 0 and 1; 
Eh. then | 1.3 
p? iy a p—g p— EE 
= sm? a, Fa ae Fa a, (18) 
.and P takes the form | | 
sin a Aa A0 da 
T cos a ef sin? asin? 0? PE" (19) 


since ~ 


_— 3 di p 
Aa VEE mi a= ¥ rs 
50g —6 


5 G 





If we call e the eccentricity of the section of the ellipsoid made by the plane 
zy, it is clear that m " 
«-c087!& '" . . | |. (2). 


The above value for P can also be written in the form _ tg 
| sin? 0 d6 
P= tan a Aa f 35 — iP sin a cos a As fart (21) 
Introducing elliptio functions by means af the equations | 


(' do da 
. A6 s oo Aa. 
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Ksnacnadnasn°t.dt - 


(21) becomes P=tnadna.t— jJ 


, L—Rsnasnt 


(22) 


The quantity under the integral sign is (Cayley's Elliptic Functions, page 15) 
the elliptie integral of the third kind, or II (5; a); but introducing’ Jacobi's 


functions Z and © by the relation 








© (€ — 
T (¢,a)=tZat+} Pere) 
we are enabled to write immediately 
e (t — 
= [tn a dn a — Za] £ — 4 log T 
or, writing. log e?linadna—Zalt — log ge 
| = @(t—a) oy 
P=} log ggo 6" 


For the value of w observe (Cayley's Elliptic Functions, page 157) that: 


H (u + K) = KOL a 
and further that | 


-Sn u dn « 





i 7 | 
i — = log « en u =: aa uy dn'# 
and d _ O(a) - V 
à, log © (u) ou. Z (u). 


We have then Ru EN! : 
— À log H (a-- K)= tn w dn u —Z (u). 


The functions @ and H expressed in terms of the g-functions are 


@ (FE) = 1-29 cos 2 r+ 2 4 cos 4 r — 2 g cos Ort... 


2K : i No è 
a (ez f)=2 /q {sin r — g sin 87+ g sin 57 — g?sin Tr +... 


- .. 2K : 
or, writing — / = t, these may be expressed as 


e()— e(t r)=1+23 1y ? cos B jt 


and consequently 
@¢+a) :1i-423(—1y g” cos 27 (t + a?) 
G(£—a)  1--2X(—1y g” cos 2j (ë —«) 


H()-H = r) = 9 #7 X (— 17- ge- sin (2j — 1) f, 
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and u .H (e - K) = 2 q X 9/95" cos (25 — 1) d, 
where | | | d d = zx . 
Sime .. on S274 
da 2K da 
we have for w the value 
ues Hu qu -7g dlog H+ K) 


: X(2j—1) gU-!sin (2j — 1) v 
—ERC XgU-"cs(2Bj—l)d ` 


` The complete. value of P is now 


(0 (t — a) wn TE X(2j-—1)99-?sin(2j—1) a). 
P= à log zu (Ra) °P E X g= D cos (2j — 1) a s 





exp. u standing for e 
If, instead: of the dE Ces ¢ and a, their complements are introduced as 
K—-i-h,K— “=a : 
and also 
; ; am (4) = 0, ; am (a) =a, 


then the integral expression for P becomes 
P= sin -f A6d0 
^. cosa J 1— sin? a sin? ĝ 


. eos cosa Aa, dé Í 
sin a (1— #? sin? s sin? Gy A, i) A6, 


Now 








dé, | ON P» 1 + A sin? a, sin? 4,7. 
Ad, (1 —# sin? a, sin? 6,) ~~ A0, | 1 — 2? sin? a, sin? 4, |’ 

and therefore, by changing the order of integration and. dropping a useless 

“constant, i ae i | 





| cos a Aa, an f ; dé, 
5 "oo sina ars £F cos a, sin aAa, A8, (1 — X? sin? a, sin? 6) 
EUN 9 (t+ a) | 
(7 da ^"$989(—a) 


If.we introduce an imaginary argument and the complementary. modulus, this 
expression .takes another form rather more- convenient for computation. We 
have (Cyr Elliptic PUE page wee 





—4 u? 
@ (x) = VE CRE —— @ (tu, k), 
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; s X ux —4w ` 
or again . 8 (u) = V 2 exe HCK' x du, M): 
and |. RB(u--— E gire H (iu, K); 


| UE 
now, defining w, as 


w, = iz log H (4 , #), 
it is obvious that . | 
w= — e +, = Ze, log H (a). 

À $a 
Now, introducing the g-functions, 

H (ia, , K) = 2 4/¢ {sin ia, = q sin 3 ia, + gi sin.5 id...) 
and therefore, introducing exponentials, | 


+ .X(— iy3(2j—1)g?U9- -» [e-na + e AL D 





w = 7E X (— 1y-!giU-n [Ia aay 
where aj = zu . The function P has already been determined as 
: 6 (t + a) 
= l 1 1 
P=wt,—tlogs Gea) 


and can now be written as 
| H (K — i(t + 4,), k’) 
m — 1 Eure A HS Find CAL HMM AM 
Ph $8 gp = a), E) 
The logarithm of this ratio of- conjugate- H-fanctions is given b 
g jugat g y 


43 X gi -V [eiD +a 4 g= Mtt ar] 
2 08 xgiU-u[ggi-mri-an — g Xu un? 





(0 at! $ : 3 
where 4 — 5755. The final form of P is then 


nt X (— 1y- 1(2j —1) gin” [e? (2j. — l1) ay 47 ei dar] 


= 2K 3 (— 1y-!(2;— 1) ER [einer ay sso] 





X giU [ei nt ar |. fit + MB 





ER 
3 log RE PC TT a) 5-8-0 ET in 


By uterum n into X the integral expression for P becomes 


= iQ. 
The quantities £,a do not depend on either hi ¢ or À, and in consequence are 
unaltered by this change ; the same is, of course, true of the constants a, a’, w, 
which are functions of #, a and other constants. The only quantity inn can 


- 
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vary is ¢, and this, on account of the prdsaribed limits of À, will become à pure 
imaginar y, say | ` 


t=i(K' +7); E 


then — 7 7 0 =ami (K +7); 
now ^ l | La sn®i (K +7) Sir 
P . 7 _ tsn(r, K). " 
and | sn (ir, k) = ue itn (r, k); 
(0E. (HA) EO 1 | 
but Kay: 0 € CQUIA) Pwi) 
| | | ; (a+r, 
therefore in? (7,4) = — sn? (ir) = ans i 
Writing © >00 (oxi am (7 , K), 
. a? (+A, a? + A 0? 
we derive cos? y = i, sin? (uem io ix BY hy’ 


and, for the complementary modulus Z', 


2 2 2 
za — © (a = 0) 
TETE 


from which follow — ik? sin’ y = ka 


and - " A (vy , K) = 1-7 EX VERY 
"Now, since | | P = ut + log y Bere 


9 (t — a) 





lp 
and vow j g= = IP 5 
it follows at once that | 
sad i. OG KR dra). 
C= w(K + 7) g log gg ia) 


but | O (u F tk’) = GRE 7r (u); 
Yu. s D 
^ therefore —w(K + qe og pios , 


or, dropping the constant w K7, 


| tap 1 BC AY 3g 7? oos (Bf —1) af [PB — or 8-0] 
(mr tan SEL STD Jaa) v [7 7 p TY 
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where . a= 7TH OR: 


On transforming Q to the a ary argument a; it becomes 


Ins L log H (K — a4 + tr) 
Q= wr — 3iloggp(x—a,—i) 





A > 1 ] © (7 + ta, , I) 
== WT E 21:98 o (7— ia, ; I’) $ 





or finally 
ae 1Y- gë sin 2j r [e7 — eta] 
— X (— 1)! ¢ cos 23 v Leu — ee] ` 





= = wT — tan 


We have said that it is m necessary, in order to solve the proposed prob- 
lem in the most general manner, to pineg U equal to the real and ¢ log cot $ V to 
the imaginary part of 

S(P + iQ), 


where y is an arbitrar yi functional symbol ; this is the same thing as writing 


U + ilog coti V = f(P 4 iQ), 
| TG E V=f(P —iQ). 
Suppose that we take 


then follow 


by the first of these relations all curves which depend only upon / are projected 
into curves depending only upon U; the longitude; that is, all the curves de- 
pending upon / are projected into meridians; but 
dð 
i= AÓ ? 
and @ is a function of À only, so that Z is a function of X, and the curves which 
depend upon ż are the lines of curvature cut out of the ellipsoid by the hyper- 
boloid of two nappes; these lines of curvature are then pr Que upon the 
sphere in the meridians, and in like manner the equation 
V= cot! 
shows that the second system of lines of curvature is projected in the parallels 
of latitude. | 
If the Sphere be projected into the plane én by the relations 
(U + ilog cot 4 V) = log (£ + in) 
(U— ilog cot 4 V) = log (É — in), 


4 


- 
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ai of the ER will be projected in concentric cir cles, ind all of the meridians 
in straight lines passing through the centre of the circles (the stereographic pro- 
jection).. Now, if we introduce polar co-ordinates ( pr $) by the formulse 


Ed cc aiid, 
e TT xd 


we have ' 


but 
og (E+ tn) + log (£ — in) = log (E+) og p 
. and 
cos D + ? sin d 2 
log (£ in) — log EE m 2 d$; . 
therefore ` 2 : à 
U= log p, . ^ 
V= cot"! &; | 
but 
" UE, 
| dis cot-! e? 
consequently - 





p= 8 (£—a)' 
ONDES H (a + ir) 

PER wt + zi 98 Hai) | 
We have in this case the lines of curvature on the ellipsoid arising from its inter- 
~ sections with the-hyperboloid of two nappes projected on the plane in straight 
lines passing through the origin: of co-ordinates; the remaining system of lines ` 
of curvature being projected in concentric circles whose common centre is at the 
origin of co-ordinates. If the ellipsoid, be one of revolution around the axis of +, 
then result | 


b—c,k=o, K=1,qg=0, K=3, E =0, 


dcm m E ee hs LE 





rac M M dy. =] o 
Dope n og tan } (90 + y) 
and ee = sin yj. 


For the position of the point z, y, z, when projected on the spheré, we have 
| U-—imna.0, | 
V — tan a. log tan $ (90° T pe tan^! [así a sin "m 
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‘and for the corresponding co-ordinates on the stereographie projection 
i ` p= gn s.t 
$- E 
For the oblate ellipsoid we must use the second forms that we obtained for P 
and Q, and introduce the conditions 
K=0o,g—=0,K =5; K=0,71=71=}, 
d, = a, = log tan $ (90° + a), 4 4 = log tan 4 (90°+ 4), | 
tan 4 (90° + aj) + cot } (90° + a) 


` 























P= in 2 (90° + a) — cot 3 (90° + a) log tan $ (90 F 6) 
td lE tan + (90° + a,) tan $ (90° + 4,) + cot 1 (90° + a) cot } (90° + 6) 
z 108 cots (90° + a,) tan 4 (00° + 8) + tan n (909 + a) cot 4 (90° + 4) 
1 sin? 3 (0, + a) + cos? 3 (0, — a) 
=e 9 1 
sina, log tan 4 (90 sr 01) — à log cos? & (0, + a) + sin? $ (0, — a) 
' 1 1 ô, 
= gaz leg tan 4 (90° + 6) — tena sin 


1 — sin a, sin 6,’ 


y 


Q= sina 





The projection on the sphere is determined by 


[ rtg [snp 00° + 6) 4/1 — sin gin , 
| t [cos } (90° + 6,) Jama 4/1 + sin a, sin 6 


1 

| V = cot^! eus; 
that on the plane b y Lm 
Du | | [453 z (90° + 6 pes ay fe — sin a, sin 6, | : | 


[cos 4 $ M + 8 Des a, yn + sin a, sin 6, 





h 


| 7 cot^! Pus; 


. For the complete solution of the problem 4t it now remains only to give the values 
of z, y, 2, the co-ordinates of any point on the surface, in terms of the same 
variables that have been employed in finding P and Q. We had 


| 2o a (a + X) (YA) 

— (wae ? 
(b? — c?) (6? — a?) 2: © 
Ë (AX) +A), 


(et — b p 5 


(= a) (FB) 


E 
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now ^ . _ i toa p. LL (2 — E) sint y 
aft e += Dx e (opere 
43 — V) sin? a sin? 0 | 2 — D?) sin? 2 ye 
PX 25 : , B+E M, 
S 1 d 
(a? — c?) sin? a cos? 0 (a? — c?) sin? a A? (y, K’) 
2 — 
l € + Ai = D, . € 2 + À = D, . X 2 
where D, 1 — 7 sin? a sin? 6,: 
e D, — sin? a + cos" a sin? y, m "OM 


| Qr, » introducing the notation of elliptic functions, 


0 — am £, y — am (v, K), 
D, =1— sn’ asn? é, 
'D, Sre (T, E), 











and | 
: a? — 5? pU : (a? =o) sn? TAS EY 
2 ee 2A SEN 
a + X TT D, 2. : 5 a + À = D, 
a? — 0 d a? — 0?) s 2 ki 
pies eh pasen. Md (gom oe m) 
` 1 2 
pe a? — c?) N We a? — c?) sn? a dn? (r, K 
+= sn? a cn? t, f+) = ETC, 
Observing now the relations | 
2 — v _ Aa, © =) D a? Aa “(a — ee ag m 
a? — IE CUM: PTE ~ Na. & 


and substituting i in these. dn 4 for T we are snabidd 10 write 2, y, % i in the 
forms à 


D 


s= G. dn? a 8n (7, 4), 
y= G. dna sn? a sn 6 en (7, #), 
z = Gi. K sw acn 0 dn(r,#), 


where 
a . 1 


~ dna 4 ü-— p gn a sn 6) (sn? à + on? a "S (7 &)? 








^ 


the a in the ‘numerator of course denotes the semi-axis: major of the ellipsoid. 
‘The angle a has been defined by : 


»" P. S i 
sin? a = 733 ; n 
from this | 
| B= @ sin? a, 
and we also obtain quite readily 
| @R sin*a, 
= Ade 7 


3 
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the equation of the ellipsoid can thus be put.in the form 


a? d y EAR 1 
a? a? sin? a Sin? a ? 


or, transforming to elliptic functions, 


qucd 2 dn° a — 
PH a’. 





sn?a ' k?sa 

- For the case of =e it is easy to see that 
' | - = =G. (r, kK), | 
y = G. sn a sn 0 cn (r, k), 


z = Ga. m? a cn Ocen (r, k), - 


where 
a 


= A/sn? (7, K) + sn? a en? (c, E) | . 
For the case of the oblate ellipsoid it is necessary first to transform to the com- 
plementary arguments. This is done by means of the relations 


uu 





à e e 
2 — — ‘A2, c — 
a s COS" aq, ai? A Q4 p ? 





sin? a, = 


P (d + À) EHN) & (a? + M) 
2 m. 1 2 == 1 n fs a eret 
sin A, = T Ge)? cos? 6, = X (@— 8)? A 6, — X (@— a) * 


_ The general ellipsoid is given in terms of the new elliptic function a by the 
equation 


£ dn? a, x 


2 Hh METTE 
a + cn? a, Tow: D os 





and the co-ordinates x, y, z, of a point on its surface by 
z= G,. dn? a, dn 74, sn (r,#), 
y= G,.cn’ a, end, en (r, K), 


, 
-2 = Ga . n? a dn? a sn é dn (r, K), 
where ' 


& ` DITE 
- - Ga 


^ dna, SL — K? sn? a, sn? £j) (cn? a, + k? sn? a, sn? (r, 4) 


The oblate ellipsoid has 6 =a, and the equation of the surface becomes 





*. . 





2 
a +y? Fe — d, 
the co-ordinates’ x, y, e, being given by s 
d s= G. mh sh (r, 4), © 
y = G. né en (7, KY, 
: : £g = G; . cn? a sn? f, 
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| where | g =- a PE 
l * ^ y/1—sna s .- 
The angle y is here the longitude and 6, the excentric anomaly of the meridians.. 
The rectangular co-ordinates £, ņ, ¢, can of course be given in terms of (5 a, 7) 
or (4, 4,, T) by means of the relations 
‘E= R cos U sin nD, 
n= R sin Usin FY, 


t= R cos V; 
in- terms of P and Q these become 
R cos P 
é= Vert , 
R sin P 
a rs 
Ree 
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On the Calculation of the Generating Functions and Tables | 
of Groundforms for Binary Quantics. 


By F. FRANKLIN, 


Assistant in the Johns H opkins University. 


Tar object of this paper is to give an account of the methods, due to Profes- 
sors Cayley and Sylvester, of calculating the generating functions pertaining to | 
binary quanties and thence determining the number of fundamental invariants 
and covariants of any order and degree. As it will not very greatly increase 
the length of the paper, I shall endeavor, besides giving the processes of calcu- 
lation, to present a connected view; though not a complete discussion, of the 
subject. It seems desirable to make some remarks at the outset on the terms 
employed, though these are, for the móst part, well understood. 

` The degree of any function is its degree in the coefficients of the quantic, the’ 
order is its degree in the variables. The term covariant wil be regarded, when- 
ever convenient, as including invariants, the latter being covariants of the order 
zero. A differentiant is a symmetric function of the differences of the roots; since 
the source of any covariant (the coefficient of the highest power of x in the co- 
variant) is a differentiant, and since the covariant is completely determined by 
its sdurce, the discovery of covariants is reduced to that of differentiants. A 
groundform is an irreducible or fundamental invariant or covariant, i. e. one that 
is not a rational integral function of invariants and covariants of lower degrees 
and orders. | | 

The symbol (w :2,j) is employed to denote the number of ways in which the 
number w can be composed as the sum of j of the numbers 0,1,2,....4 
(repetitions being allowed); or, in other words, the number of ways in whieh 40 

' can be composed of j or fewer positive integers none greater than i. Putting 
g = ij — 2w, it will often be convenient to write (2,7: g) instead of the above - 
symbol, so that we have l - 
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SINGLE QUANTICS. 


For simplicity, we shall first consider exclusively the case of a single quantic. 
The methods are all based upon the following fundamental theorem :' 

_. The number of linearly independent di differentiants of. the weight w and degree 3, belong- 
ing to a quantic of the order i, is (w:1,3) — (w — A: is ic We shall use A(w : 7,7) 
to denote (w :7,7) — (w — 1:i,7)- 

A differentiant of -weight w and degree 7, belonging to a "ms of order i, is 
the source of a covariant whose order is ij — 2w, say g; so that the above ibepren 
may be thus stated : 

. The number of linearly independent covariants of the order g and degree j, belonging to 
à quantic of the order i, is (4,3 :g) — (4,j:g + 2). We shall use A(i,j:g) to 
' denote (i,7:g) — (2,4:g + 2). | 
(w : 4,3) is the coefficient of c/z" in the development of 
v 3 | d 1 | ` 
(1 — 6) (1— ez) (1—e2) .... (L — e2) (1) 
` jn ascending powers of c; or, putting z = 2—*, c = dat, we may say that (w:i,j), 
= (i,j : g), is the coefficierit of ax” in the development of 
E | i ue ; 
| (A — ax) (1 — s» . (1 — aa it?) (1 — ax’) (2) 
| in ascending powers of a; | 
‘hence A(£,j : g) is the coefficient of atat in the development of 
iade 

| (1 — ax) (1 — ap as .(— Her (1 — ax e) 

in ascending powers of a. j - | 

From (1) is also deduced Euler's core that (w:2, 35) is the coefficient of z" 


in the development of 
(1—2/+}) (A — aul vela Obst 
q-3d-5...ü-9 ' © 





' 80 that Boe i,j) is the coefficient of z” in the development of 


- (Lett) (uS. elt | 
A... @-#) (8) 





: The fraction (3) is a generating function in which the coefficient of a^a? is 
. the number of linearly independent covariants of the degree 7 e ‘and order g, to a 
-quantic of the order i; but it is far from beitig well adapted to calculation, and 
moreover furnishes no means of determining the complete system of groundforms of 
the quantic. Before describing the methods of constructing generating functions 
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which do serve this important purpose, it will be well to make some remarks 
upon the connection between the determination of the groundforms and that of 
the number of linearly independent covariants of a given degree and order. 


Tanusage. 


To begin with an example: Suppose we have found that the quintic has one 
irreducible invariant of each of the degrees 4,8, 12, and no other irreducible 
invariant of a degree lower than 16 ; and let it be proposed to find the number 
of irreducible invariants of the degrees 16 and 18. We can find by actually 
considering the partitions, or otherwise, that A(5,16:0)=4; lence there 
are four linearly independent invariants of degree 16. Now, precisely four in- 
variants of degree 16 can be formed from the lower irreducible invariants (which 
latter we may denote as (4.0), (8.0) and (12.0)), namely, (4.0)*, (4.0)? (8.0) , (4.0) 
(12.0) and (8.07; hence, unless we supposé the previously found irreducible 
‘invariants to be connected by a syzygetic relation of degree 16, we conclude 
that there is no new — i.e. no irreducible — invariant of degree 16. Also 
A(5,18:0) — 1, so that there is one invariant of degree 18; and since no 
invariant of that degree can be formed from the lower invariants, we know that 
there is an irreducible invariant of degree 18. We should have made the same 
inference if A (5, 18:0) had not been 1, but had exceeded by 1 the number of 
ways in which invariants of degree 18 could be formed from lower irreducible 
invariants, provided we assumed, as before, that those lower invariants were not 
connected by any syzygetic relation of the degree in question. Again, keeping 
to the example of the quintie, suppose we have found that there is one irre- 
ducible covariant of each of the following types: 


(4.0) , (8.0) , (8.1) , (7-1) , (22) , (6.2), (8.2) , (8.3) , (5.3) ; (9.8) , (4.4), (64) ` 


where (m . n) represents a covariant of degorder (m.n), and that there are no 
other irreducible covariants whose degree is less than 10 and order not greater 
than 4; and let it ‘be proposed to find the number of irreducible covariants of 
degree 10, order 4. We find A (5,10:4) — 3, so that there are three linearly 
independent covariants of degorder (10.4) ; and covariants of this degorder can 
be formed by compounding lower irreducibles in the following four ways: 


(4.0) (6.4) , (5.1) (5.3) , (7.1) (3.3) , (2.2) (8.2). 
In this case, then, the number of compound forms exceeds by 1 the total number 


of linearly independent forms of the type in question, (10.4) ; hence there must 
be at least one syzygy of degorder (10.4) connecting the lower groundforms: 
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- but we are not compelled to assume that more than one such syzygy exists ; and 
assuming that the one necessary syzygy is the only one, we conclude that the 
three linearly independent covariants of degorder (10. i are compounded ones, 
and that there is no groundforin of that order. 

- Stated in, general terms, the matter stands.as follows: By means of the 
fundamental theorem,” we can ascertain the number (say a) of linearly independent 
covariants of degree j and order g; suppose now that we also know the number 
' of irreducible covariants of every type whose degree is below j and whose order is 

not higher than g; and suppose there are ' B ways of producing a covariant of the 
given type (degorder (j.g)) by multiplying together these irreducible covariants. 
Then, if 8 is'less than a, there are evidently a£ least a — B irreducible covariants 
of the given type; if B is equal to or greater than a, there may not be any irre- 
ducible covariants of the given type. In fact, if the £ possible compound forms 
of the type are linearly independent, there remain a — 8 forms which are not 
compounds, i, e. which are groundforms; if B is greater than a; the B forms can: 
. not all be linearly independent; but a of them may be independent, and if they 
are, no uncompounded forms of the type remain. We assume (in the absence of 
demonstration, but with the support of very strong inductive evidence) that there 
never are groundforms and syzygies of one and the same degorder. Granting 
this fundamental postulate, the number of groundforms of the type considered is 
a—Bif a>; if a Z the number is zero. ` Thus, if the numbers of linearly . 
independent covariants of every degree up'to j and of every order up to g be 
known, the numbers of the groundforms within the same limits are obtained by a 
. process which Professor Sylvester calls tamisage, and of which it may be desirable: 
, to give'an example. . : 

Take the case*of the octavic; the numbers of linearly independent forms of 
all degrees to the 7th and of all orders to the 8th are shown in the first of the © 
following tables; the numbers of groundfornis within the same limits are shown 
in the second table.. The second table is deduced from the first as follows: We 
.. próceed regularly down the suecessive columns, writing in the'corresponding places 
of the second table the number of groùndforms of each type. Thus, (2.0) and (3.0) 
are groundforms, there being no lower forms out of which they can be compounded; 
one (4.0) can be produced by multiplying (2.0) by itself, so ‘that the number of 
- groundforms of this type is 2 — 1 = 1; (2.0) (3. 0) giving (5.0), we have again 
2—-1=1; (2.0) ; (2. 0) (4.0), and (3.0)? each give.óne (6.0), so that the number 

of groundiorms of this type is 4— -3—1; (2.0) (8.0) » (2.0) (5.0); (3.0) (4.0) 


"E. Which, it is to be remembered, has been rigorously demonstrated by Professor Sylvester. See ‘Borcharilt’s 
Journal, Vol. LX XXV. (1878), p. 104, and Philos. Mag., Vol. V. (1878), p. 178. 
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each giving (7.0), we have-4 — 3 — 1 groundform of this type. We then proceed 
to the next column, deducting, as before, from each number in the first table-the 
number of compound forms of the corresponding type that can be produced by 
the previously found groundforms; so that at any stage of the process we know 
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the number of linearly independent forms of a certain type and the number of 
groundforms of all lower types. Thus, suppose we have determined all the num- 
bers in the second table except the last one, this is found as follows: 


` ` (2.0) , (207, (20), (2.0) (3.0) , (2.0) (4.0) , (3.0) , (30), (4.0) , (5.0) , (6.0) ` 


combined respectively with 
(5.8) ,(3.8) ,(1:8), (28) , (18) , (48), (1.8) , (8.8), (2.8), (1.8) 


give 10 forms of the type (7.8), there being one groundform of each of the types 
above employed; (3.0)¢(2.4)? and (2.0) (2.4) (3.4) likewise give 2; while the 
groundform (2.4) combined with each of the two groundforms (5.4), and the 
groundform (3.4). combined with each of the two groundforms (4.4) give in 
all 4 forms of the type (7.8) Thus, the total number of compound forms is 
10 +2 + 4 — 16, and 16 being also the number of linearly independent forms, 
we see that there are no groundforms of the type in question. | | 

This process of tamisage is evidently very long and tedious, the above ex- 
ample being of the simplest, and the labor plainly becoming greater at every 
step; moreover, however far we may carry the process we have no assurance 
that there are no groundforms beyond: the series representing the numbers of 
linearly independent forms being evidently infinite iu extent. With the gen- 
erating functions we are about to consider, the labor of tamisage is very greatly | 
abridged, and, what is of essential importance, the field in which it has to be 
applied is finite. 
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| S yle ester's First Method. 
The above “ crude form” (3) of the ee function i is 


m 1 — 27 . : 
f(a) : da — aa). (1 — ax?) pus - (1 — art?) (1— ax 77) P. 





consider the decomposition of this into partial fractions, with refererice to x. 
To any factor 1 — a of the denominator, À being positive, will correspond À 


partial fractions of the form 
M A 


a 
l-gem 





? 


"where A isa fenton of a, and p a Ath-root of unity; these À fractions added 
together will give a fraction of the form 


A + Aye + Ag? pag Sa A, yr? 
t — = 





? 


expanding which in ascending powers “of a, we get also ascending powers of a, 

beginning with the Oth power. But.to any factor 1 — a^^ will correspond X 

partial fractions of the form | 
| | A 

wi 

LE — [a^ 





the sum of these À fractions is of the forni 


Ay +. Aix + Amt bool FA, 
MUN MEE I NL. 


, ol 20A dot Ae + Ag? +... + A ml 
i. e. e AES UD ae 0 


and this, when expanded in ascending powers, of a, gives only negative powers 
of a, which are irrelevant to the question in hand. We can therefore obtain a 
generating function whose development shall coincide with that of $(x) as far 
as the terms containing non-negative powers of x are concerned, by calculating 
the partial fractions cor responding . to: those factors of the denominator of (x) 
in which the exponént of œ is positive, and taking the sum of these partial 
fractions. 
The fraction n ee to 1 — az’ is, as before stated, 
| gc. > 
1 — po^» 

where p is to be successively every Ath root of unity. Denoting by.¢,(«) what 
dz) becomes when the factor 1 — aa” is struck out T the denominator, and 


b | writing a for pi, it is seen at once that, the value of Ai is ihla 1); ie. 
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i—.? : 7 
(1 — or tA) (1 — a FT)... do?) (1— 95 .... (1— dtt) 
l : C SLA line BE 
Oo ip at + E 
m ( ) ‘a — TA) (E— 47?73....($— 0) (1 — à)... (1 — aftà) 
fra irat2 
cu : E a * "o 0-9) 


= (—) i= 33 (1—a9*(1—292...: (— ui A) (1 — a 92 (1-957412)... Aa) ° 








AA = 














Any factor 1— a” of this denominator is a divisor of 1 — a*, where Ak is the 
least common multiple of m and À, giving a quotient 1 + a” + a2"™4+....; 
multiplying numerator and denominator by the like quotients for all the factors, 
. the denominator becomes a product of factors of the form 1— a, and the 
` numerator alone involves a. Thus we have 


A | _1 | Co + Ga + Con? +. 
as Wi T=) da) ds CEE 





and henée 





à $ A See ER e) A ar + ae? + ` ar AME 
| 1—ar N - TE a) (1 — a) Te 


It only remains to collect those terms of the numerator in which the exponent 
of a is a multiple of À (the others disappearing i in the SOMOS and we have 


X E E in the form 


Int het... LL m 
(1— az) ( — a) (1 — a’) : 


The sum of the several fractions obtained in this way is evidently of the form 


C + Cork... 
(1 — ax’) US 





where, it may be remarked in passing, the numerator is of lower degree in x 
than the denominator. This fraction, written in its lowest terms,* is called the 
reduced form of the generating function. 


Representative Form -— ‘the Generating Function. 


In general the reduced form does not serve directly for obtaining the numbers 
of the groundforms. It would serve this purpose—as we shall presently 
. show —if the factors of the denominator all corresponded to groundforms, i. e. 
if to each factor 1 — «4? (where s may be 0) in the denominator there corre- 


— — 














* Not always strictly in its lowest terms, but in the lowest form having only factors of the types 1 — a’, 
I — a”; in the denominator. 
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sponded a groundform of degorder (r.s); and in this case the factors of the 
denominator are said to be representative. If this is not the case, we multiply 
Humerator and denominator by such factors as will make the denominator a 
produet of representative factors exclusively ; such factors exist for all the 
quantics whose generating functions have been caleulated, with the exception 
of the septimic, in which there is one factor in the denominator which cannot be 
converted into a representative one. Nor is it difficult to find these factors. 
Those containing x are disposed of at once; for 1 — az’ represents the quantic 
itself, and there being no other covariant of the first degíee, the factors 
l— ax'~*, 1 — aai-5, ete. are not representative; but since every quantic has 
& series of covariants (obviously irreducible) of the second degree and of orders 
2 (i — 2), 2 (6 — 4),.etc. the factors 1 — aa^ 7, 1 — ax'—*, etc. will be converted 
into representative ones by multiplication by 1 + aaf-?, l-F az!-*, etc. As to 
any factor 1 — a” independent of v, it is easy to infer from the generating 
function itself whether it is representative or not, i. e. whether there is or is not 
an irreducible invariant of the degree r;* and if not, we have to find whether 
there is one of a degree that is a Tps of r, say mr; in. which case we” 


multiply numerator and denominato. by + es #7. For all the quanties that have 


been considered (with the single exception p mentioned), it is found that 
the non-represehtative factors become representative on merely doubling the 
exponent.— When these multiplications have been performed, so that every 
factor in the denominator is representative, the generating : function. is said to 
bei in the representative ‘form. i 


Mode of obtaining ihe Table of Groundforms. 


We shall now show that when the generating function is in a representative 
form, the groundforms consist of those represented by the factors of the denomi- 
nator, together with those obtained by tamisage pn a certain moat casey) 
upon the numerator. i 





t 


Let L= Em, da; where m; , is the number of linearly independent co- ` 
variants of degorder (j.g). Then if there be a covariant, say V, of degorder 
(r .s), the number of linearly independent. covariants of degorder (j . g) in which 








* If a factor is repeated, it must represent a distinct groundlorm each time ; e. g. if the denominator con- 
tains (1 — af}? it is not representative unless there are at least two irreducible invariants of the degree 6. 

+ Or, rather, a representative form. — Others,may be obtained by multiplying numerator and denominator 
by representative factors. i ; 


" 
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V enters as a factor is evidently exactly equal to the whole number of linearly 
independent covariants of degorder (j — r.g — s), i. e. equal to the coefficient 
of ax’ in ax’ L. Hence the excess of the whole number of linearly independent 
covariants of degorder (j.g) over the number of such covariants in which V 
enters as a factor is the coefficient of a/z? in (1 — ax) L. It follows hence that 
if V is a groundform, the other groundforms can be got by tamisage from ` 
(1 — d'a) L, just as all the groundforms would be got from L. 

In extending this result, so that we may be enabled to multiply L by more 
than one factor of the form 1 — «x^, it is necessary to appeal to the funda- 
mental postulate, that if there are syzygies of any given degorder, there are no 
groundforms of that degorder (p. 131, 1. 17). Consider the linearly independent 
covariants of degorder (j :g); suppose that the groundforms of the quantic are 
not connected by any syzygies of this degorder; and imagine these covariants 
distributed, with reference to any k groundforms V, , Fa, V3 .... V, of 
degorders (r,. $,) , (72-8) , (13-83). . -> (Tr. 8) into classes, as follows: — ` 


m, covariants containing the product of all the £ V's as a factor.” 
Ms “ p any (k — 1) and only (k — 1) V's. 


. LI . . . . t 


f^, covariants containing two and only two V's. 
My d ae one * “ one V. 
m, | s no V. 


Then it is easily seen that the coefficient of afg? 


in L is M+ m+ m+ Ms +... + My 

in — 2x L is —im Re lm — > 0 ivo 

in utt b . is = M + lm, eua wen 80D My 

in — Bart” t'g ts +s" T is — l = ee 4 se DG?) My 
etc. etc. E 


For the coefficient in Z is the total number of linearly independent covariants 
of degorder (j.g); the coefficient in Ze'a*L is the number of linearly inde- 
pendent covariants which multiplied by any V give rise to a covariant of 








* Whether any V appears to the first or to a higher power is indifferent to this argument throughout. 
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degorder (j.g), so that in this coefficient every.such compounded ‘covariant is 
_ counted once for each distinct V that it contains; the coefficient in Ea tret” L 
' is the number of linearly independent covariants which multiplied by any two 
distinct V's give rise to a covariant of degorder (7.9), so that in this coefficient 
every such compounded covariant is counted once for each distinct binary com- 
‘bination of the V's that it contains ; and so on. ; 

By addition of these results, we see that m, is the coefficient of ax in - 


| L (1 ZS Sarx + Eat" a +s? — Sa +" +t” y 8 + sf + er SEN ) 
= L(— ate") (1 — au) (-—saqx....(1— t aa); ; 


i. e.if the groundforms of the quantie are not connected by any syzyg gies of the degorder 
(3.9), the coefficient of ax? in L(1— aa) (1 — ax)... (1 — dx) is the 
number, of linearly ei covariants of degorder (j.g) containing none of the ground- 
forms Toll Ves 

If there are syzygies of the degorder (7. g), we pus to distinguish Between 
`- two cases. oo brevity, we shall denote Ll qu (1 — ax EE (Xen) 
by. A.) 

1° Let us suppose that no syzygies existed among covariants . of lower 
degorders which are raised to the degorder (j..g) by multiplication by ground- 
forms. Then the coefficient of afz? in L has been. diminished by what would be 
the number of covariants obtained by compounding with the V's if these com- ` 
pounds were linearly independent; so that if they are not all linearly indepen- 
dent the diminution has been too great: in other words, the coefficient of aja? is 
‘either’ equal to-or less than the number of linearly independent covariants of 
degorder (j.g) containing none of the V's. Now if we were to perform the 
operation of tamisage upon L, the existence of syzygies of the degorder (7. J) 
would (according to the fundamental postulate) be indicated by the coefficient. 
of a’x’ being rendered negative by the operation. Likewise, if the coefficient : 
of aie! were exactly equal to the number. of linearly independent covariants of 
degorder (j.g) not containing the V's, it would be rendered negative by tamisage 
upon the coefficients in A; and à fortiori the actual coefficient (which has-just 
been proved to be less than if not equal to the above number) will be rendered - 
négative. Hence in this first case tamisage upon A gives no -groundforms of 
degorder (7.9), which is correct ; and, moreover, indicates the existence . of 
 syzygies of that degorder. ` 

2° Suppose that syzygies of the degorder (j.g) exist which are not ground- 
syzygies, but are obtained from lower syzygies through multiplication. by 
groundforms or by combinations of groundforms. . Then, from what has been 


` 
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said under 1°, the process of tamisage must have revealed these lower syzygies 

at their inception. We have, therefore, only to see whether (j.g) is a degorder - 
which can be formed by composition of a degorder in which a syzygy has been 
found to occur, with the degorder of any groundform or combination of ground- 
forms (not excepting the V’s); if it is, we infer, by the fundamental postulate, 
that no groundform of the degorder (7. 9) exists, 





Let us how return to the representative generating function. This is of 

the form | 
| | N 

(1— ax") (1 — aax)... (1 — ag) 





(some of the s's are 0) where the factors of the denominator correspond to ground- 
forms. The-development of this fraction is identical with what we have above 
called Z, so that W is identical with Z (1 — aa%) (1 — ae)... . (1 — az). 
The foregoing discussion shows that the groundforms additional to those repre- 
sénted in the denominator are to be found as follows : — 

Operate by tamisage upon the coefficients of JV. 

a) If the costhcient of ax’, as reduced by tamisage, is a positive number 
or 0 (and provided the coefficient is not rejected in virtue of b)), this reduced 
coefficient is the number of groundforms of degorder (7 j. g)” and there are no 
 "ayzygies of that degorder. 

b) If the coefficient of ax’, as reduced -by tamisage, is negative, there are 
syzygies and no groundforms of the degorder (7.g); moreover, there are syzy- 
gies and no groundforms in all higher degorders derivable from (j.g) by com- 
pounding (7:g) with the degorders of groundforms (the groundforms repre- 
sented in the denominator, as well as those found from the numerator), so that 
the coefficients corresponding to such higher degorders are to be rejected. 

The numerator being finite, the above operation of modified tamisage is 
finite, which is a matter of essential importance. The practical advantage in 
having to operate upon the numbers appearing in JV, which are of necessity 
very much smaller than those in the infinite series, is obvious. 


N: 


Constitution of the Generating Function as first obtained. 


We shall now go back and look more closely at the form of the generating 
function -as primarily given by Sylvester's first.method ; for an examination of 





* Additional, of course, to any of the same degorder that may be represented in the denominator. 
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this form gives rise to two other methods: differing materially from the former 
` and from each other. | 
` Jt will be best to mention, in the first place, a , distinction: between quanties 
of even and quantics of odd orders which has hitherto been passed over for the 
sake of uniformity.’ For even quantics the crude form, $ (æ), involves only even 
powers of x, and may.be treated as a function of 2%, which of course greatly 
abridges the work. In examining the form of the generating function, we shall 
"treat separately quanties of even and quanties of odd or ders. 
Let us take, first, a quantic of even order, 2n, so that 





E 1 — x? 
¢(2) = ras a a) ed... (ar #7) (D agnis) 
l1—w! : | 





x — au") (1 — uh Dn....(t— 2). .(1— au-**) ($ au") | 


As before; we have to find the sum of the partial fractions corresponding to 
those factors of the denominator in which the exponent of u is postive: The 
fraction corresponding to 1 — au is 
, | 4 
2 » B 
1— pi u 





and we find, in the same manner as before, denoting pi by a; that 


(n—X(—A41) 
a * A — a) 


ME See ae a ae = a 
OT aa a EAU) 


Here À is some number between -1 and n (both inclusive). When À = n, the — 

above denominator (after cancelling the factor 1 — a) is 
(Lear) (he) ass (Qmm dicem 

which is evidently contained in 

| al). (1L d*79; 

when À is less than n, the denominator M cancellation of 1 — a) is is 

(Lo) (lo) 2... (1 — att) (1—«) (1— d)... (L— 9, 

and this is also contamed i in : TM - | 

a-4y1- 2)... (1 dnt. 

| Por (1 — e) (1—4)....(I—à Mey. | 

is contained in. (1— œ) (L= aè). |.. (1 — +3); 


and (1— a) (1— 2)... (1 — 279) 
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being contaiued in (L= ataj (I at PAR LLLI stu) 
and also in : (1— at) (1— q**1) ... (1 — dt), 
is contained in their difference, and therefore in D 
(1— a) (1 atit... n (1 — at), 
which is itself contained in (1 — a’) (1 — a® F441) .... (1 — @”71). 

Thus we see that the partial fractions will have for a common denominator 
(Le ay ENT é)... CE (1 — ar) (1 — axs)... . (1 Seay 
It remains to notice the degree of the numerator in a and 2. The degree in x is 
necessarily less by at least 2 (since only even powers appear) than the degree 
of the denominator, and therefore cannot exceed n(n + 1)— 2. We shall 
show presently (see p. 141) that this is the evact degree. The degree in a must 
fall short of the degree of the denominator by 2n + 1 exactly; for in. the 


A $ . 
value of i— — we notice that the degree in a of the numerator falls short of 


_that of the denominator by mr which difference remains unaltered, 


of course, in the subsequent operations; now this difference of degree in a is | 


; ; X) ATI). 
equivalent to a difference of er9O ATO in a, the least value of which, as 


À takes the values 1, 2,.... n, is attained when À — n, and is 2n + 1: and 
since this minimum difference is reached only when X = n, the term involving 
the corresponding power of a cannot be destroyed. Hence the degree in a of 


the numerator is 2 + (2 +3 +....+ (2n — 1)) +n — (2n +1)=2n(n — 1). 
Secondly, take a quantic of odd order, 2 + 1,* so that 


. 1— x? 


$(z) = (1 ax? *) (1— a2?*75.... (1— ax) (1 — ax 1)... a= ag 2*3) (1 — ax 2-71) 


and 





22--1—A 2n43—2A 
2h51—2A FIER CREME DNE 
ade 2 2 1 — a? 


AA = (—) 3 eZ a3 — a. (d ae — FFD), Lat nx? 











where À is some odd number between 1 and 2a + 1, both inclusive. When 
— 9n + 1, the above denominator (after cancellation of 1 — o?) is 


Aa) cos (bett) (E =o), 


which is contained in (1 — a’) (1— a) (1 — 4$)... : (1 — at"); 








"= n not zero. What is here and in subsequent parts of the paper given concerning the form of the numera- 
tor does not in general apply to the linear quantic. 
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when d is less than 2 T E the done (after cancellation of js o?) is 
aay ine) o. egere (1— &) (1— at). .. (1 — ati i 
which.(a$ can. be seen.in the same way as the corresponding case for even 
quantics) i is also contained in ) 
(1— a? (1—a9(1—a).. (1 att). 
Hence the partial fractions will have for a common denominator. 
(L=) (1—4)(—4)....(1— a") (1 — ax) (1-- aa’)... l= agp, 


The degree in z of the riumerator is necessarily less by at least 1 than that of the 
denominator, and the degreé in a is seen (in the same manner as for even quan- 
tics) to be less by exactly 2% + 2 than that of the denominator. We shall 
"immediately show that the degree in x falls short of the degree of the denomi- 
nator by exactly 2; hence ae degree i in z is (n + 1Y — 2, and the degree in a 


‘i 4r?+n—1. 


The proof that the s in z of the dome of the Pre function 
is less by exactly 2 than that of the denominator applies to even and odd quantics 
alike, and is as follows. : Denote the generating function obtained by 

o | £e 7.0. l | 

; (= aw) (1 — ax) ....? 
` this was obtained by adding together those partial fractions which corresponded 
to the factors in the denominator of ¢(a) in which the exponent of « was posi- 
tive: hence iti is easy to see that 


f Ua noL fe) 





$ (x x) = Q= a) e DUET Ga ) (1—aaz-76571). 


Le. 1—2-?—f(z)(1—az-*)(1—-a276-5). ...— 7* f (a-3) (1— axé) ( "P 
“Now the degree in x of l T NE | a | 
E a? f (a?) (1 — ab) (1 — a7?) .... 
is less by exactly 2* than that of 

B (1— as) (1 — adi?) 
hence, i in virtue of the above identity, the. — in æ of 


SEQ GLa WT — as-6-5).. 


*' Since it is evident from the mode of formation that jf, and consequently F(a), contains. a term 
independento of. x. . 
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i.e. of f (x), must also be less by exactly 2 than that of 
> ah) (bc ayuu QE 


The above results may be summed up as follows: That portion of the devel- 
opment of $ (x) which does not contain negative powers of x can be represented 
by a fraction, whose denominator for a quantie of order 7 = 2 n is : 


(ley Obes le Eat aa). S — ax”) 
ind for a quantie of order 4 = 2 n + 1 is 
(1— e) (1— sid wt i-a wee ke aa?” +1), 


In both cases, the exponent of the highest power of x that appears in the numera- 
tor is less by 2 than the degree in x of the denominator, and the exponent of the 
highest power of a that appears in the numerator is less by ¿+ 1 than the degree 
in a of the denominator. 

It is to be observed that we have not proved that the generating function 
with the denominator above named is in its lowest terms, or even in the lowest 
terms consistent with the denominator being a product of factors of the forms 
1—4,1-— «42; nor is it of any special importance whether the fraction is in 
its lowest terms or not. The difference between the degrees (in a and in x) of 
the numerator and denominator is of course unaltered by the introduction or 
suppression of common factors. As a matter of fact, it has been found that in 
the quanties of the orders 3, 5, 7, 9, 4, 8, a factor 1 — a? in the denominator as 
above given can be suppressed, but that in the quantics of the orders 2, 6, 10, 
no factor explicitly appearing in the denominator as sii _given is a divisor of" 
the numerator. 


Cayley’s Method. 


Instead of decomposing the crude generating function 


l—2a-? : 
$ (2) Ga daa). aH (a) 


.into partial fractions with respect to x, this method proceeds by decomposing 
into partial fractions with respect to a. There will be simply # + 1 such partial 
fractions, corresponding to the à + 1 factors of the above denominator, these 
being linear in a. The fraction corresponding to 1 — aa^ (where À is any. one 
of the numbers 7,4 — 2,....,— t + 2, — i) is 
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: | uai y | : | | 1 : 
(1 — xà) Ar 5 ; .(1— x Goa. . (Axis) “Laat 





ita? : DEAS PRAGA PES " 
Cr vs i . £ 2 2 (1— x) "e 1 


= 1) - ae) (1—29 .... (1-273) (1—2 da) ....(1—a5*3) 1— ak ^ 





Now this decomposition does not enable us to separate the crude fraction into 
two parts, such that the expansion of one shall involve. only negative powers of ' 
x and that of the other no negative powers of x; for it is plain that the expan- 
sion (in ascending powers. of a) of every one of the partial fractions of the above 
form contains an infinite series of positive powers of æ. But we now know that 
if-in these expansions we reject the negative powers of z, the sum of the re- 
maining portions is equal to a certain fraction whose denominator is known, and 
the degree in x and in a of whose numerator is also known. This required 
numerator is therefore identical with the product of the known denominator by 
_the sum of those portions of the developments of the ‘partial fractions which 
- contain non-negative: powers of æ; hence we can obtain the numerator by 
developing each, of the partial baton d in ascending powers of a and +, adding 
the results and níultiplying the sum by the known denominator. And since this 
multiplier contains no negative powers of a or of x, we need go no farther in the 
expansions of the partial Pacnons than. the known limits of the e degreona in a and . 
x of the numerator. ZEE 

. Thus, although: the decomposition with respect to. a introduces infinite series, 
we can, in virtue of our knowledge of the. form of ‘the result, arrive, by the use 


‘of finite portions of these series, at the same generating function as that obtained 


_by Sylvester's. method; and the work is in general considerably shorter by the : 
present method. We shall now examine more closely the limits within which | 
the-work is confined. s ; i 

Take, first, a quantie of order i= 2n. . We have seen that the generating 


function will have for its denominator 
à) 


(1— dj (1— d) (1— at)... (1— ai) (1— aa?) (1 — ant)... (1— a), 
and that its numerator "will e of the degroe g=n(n+1)—2inx and of the 
` „degree p — 2n (n — 1)in a. Let » be any one of the positive integers 1, 2,.. 

The partial fractions corresponding to 1 — ax“, T — a, 1 — ax~*", respectively, | 





are g , * 1 
: P dica gn teI) (n+ pe 2) a cu æ) 2 . a 1 
(+1) a= 5 = aad wy) A Ia)... Ca) 3L a 
gt ~ Vin +2) (1 — a?) +, ` i 





(ca E um d—-).... a) d—39d4—3d =a) is 
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a gin BH nun (1— 2%) 1 
ente 1 n pe — 1 = SA RE, 
(— 1) Aa) Ga) d—- 9) a) da). Ga) i-a 





Tn the expansion of the first of the above expressions, the lowest exponent 
of x is (n.-- p —1) (2 + + 2), which is greater than q; hence we reject all the 
partial fractions corresponding to those factors of the denominator of the crude 
fraction in which the exponent of x is positive. The expansion of the first, factor 
of the second expression is "d | 


CO a^ 0-9 + terms of higher degree in æ; 


accordingly, since (n — 1) (n + 2) = q, the portion of the expansion of the par- 
tial fraction corresponding to 1— a whicli we have to take into account is 


(— 1} Ta (lratra +. are uy 


With regard to the third expression (the partial fraction corresponding to 1— ax ?^), 
we observe that the needed portion of the expansion of its second factor is 


1 + ag? + dut Ht aa Ore, 


so that we must expand the first factor as far as the power 2?+*?*, and multiply 
the result by the above series, rejecting in the product negative powers of x 
and also positive powers E than g. Finally, we multiply the sum of the 
retained portions of all these expansions by the denominator 


UE (1— d) (1> é)... + (1— al") (1 — az?) T ae); 


retaining in the product only powers of a not higher than p and powers of a not 
higher than q, we have the required numerator. 

For a quantic of odd order, 4 = 2 n +1, we find in like manner that we have. 
to take account only of the partial fractions corresponding to those factors of the 
denominator of the crude fraction in which the exponent of æ is negative. The 
denominator of the required generating function Is . 
(1— a) (1— CEO eset) (1 — ax) (1 — ax) Fee O ET 
the degrees of the numerator in a and x are p = 4n? + n — 1,9 = (n + 1) — 2. 
The partial fraction corresponding to 1 — ax-?^—! is 


gín-h—10—2*2 (1 2) 1 


(CU Gade) 2) cam) plage 








we expand the first factor as far-as the power a? * C^ * 97, and multiply the result by 


1 + ax? dx $a? +. + oo pa - p, 
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Collecting the terms thus ee for p = 0,1,2,....,n,we multiply thé sum 
by the denominator above given ; the terms of the product within the assigned 
limits of degree constitute the required numerator. 





- . pti 
In practice, we calculate the numerator only as far as the power $ ot P 5 


(say p) of a; a known symmetry enabling us to write the remaining ‘half without 
calculation. The extent to which each of the expansions has to^be carried is 
. then given by putting p’ for p in the preceding formule; and it is obvious that 
the abridgment of the-work is very much more than half, even without taking 
account of the fact that the numerical coefficients ‘in the expansions rapidly 
increase in magnitude. — The same symmetry would enable us to dispense. with 
the calculation of half the powers of x instead of a, but it is plain that this would 
result in much less saving. 

` The symmetry referred to is proved as follows.:— 

Let the. generating function for a quantic of order 2n + Tbe 


"e i A + Aye oea H Apa? 
F(a) = ü — ax) (1 — ax’) .. 0— ay e — a*) (1— af). 


and as before let p denote the highest power of a in the numerator, Then we . 
have | 


" $ (= F(a) — P (= 2) 


a- A0 af)... = (LHA F.. Le Age) (Lae?) (= a) (Lae) 
Ae ly hee. + 4279) (1— aa) (1 — az)... (1 — aa? +), 


It is to be noticed (see p. 142, I. jj that a+B+. ..=p+n+1,and that 
14384... (2n4- 1)  q4- 2; let us denote the number of the factors 
l—sal1— - e, .... by k. In the above identity, replace a by a-' and a by 
a~*, and multiply both sides by (— ly'tia?t"t'z-; then, denoting by A’, 
What À, becomes when in it a is changed into 47! and the result. multiplied by 

-a?, the identity becomes. 


C! y^ a — a) (1—2a*) (1—a9)....— (a? + dt + FQ às) (4 — aa)... (1— ant) 
en : 200 ge (Aai Aa +. + AY) (1— ax) (1225)... '(1—a2?7*1), 


—. Comparing this with the former Meo we see that 


pe” 


= (+ tA: 


: or, in other words, the coéfficients of ax“ and a? y" -" in the numerator- of F(x) 


"e 


are equal in absolute value, and have like.or * Opposite signs throughout, ac- ^c 


cording as n — kis even or odd. 


\ 
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In like manner, we have for a quantic of order 2n 


Ay + Ag? +... + Ag 
- (1 — aa) (d —ax) ....(1— a) Aay (1 —e)....7 





F(z) — 
whence . 
(1—27?) (as) (1—a9) ....== (Apt A+... HA) (a) (ax?) (1L—az75) .... (1—ax 7) 
l =a? (Ao + A++ Ann ?) (1—a) (1—az?) (1—a29)... .(1—ax?). 
Denoting again by A’, what A, becomes when a is changed into a^! and -the 
result multiplied by a, we derive as before | 
(AY) (ta) (1—a). .. . — (Mg + A+ A) (1a) (1—a27) (la) .... (1—a27) 
a (de t+ Ale... Aa) ia?) (La) (la) 
By comparing these identities we find 
ds SES CT Dr us 
i. e. the coefficients of a's" and a?—f—# in the numerator of F(x) are equal in 
absolute value, and of like or opposite signs according as n — k is even or odd. 
Professor Cayley has given a full statement of the calculation in the case-of 
the seventhie in this Journal (Vol. IL pp. 71-84); he there mentions (p. 75) a 
question (which I have passed over) concerning the legitimacy of the mode 
adopted in éxpanding the partial fractions. 

Another point of symmetry may be deduced Bon the above identities. For 
even quantics, comparing only the coefficients of the highest ARR power of 
z on the two sides of the identity, we find 

(— lya« aA, — Tx A, = 0; " 
but we have seen that À, = (— 1)" 7^ A4';; therefore 
à di 1fa-^45; 
i.e. the invariantive part of the numerator has a symmetry of its own, the 
coefficient of a^ being (— 1)' times the coefficient of.a? —^—^; .of course a corre- 
sponding symmetry holds for 4,. For odd quanties we find in like manner that 
the coefficient of any term a^ in À, is (— 1}? times the coefficient of a? =" 
in the same. 


Sylvester's Second Method. _ 


This method, like Professor Cayley’s, is based upon the fact that we know. 
à.priori the denominator and the degrees of the numerator of the generating 
function. It was devised by Professor Sylvester shortly after Professor Cayley 
had invented the one just explained, and before the latter had made it known. 
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- The process is extremely simple. If the generating function for a quantic 
of the order 7 were expanded, the coefficient of any term afg” in the éxpansion 
would be A(i,j:g). The coefficients of the expansion can therefore be ob- 
tained by formula (5), p. 129. Now the expansion multiplied by the known 
denominator of the generating function gives the numerator; and since the 
latter is confined to known limits of degree in a and in x (while the denomina- 
tor contains no negative.powers of a or 4), we have to use only those terms of 
‘the expansion which fall within these limits:and multiply their sum by the 
known denominator; that portion, of the product which falls within the'limits 


-> of degree is the required numerator. 


"The work, then, can be stated as follows. Let the order of the quantic be i, 
. the denominator of the required generating function D, and the degrees i in a and 
æ of the numerator p and g. Develop the fractions of thé form 


s (t— git!) (1— zn 4 <E m git!) 
,Q—2)0-—2). à —#): 





tre by giving to j'all values from j= 0 to j — p. The coefficient of z^ in 
the development ofthe above fraction is A (w: i, j) =A (6,3 : ij — 2w) and is 
therefore the coefficient of a? x=?” in the expansion of the generating fünction. 
If, then, iĝ is even, the coefficients of z? and of the 4g (or 4 (q m next pre- 
"ceding terms in the development of the ‘above’ fraction are: the coefficients of 


a af, a aS ccc ay a at (or of at) i in the expansion of the generating function; 
if ij-is odd, the. coefficients of 2° and of the 4 (q — 1) (or 4-(q — 2)) next pre- 
ceding terms are the coefficients of a! qd, a! 2, ...., 0 a8 (or ai at") in the 


expansion of the generating function. Maliplymnd the aggregate of the terms 
thus obtained by .D, restricting the product.to terms whose degrees do not sur- 
pass p, g we have the required numerator. Of course, we do not actually use 
values of j higher than p' (=}4 p or à (p+ D, the remaining half of the . 
numerator being obtained by symmetry. | | 

As none of the larger calculations have been velt by more aus one 
of the methods described, I cannot say positively whether this or Professor 
Cayley's method is practically the more desirable, but I believe that this method 
is to be preferred. It has the advantage of greater uniformity and less liability | 
to accidental errors, and there is, I think, no very great difference (EN which side 
I 2d not know) in the amount i numerical work required. 


Tt may be well to mention at this place the great advantage of employing 
paper. ruled into: ee in performing the calculations required by any of these. 


^-^ 
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methods. For instance, in the developments required by the method last described, 
the only ‘operations that occur are those of multiplication and division by factors 
of the form 1—2* The coefficients of the successive powers of z are written in 
the successive squares of a row: to multiply by 1 — z^, the same series of coeffi- 
cients shoved À places forward is subtracted from the given series; to divide by 
1— 2, the first À terms of the given series arè written down as the first À terms 
of the quotient; and from this point on, the series of quotient-coefficients is con- 
‘tinued by being shoved À places forward and added to the given series. I find 
it convenient not tó write down the figures to be subtracted or added ; multipli- 
cation by 1—z* being performed by subtracting from each coefficient of the 
multiplicand the coefficient À spaces back of it, and division by adding to each 
coefficient of the dividend the coefficient À spaces back of it in the quotient: the 
regularity of the squares enables one to do this without danger of error. , The 
advantage of this use of paper ruled into squares is even greater when powers of 
two letters (say a and x) are involved. The coefficients are then arranged in 
horizontal and vertical rows of squares according to the powers of a and 2 (as 
in the tables, this Journal, Vol. II. pp. 226-246); and, e.g., multiplication by 
1— aa? is performed by subtracting from each coefficient of the multiplicand 
the coefficient one space above and three spaces to the left of it. It is needless 
to go into further details on this point; a very great amount of time is saved by 
this practically almost indispensable contrivance, which any one who had occasion: 
for it would know how to use to the best advantage. | 

It may be worth while to say a few words concerning the arrangement, of 
the work (as actually performed) in Sylvester's second method. We first de- ' 


velop the fraction A 
nh f (i — r+) (1 —a7*5.... d—2" 44 
(0—239—239)....(1— À 





' (where p' is the highest value ofj required).as far as it is needed; this result 
divided by 1 — z^" *'and multiplied by 1 —" gives the series corresponding 
to j =p — 1; this divided by 1 —27:—! and multiplied by 1 — 27-1 gives 
the series corresponding to j — p' — 2; we continue in this way, obtaining the 
. series for each value of j from the next higher, till we reach j — 0, for which, 
the value of the fraction is 1 — 2: and it is easy to see that (if each series is - 
carried a few terms beyond the point actually needed) we have thus a perfect 
test of this portion of the work. In other parts of the work, obvious and easy 
partial tests can be made; and a very good test of the correctness of the result 
obtained for the numerator of the generating function is afforded by the sym- 
metry of Ay (see p. 146). For in the calculation of A, all or nearly all the 
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coefficients in A, A,, 4s, .... 201,23 are involved; now it is by means of A, 
that (from the rule of symmetry) we complete .4,, and if this completion makes 
À, symmetrical, A, and A; are perfectly tested, and consequently the interven- 
ing A’s pretty thoroughly. Of course, if instead of calculating half the numerator 
we calculated the whole, its symmetry would be a perfect test, and no other test 
of the result would be needed ; but in the longer cases this would multiply the 
labor many times. There are many short and satisfactory ways of checking the 
work in its progress, which would suggest themselves to any calculator, and 
which it would be tedious to detail Another test of the resu/f, which with 
the one above given puts its correctness beyond the region of practical doubt, 
will be mentioned in connection with the generating functions for differentiants. 


Generating Functions for Diferentiants. 


If we put x= 1 in the expansion of the generating function, the coefficient 
of a? will be the number of linearly independent covariants of the degree j and 
of all orders; or, say, the number of linearly independent differentiants of the 
degree j (and of all weights). Hence by putting æ — lin the result given by 
any of the methods above described, we obtain what Professor Sylvester calls the 
generating function for diff erentiants. | 

But this generating function can also be obtained more directly. "Phe num- 
ber of linearly independent differentiants of the degree 7 and of all weights is 


A( W:i,j)+A( W—1:4,j) tA(W—2:4,j) +... +A (2:055) FAL i, J+A (0:1, j), 


where W is the highest weight which a differentiant of degree j can have, viz. 
22 or wes: and it is easily seen that A (0:2,7) is to be regarded as 1. Writing 
this sum more explicitly 
(W:ij)—(W—1:45)-- (W—1:6 j) -(W—2:63)-....- (9:63) (0:55) c (8:53) (0:57) +1 
we see that its value is( W:4,7). Now (W:i,7) is the coefficient of a’a¥-?” in 
the development of 

1 
(1— ax) (1— a7?) .... (1 — ax +? (— arm’) ` 

If à is even, 4? — 2 W is 0 for all values of 7 ; if i is odd, 27 — 2 W is 0 or 1 accord- 
ing as j is even or odd. Accordingly, if i is even, the multiplier of 2°, and if à is 
odd, the sum of the multipliers of 2? and z',* in the development of the above 
fraction, is the generating function for differentiants. 





* When 2 is odd, even powers of œ are multiplied only by even powers of & and odd powers only by odd 
powers, in the development ; so that in this addition each power of a is taken only once, as it should be. 
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This generating function is calculated by means of the decomposition of the 
above fraction into partial fractions with respect to x, as in *Sylvester's First 
Method.” 

Suppose i = 2m. The fraction corresponding to 1 — ax°* (X positive) is 

A 
I put 77d ade BY; 


where 
= A)n—A+1 
IKE EA 


E, a 
In the development of this fraction, the multiplier of a? is simply EA ; so that 
the generating function for differentiants will be obtained by adding together 
ZA and the analogous expressions for all thé factors of the denominator in which 
the exponent of x is positive. It is plain, from what has been given at p. 139, 
that these expressions will have for a common denominator 


(1—«) 1— &ÿ(1— ê) (1—24)....(1— ai») l 
The degree of the numerator is (see p. 140) less by 2n + 1 than that of the 


denominator. 
Suppose i = 2n +1. The fraction corresponding to 1 — az^ (À positive) is 





EET 
1— pie . 1— oz? SY s: 
where 


AA = (— 


1—À 2n-3—A 
à. woo 2 


Qn+1—A | : ie 
2 ——————Ó————— ————ÓÁ—— à 
(1— a9 (1— of)? (1 — dti gin3—À) ,,,, (1— qiii) 


In the development of this fraction, the sum of the multipliers of a? and x! is 
ZA(1+a); and the generating function for differentiants is obtained by adding 
together ZA (1+ a) and the similar expressions corresponding to the several 
factors of the denominator in which the exponent of x is positive. These expres- 
sions will have for a common denominator (see p. 140) 
(1— a) (1— @)(1— a) Ce a)... . (La) 

The degree of the numerator is (see p. 141) less by 2n + 2 than that of the 
denominator. | 

Thus the calculation of the generating function for differentiants is much 
shorter than that of the generating function for covariants ; and the value of the 
former, thus independently obtained, affords a perfect test of the correctness of 
the latter: putting x — 1 in the generating function for covariants, the resulting 
fraction must be identical in value with the generating function for differentiants, 
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with which it ean be compared with very little labor by reduction to a common 
denominator.— But for practical certainty it is not necessary to make an in- 
‘dependent calculation of the generating function for differentiants at all; our 
knowledge of its denominator suffices to give a very searching test. The denomi- 
nator of the generating function for covariants (in all but the lowest orders of 
quanties) becomes, on putting x — 1, the product of the denominator of the gen- 
erating function for differentiants by a power of 1— a; the numerator of the 
generating function for covariants must therefore, on putting x — 1, become 
divisible by this power of 1— a; the performance of this division therefore at 
oncé very thoroughly tests the generating function for covariants and gives us 
the generating function for differentiants by a selfchecking process, which 
renders the independent. calculation of the latter unnecessary. 

It seems needless to set forth two other methods which might be used for 
calculating the generating function for differentiants, having the same relation 
to the above as Cayley's method and Sylvester’s second method of calculating 
the generating function for covariants have to Sylvester's first method. 


SYSTEMS OF QUANTICS. 


The methods of obtaining the generating functions and groundforms for 
systems of quantics are extensions of the methods used for single quanties; it 
seems unnecessary to set them out at length, a very brief account being now 
sufficient to make them intelligible. 

We must first define an extension of the notation (w:2,j) The number of 
ways in which w can be composed by the addition of 7 numbers taken from the 
set 0, 1,2, .... i, together with / numbers from the set 0,1,2,.... 7,9" from 
the set 0,1,2,....4", ete. is denoted by the symbol i 

(w: j t 33,9 Less) 
E. g, (5:3,4;4,2)= 21, since 5 can be composed in the following 21 ways, 
usiug four of the numbers 0,1,2,8 and two of the numbers 0,1,2,3,4:— 

. 9200,00 3110,00 2210,00 2111,00 3100,10 2200,10 

2110,10 1111,10 2100,20 2100,11 1110,20 1110,11 


2000,30 ^ 2000,21 1100,80 1100,21 1000,40 1000,31 
1000,22 ^ 0000,41 0000,32* 








* Itis obvious that -~ (wii, jit, Jit j ;....) — 332 .... (16,3) QU, P) Q7.) 5 
the summations referring to the v's, which are to take all positive integer values (including 0) subject to the 
condition v + v +0” +...,— uw. 
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The fundamental theorem on which the investigation of the generating 
funetions and groundforms of a system of quanties rests is an extension of the 
fundamental theorem for a single quantic, and was demonstrated by Professor’ 
Sylvester along with the latter. It is as follows: — 

The number of linearly independent differentiants of weight w and id ees 2 , J, jy. 
in the de ans of a system of quantics .of the orders à,V ,V.... respectively is is 


st 1 N. 7 SEE ) 
. 


[o T UP lle) up litis yu esi 
Jt follows, in the same manner as the corresponding theor em for single 
quanties, that the number of linearly independent covariants of order g and 
degrees j, 7’, 7”.... is the coefficient of ve 7". ... ìn the development of- 
‘ l1—z7?.. 
(ar) (ax)... (1— az) (1— bx") (1—02*-*) ... TEE TA e 73)...-(À— ex71).... 





in ascending powers of a,b,c. 
If this fraction be decomposed into partial fractions with respect to x as in ` 
“ Sylvester's First Method," we find, as in the case of a single quantic, that the 
partial fractions corresponding to those factors of the denominator in which the 
exponent of x is positive, are the only ones whose development in ascending 
powers of a,b,c.... gives non-negative powers of x; so that the generating 
function for the covariants of a system of quantics is obtained by adding to- 
. gether these partial fractions only. The process is thus an obvious extension of 
“ Sylvester's First Method," which need not be further explained. , 
There is a feature of the calculation, however, that does not appear in the 
case of a single quantic. This will be sufficiently shown by an example ; let us 
take the system of a quadric and a cubic. The crude form of the generating 


function is 
1—«? 
(1 — bx") (1 — b) (1 — ba~*) (1 — ex?) a — ex) d- — cx) d- —ex39 








The sum of the partial fractions corresponding to 1 — bg’ has for its denominator 
(1— b) (1— be) (1— Be) (5 — ê) (6 — è); 

the like sums corresponding to 1— ca? and 1— cx have for their denominators 

respectively 

s (1—5)(1—6) 1—6) 1 = $2 2 (0 — e), 

and . (1—6) (1— e) (1— e?) (1— bc Eb. 

The sum of all these fractions, which is the generating function sought, would 

therefore appear to contain in its denominator the factors b — c? and 5b? — c; 

and it is plain that the presence of these factors in the denominator would render 

the expansion of the fraction in simultaneously ascending powers of b and c 


` 
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impossible. But as a matter of fact, the numerator obtained by adding the partial 
fractions also contains.b — €? and b? — ¢ as factors; and on cancellation of them, 


- the generating function has essentially the same character as that of a single 


quantié. The feature above Se a appèars in all cases of QE of . 
quanties. - 

‘All the quien functions for systems of quantics ini have as yet been 
obtained were calculated by the method above indicated. It is easy to see the 
course that would have to'be pursued in basing upon it.extensions of Cayley's 
method and of Sylvester’s second method. - l 

When the’ reduced form of the generating function has been. obtained, it is 
converted into the representative form in a mode analogous to that employed 
for.a single quantic. , 

.The table of groundforms is deduced froin - the representative generating 
function by precisely the same process as for a single quantic. The validity of 
the process is dependent on the same postulate, and, granting that postulate, 
proved by the same reasoning as in the case of a single quantic. In fact, if we 


merely.change degorder (j.g) into degorder. (3,3 j” . s... g) and d'a? into 
db 6 .... 0 throughout, every word of the argument under the head “ Mode 


of obtaining the Table of Groundforms " applies to a system of uà. number of 
quantics. 

Finally, it may be- mentioned that the generating function for differentiants 
may be obtained from that for covariants by putting æ = 1 in the latter. It may 


also be obtained independently (and in general im lower terms) by a process - 


precisely analogous to that explained under the head * Generating Functions for 
Differentiants." 


-Notes on Modern Algebra, 


By Cav. Faà DE Bruno, Turin. 


1. Application du Théorème donné par (Auteur sur le Développement des Fonctions. 


Le théorème que j'ai déjà donné en 1875, comme on peut voir dans mon ouvrage 
(Théorie des Formes Binaires, p. 311), précité qui m'a été revendiquée dans ce 
journal même par M. Sylvester (voir année 1879, p. 361} nous permet de- décou- 
vrir une belle propriété des covariants. | 

D'abord, si $ est un covariant d'une forme donnée i= (a yd sp ws An) (£, YF, 
et si nous posons, 


-2a 


d CA dz 


8—a aud ae T ^ (l1) 


il est aisé de voir qu'en appellant c, le dernier coefficient de-b, supposé d'ordre 
m, on aura cette nouvelle propriété que 


= e. . (2) 


On y arrive facilement en ayant égard à la propriété qui ont les coefficients de 
se déduire du premier ou du dernier par des différentiations successives (voir la 
susdite “ Théorie," p. 188). : 

Or par le théorème cité, il s'ensuit que, puisque $ = e” Cm, om obtiendra en 
développant c, lorsqu'on y remploie : 


dy par Ay = a, 

a * Aaa, 

dg * Aj = ag d- 2a, $ d- a 93, 

a, * A= at 8a42 3-8 a, + aa. 


On a done ce théoréme: 


Tout covariant est le développement d’un différentiant où au lieu des à on met les ‘A 
correspondants. 
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EXEMPLES. Prenons ainsi la cubique 
a+ Say + Sa asy; | 
le covariant dde sera le développement de . a ds — d; ir ansformé en 
T dio On aura ‘ainsi (y = 1), 
( dt — a1). a? He (ay 4 — à. Cy) x + à d — = (a, + Qt) CCE TE + as r5) 
; — (dg + 2a, + Y. 
On aura aussi pour le covariant quadratique de la quintique, en négligeant les 
termes superflus en g, at, | , i 
E (ag dy — 4a, a + 801) x 2 + (a. — 8 054+ 2044} x + dy ds — l 4 dz 4 + 3 à 
= mi E (as +'5 ax + 10 a5 a?) — 4 (a, +2 ch, & + aa) (a + 4 a5 +6 d; a? 
+ 8 (a + 8a 3- Bau? y. | 
-Ajoutons encore que comme (v. “ Théorie," p. 130) nous avons démontré que 


1. 
Ae A, et-que par conséquent 4 1—,0— — Ai, et ainsi, de suite, on condua. 


‘en vertu de l'équation (2) que tout covariant est une fonction symbolique de à 
appliquée au dernier terme a. Ainsi pour tout covariant quadratique ¢ il viendra 


, 1 l | 
$= n (n — 1) e*a,. e Po ü — L (e ,9a,f. 


La fonction même f sera . 


p e 3 


2.. Sur un Théorème dans les Délerminauis, — 
, Soit un déterminant 
A, AA. AA... AA 
D=| B AB, AB,....AB 


tel que chaque colonne soit élément par élément déduite de celle ue précède 
par l opération duecongue À, on aura 


AD = 0. 


si la dernière colonne est une suite de constantes. par rapport à A. 
En effet par un principe connu sur la différentiation des déterminants, le 
. résultat se réduira au-déterminant D où la dernière colonne sera opérée par.A, 
et par l'hypothèse admise, tous les éléments seront 0. l 
. Ce théorème peut faciliter beaucoup de recherches et de démonstrations. - 
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ExzEwPLEs. Soit le déterminant 


ayz ay + yz tze z+y+z 1.5 
P Bu "ye tat ty "AD SE d 
^| em zt + iz taez:  2+i+æ d 
tey tx + ay + yt ttæty I 
i do. qu d rude | 
et posons : | AS EL a 
ul viendra se AD-—0,. 


et par conséquent par un théorème connu (voir notre * Théorie des Formes 
Binaires”’), D sera le produit des différences x — y , y — z, ete. 
D=(e—y) (y—2) (z= t) (£—2) (s—2) (y — t). 
On trouverait par le‘méme procédé (A = 8, + à, + 8; + à,) 
p| etrt9s Guess tytel | 
D^. = D? , D étant le produit ci-dessus. 
Exempin 2*. Soit 
opp ssa p” 
qut q e qd à 


hd 


P qd : .. ; q" 
| Posons a a EE d 
A =p itag, 
va payt ia: 


On pourra obtenir le déterminant D, en opérant à volonté par A, ou par A’, A”, 








* Ce déterminant est le méme qu'on retrouve dans le` cafalecticant quand on veut démontrer qu’il est un 
covariant (voir l'ouvrage ci-dessus, p. 726). d 
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A", sur la première colonne, ou sur la dernière colonne, sur la première ou sur 
la dernière ligne. De sorte qu’on aura par le théorème ci-dessus, 





pad a 
pate Gao 
Pda. 


Ajoutons que comme D est une fonction. évidemment homogène en p,q,#,@, 
on à encore 





PG tp d PE. dq gtd ag = BoD, 


en appellant 2p le degré de D. 
On tire des 4 équations ci-dessus, | 


dD ,dD_ ,dD . aD . 
| p dp = Can —0,p dp —94,;79 
' d’où 
E aD dD ,dD 


P r3 m dp 2 d dq . =g dg T 


En la combinant avec celle d'Euler, il vient 


dD 
Pp * +y qp — BD, 
, dD , 

7. Vay tg gms 

Or les systémes ; i f 

dD dD 
Pd tP ay Do al E Ty A a = wD 

dD aD- > | 
let?’ gw s Du ty Zn 
conduiront par intégration, tous les deux indifféremment à à PequaMoR 

d log D= pd log (pi — pa), 

d'où | | D = (pd — p4")o, . 
a étant une constante, qu'il est aisé.de voir — 1. Ainsi il serait démontré très 
` facilement que le déterminant D est une puissance simplement du binóme 


Pd — pq. 
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ExzxPLE 3°. Soit 
log% loge 1 
D-|lgy logy 1 
log z log z 1 


| d d: d 45 : “a Z : 
etA—zr;.dy ay +z z, sen rendra que D satisfait à cette équation 


dD D dD 
tie ty ay tO 


3. Sur une. Propriété du Jacobien. 


M. Clebsch donne dans sa “Théorie des Formes Binaires” page 119, un 
théorème sur le carré d’un Jacobien, qu’il démontre à l’aide de ses notations 
symboliques. Comme je crois qu'il est utile pour le progrès de l'analyse que 
l'on puisse se passer autant que l’on peut de ces notations, afin d'habituer les: 
élèves à attaquer directement les questions par l'analyse ordinaire, j'ai pensé de 
donner ici une démonstration de ce théorème, que l'on peut énoncer ainsi. Le 
carré du Jacobien de deux formes donnés est une fonction quadratique homogène de ces” 
mêmes formes. 

Soient $ , y les deux formes a de degré m. , n, respectivement. Posons 


4 o4 | 
En rappellant léquation d'Euler E + y, = : mb, l'équation (1) pourra 
s’énoncer ainsi: 
wur F yum TF e, Obey y T s. 


En développant le déterminant, et en observant que 




















I4 ga AA IL d; | # al 
74 + 64 1 s m = 3 
tdi Kw “i +y V afe yi (m +n—z)Z, 
il viendra 
„2l s LA y | H A | he 3d y | A Sr n 1 I 
"ias qe pt | ur urit [uz a 007D60—DL 
` ou encore - | 
yp ay gi | | i 
A z cq (m— 1) (ed) 
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_ Or, élevons au carré, et multiplions par — 2, il viendra 


pape cexaapt g |Æ . Bay y | 
wu Hoc rr Jo. «gm Vi, == E 2 e cs 2 72 
a Pay y |. y T2 Pay o| =— 2(m— ly(n — 1} 7. 
MW Hol n : oO Hu 5 : 
a vy . Ty T ay Wy y ^ 


Posons maintenant: : x ee | ; 
D = 26% + ry d£, + y? by = m (m— 1)¢ ) 
Ww = a + 22y Je, + y! by =n (n— 1) y | 
K = pr dy — (da 2 : 
BWP | 
j ; | "= be Wy — 2 bay, ke, + by M 


(2) 


y 


On aura, en multipliant ligne par ligne, | 
| | i 0.. 06 wv 
2 (m — l(a — 1} =— J| 2K Ko 
| - i Y K” ` 2K 
d’où s 
$ . (m — 1)}(a — lpr- = — (PK — OYK” + PE). | 
Mais si l'on appelle J, H, H',H" lè Jacobien, les Hio et lHessien ` 
simultané débarrassés de leur coefficients numériques, on aura 


Ica), Km (m= iym. K'=# iP (n— Ne K" = mint nê (m—1)(n~ 1} A", 
et par conséquent : . | | 

000 oso PPH gy FPE o  ( 
“relation qu ils agissait de démontrer. i 


| EXEMPLE. Soit ¢: =ar i 2 bay + ey; y= ax? + 2 bay + ey} le coefficient de 
a dans le J? de ces deux formes sera; ` 2, | 
. (ab — a by = — {@ (a'& — 5?) — ax (ad + dc — 2 60’) + a? (ae — b?)}, 
comme il est aisé de vérifier. , l | 


N 


4. Pour faire Suite à la Démonstration dit Jacobien. 


~ La formule que nous avons donnée suppose essentiellement que ¢ et y soient 
exprimés sous forme binomiale. Lorsque cela n’a pas lieu; et «que les coefficients- 








kx M. Clebsch dans le second membre, au lieu du facteur — 1, il trouve le’ ficteùr — À, , probablement e ce 


sera d’après quelques hypothèses faites sur les formes elles-mêmes. Mais notre formule laise les formes et les 
Hessiens tels qu’om les entend généralement. 
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sont quelconques, alors il est aisé de voir en- remontant à la démonstration que 
la formule deviendra celle-ci : 


(m—1Y(n—1ypJ?—— MP m baci: 2 
ExrMPLE 1. -D’une forme cubique donnée, soient Cy,» > C, ,3 les SOYATADIS, 
A le discriminant. Alors ona ` 
J=, H=—A A=(ad— be) (ae — W) qd. B= 88 Qs 
et il viendra | l | 
| Ce, 3 = — (An? di hOB, a): 
relation connue (voir ma ^ Théorie des Formes Binaires "). 
ExxwPLE 2. Partons de-la forme canonique de la quartique 
B aao my | 
~ Soit v= yt + (1 — 37°) ay? + yy* son covariant de 4-ordre, I, I, ses inva- 


riants quadratiques et cubiques. Nous poserons $ =u, =v, J=6hw. 
-On trouve (voir méme ouvrage p. 241) que l'Hessien de l'Hessien est 


= 36 Iu — 12 Ly. 


- On trouve aussi que H”, l'Hessien simultané de w.et de v est = 1 + 83? = Ju. 
D'ailleurs H est l'Hessien de u — v. On aura done pour le carré du covariant 
P . 
sextique de 2 quartique 


81.6 hu? = — [16.9. 12% (3 Iu — Iw)— 16. 9.2 hlav +16.9.12.12. v], 
ou | 0 ap —— Lo? — Into. + M : 
ce qui est bien la relation dadie entre les tivant ét covariants fonda- 
mentaux de la quartique. 

EXEMPLE 8. Soient 0,,,— ha? + May + Ny’, Ca = = T Fay 4 by? les 


covariants de 2* ordre de la quintique, il viendra 


2 hæ + My, Mx +2 Ny P 
| 2 Ex + Fy , Fu + 2 by 


— af ét, ESF) Cesa Onsa (2hb+2NE—MP)+ 0$, (5 AN— M9)]- 


Si l'on a recours aux formes canoniques de la quintique, et de ses covenants, 
dues à à.M. Sylvester, il viendra en posant 


t 
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Cha = aca? + (ac + be — ab) ay + bey’, 

Os = EVE (e tey ty) | 
L — dU + PEF eg —2 abc (a+b+c), 

I, = dbe (ab + ac + be), 
Ig bie, 

cette relation algébrique | - 2 | 

ét (ab — boja? + Bary (ac — bo) ay + (a0 — ab) 9°} = — {3 0541s — 2 Orya Oaa — Cha. 

Si, au contraire, dans la formule générale ci-dessus, on prend pour ¢ ety les 
covariants €,,5 3s > le Jacobien, à un coefficient numérique prés, fournira C, 
On trouvera pareillement que le Hessien de Q, ,2 est L; que le Hessien de 65,; 
est 4 05,,; que le Hessien simultané de Oh 50 et C}, est 46551; ou le covariant 
linéaire de 5? degré. Cela posé, on aura cette relation, que je crois nouvelle, 
, entre quelques: covariants de la quaqua 
Cs = 12 Ga C8 O1 — 405. Cora — : 9 0$, Le 


On. conçoit quà l'aide de la formule, que nous avons démontré d'une facon 
directe, on pourra trouver beaucoup d'autres relations analogues. 


5. Sur la Résolution de la . Quartique. 


On sait que toute quartique peut être réduite par une transformation linéaire | 
à la forme canonique i 
l at + 6 T" + » 
“Or, en appellant 3 le module de la transformation, on aura 
I, 7 (14 3 5) &, Tc (u — p?) 85 acq I= (1— 9a 
Il viendra par conséquent, en posant u?.— y | i 


(i+ 8y)*? m 


. A= a = A 


a 1—k 
-y t-g = 0. 





d’où vd s rape 
De la on déduit que le discriminant A’ de cette cubique est 


ra (Vp gn. 
SR t); 


et comme 1S4=29572 


an, Pun 2T 
D “i viendra A’ = 87 E x 


162 ` . FAÀ DE Bruno: Notes on Modern Algebra, ' 


-Or si aa? + 3 bay + 3 cxy° + dy? représente une cubique, la racine est ex- . 


primée par i | 
E | 3/A 3/4 pe 
iw =—b + VE SE +5 +58, 


où B = (ab — bc} — 4 (ac — D?) (bd — &), A= Babe — dd — 2b°, 
cette valeur de À donnant dans notre cas 


_ 18h(k—1)(8k—1)—2k ^ ^ * 


A 21 . 





Ainsi on aura . | | 
EMO RO Saha NER 
w= —3— + 3 VEV9(4— 1) (84 —1)-1—8yV1l—& 








1, 8 T = ———— of! 
tsVEVO(E—1)(8E—1)—1-c-8VI— E; 


d’où l'on déduit que p? ne dépend que de l'invariant absolu = 28 


Nore. Si =A, p= V$ 


6. Résolution de la Quintique dans le Cas ou I = 0. 
: Soit l'équation canonique | : . 
l + my —n(a+yf= 0. | (0) 
; à laquelle correspond Pinvariant E 
Ts = 4 Pin’? (T — m) (1 — n) (m — n). 
‘Comme nous avons remarqué dans notre “Théorie des Formes Binaires,” 
` lorsque Js = 0, les deux valeurs ou paramètres, auxquels peut se réduire la 
quintique, à savoir À — p= =, sont égales; ainsi on peut poser bm ce que 


par la valeur de J on pourrait prévoir. Alors la quintique (1) devient, en dé- 
signant par a une constante, | | 


a(+1)+(x+1ÿ — 0, 
dont les racines sont évidemment réciproques. En enlevant la racine — 1, il 
vient | 


2 


# Et que la résolution de la quartique peut être ramenée à celle d’une quadratique double à un paramètre 
dependant de Pinvariant absolu :: : ; i 
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(+ a) a+ (4 — a) + a* (6+a)+x(4+a)+1+a=0, 
qui, en posant x + > = z, se transforme en ` | 


(1+a)#+(R—a)z+4—2=0, 


- d'où on tirera 





a ( 





_a—44 Ba(a— A X V—i0s(6d 2) 2(e—4 VPa(a— 4). ` 7 
PS a EtA SERM (2) 
Si a = 5, on trouve pour les 5 racines 
m mt — 35 1+ y— 15 
$7 —1, inci mu. tays = NE. 


Et en général pour toute valeur de a, l'expression (2) fournira les 4 racines . 
. de la quintique en outre de la racine — 1. 


On General Differentiation. 
By J. Hammond, 


Buckhurst Hill, Esses, England. 


1. Assumine that 
- . f(m+1) 


D'y” Spinni À x” | v (1) 
we sèe at once (on wr sing n = 1) that mE 
f (m + 1) = mf (m). (2) 


-This result is given by nearly every writer on the subject, most of whom assume 

some particular value for f(m). Of these assumptions that of Peacock is the 

simplest, viz. f(m) =T (m), but Kelland shows that (2) is satisfied by other 

functions besides Gamma-Funotions (Trans. Roy. Soc. Edinb., Vol. XIV. p. 578). 
Tn fact, the general solution of (2) considered as a difference-equation is _ 


fm)Grm; .  . ^ (8) 
where C;,,., = Cy, and it may be noticed that Liouville’s formula, : 


T (— m +n) d ern 
Tem 7" ? 


D'y” = (=) 
corresponds to the particular solution 
7 sin mr 1 


fim) = (y: | —— Am ne EE : T(1—m)' 


and that (8) may also be written in the form : 
9t. $l Tu 
f(m) =e FA | (4) 
where ANS On: ; y e» 
.Now, A being any finite quantity which. does not doni v, we deg 
from (1), 


. 7 fn — n +1) 
: DZA fim +1) 


fm+1) 


and in the cases in which Fazni =, 


a = Ag", 
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DM 0 = 34a, o 077 5 D) 


where the only conditions are that A is finite and independent of 2, and that 
the summation extends to all values of m for which AVE is infinite. 


When n is a positive integer, the value of this fraction is, by (2). 
| m (m-—1)....(m—n 4 1) 
à finite quantity; so that in this case 66) contains no terms, or there is no com- 
plementary function. 
But when n is a negative integer = = — p, the fraction is, by (3), 


f(m +1) aoe. Cua T n + 1) _ T (m + 1) 
S(m+p+1) Cuipsil(m+p+1) P(m-cp-4l) = 





and is infinite for the values —1,—2,—3,....—p of m, and for no others; so 
that in this case (5) becomes | MBA 
D?. Qm qud ded ops "s . + 4, 


Hence in every system of general differéntiation we have, vie nis a » positive 
ee 
D. 0 = 0, and D-*.0 = (ua) * 
The value of the complementary function may be obtained in a more definite 
form in each particular case ; for example, iff (m) = T(m) (Peacock’s value), we have 
` Agi E | 





A t tst 
and, operating with D”, . £u 
i pon A 1 Ag? : Age 97? 1 z 
D'.0- TC Few tr Se roe (6) 
. we obtain a form of the complementaity function which satisfies the ra 


T(m + 1 


conditions. This result is the same as (5), for et. can only become 


™ 
infinite for negative integral values of m. 


Using Liouville's value of y (m), the fraction A becomes (—)" ee > + 


~ which is only infinite for positive integral values of m — n, so that un contains 
in this case positive integral powers of x only., ; 
^ Here again, since f(m) = 0 for positive integral values of m, 


Ay f (1) a + A. f (2) wti Ap f(3) at? +... =0; 
- operating, as before, with D", we get : 


D".0= Af (n d-1) 4- A f(n + 2) 2 - Ao fnt 3)e@+...., (7) | 


ES 
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a dn m of the complementary T such that, when n is a positive integer, | 
D". 0 = 0, and D-*. 0 = (Lei. 


As an additional example consider the case f (m) = cos 2 maT (m). 

' eos 2 maT (m + 1) 
Here cos 2 (m — n) «T (m — n + 1) 
and (2) when (m — n) is a fraction with an odd numerator, and with denomi- 
nator 4; so that the complementary function is, by (5), 


g PO A Se dt Bt.. -t Ort Gs +. 


The first part of this must be of the form (6), and it is easy to show that the 
second and third parts each contain a factor sin nr. 

2. Whatever system of general differentiation we use, we see from (1) and 
(5) that whenever a term of the differentiated expression is similar to a term of 
the complementary function, its coefficient is infinite, and a correction must be 


used which will introduce logarithmic terms ; in fact, when F fe 





is infinite (1) when m is a negative integer, 


D is infinite 


and À small, 
FG A41) 


Rym Ah — vO 
Dx fm+h—-n+1, 


(x m-LÀ—mn qum 


the latter term being part of the complementary function, 


_ f(m+h+1)a" =a 


= amah np ABS. -. — (inthe limit). 


fm+h+i)h 


P ! Ry — pal 1 Ld AGO Io ET Je 
Or, Dx" = à" log x XA] s. 


In the first, or Peacock's case, putting m= — p and f — T, this becomes, after 
some easy reductions, M od 
(—y7!z-*"-*loga 


Der=Gapitep—aty: ^ 7 (9 


Or, what is the same thing, 
sin zT (p + n) x #7? loge 








TM Dy = — v (p—1)1 . (9) 
In the second, or Liouville's case, putting m — n = p, we have 
uA fn zn zt 1) 
Dx WES x log x, : (10) 


where in all three formulæ p is and n is not a positive integer, and the comple- 
mentary function is omitted; and in (10) f(m) has either of the equivalent ` 


sin maT (m) "TIS 


forms (—)"-! = ane? TU m: 
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| If now, as a, verification, n. is put = — pin 2 and = — p — lin (10), the 
“results are . 
Deam = OT gc and D-^-1g-1— a log x. 2 

T Gem dy! -pile ; g*. 
. From the particular case » = 0 in n (10) it is easy to deduce the values of D” logg - 
and Dr" log x, which are found.to»be the same as those given by Greatheed 
(Camb. Math. Journ.; vok L) and Kelland (Trans. Roy. Soc. Edinb., Vol. XIV. 
p. 588), viz. 


D" log x -—yo T(n)” . 
m Em T i 11 
D- loge =(—) s e 
3. But a more general value of D" log x may be found as follows: 
pPI fie “sen y, 
SSme V I'T-—'"Wa-s1 Mü- Has TD » 
we have, taking ied when À = 0, 
. i Sat 1) x £0) n 
Doge =a" | ipa aF pan. 0-9 
Whence f i 


À, being written for 


£O D £0 

D'ACCES AAS PS 
"Thé value of An may be found in various ways; in Liouville's case, f (1) = 0, and 
the value of À, is by (11) (—Y' =T (n), oe n bea dopage integer; in Pea- 
cock’s case, we have 





D? log z = "FS 5 Hg AO. | (13) 
and . | 
i u P(h4-1) . T Cr T Q2 — 1 | 
M — p (&—n-1) AT mc —"|.. T FC n) a- sump hd de 
| : .1 l logzdz l 





Ten) J, Gay 
and this determination is unsuitable when n is a positive integer. 


The value of Ay is easily seen to be Ss © fe vi = fe~ n) , Or it may be 





. found from a difference-equation, as follows : 
Writing (12) in the form `. 


wp irr loge + A + #7 S hd 
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' and remembering that : 
z (xD —n)a* m — m+i peti, 

we have ` _ ; | . 

ati P+! log x = (xD — n) ED log x + dat + gt +1 pe +1 0. 

Therefore 


1 f (1)- f 
p ^ log * ku Maa x («D — m) " acy log v + M| ; 


or, since f (1 — n) — — nf(— n). | 
Mac S (14) 








When » is any integer the functions f reduce to Gamma-Functions, so that, if 
n be positive and integral, - - 


oe hs p BE 


15 
are the equations which respectively determine the cóefficient of a7" in the n° 

' differential and that of z” in the n™ integral of log x. 

4. We cannot' in general assume that D"e* = ate”, but the pom plomenmry. 


function can always be determined, so that | 
Dre = a Dre, : EE (10) 


and with this value of the complementary function 
Dre = Care, 


where C, i is any Tiot ofn “subject to the conditions Chin = : C, and C, = 1. 
For example, i in Peacock's case, ` 


: : axi- n aa? c Dr 

Des =q- rian trcs treat + D”. 0, - (17) 

ihe: proper determination is - | : | 
a gis n qmi an PRE 





. D. 0= S trices ties =a) tv 


and substituting this value of D". 0 in ( 17), we get an` expression for De which 
satisfies (16) and réduces to a^e^* when'n is either a positive or a negative integer. 
From (17), omitting the complementary function and changing the sign of n, | 


we deduce 
an T1 P +2 


D-re = Fern 6T» trés te (18) 





à series that: may be summed as follows: : = 
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Let S denote the sum of the series, then 


dS att 


Solving this equation in the usual : manner, we doti 


EX poaae T 


the del limit being determined from the circumstance that, n ‘being ponies 
B vanishes with x. 
Hence, réstoring the complementary function, we have, when n is positive, 


& fr f . 
De = ge] dn D. 0. ` (19) 


5. Expanding (v + y)" on the supposition y < Ly and cine the comple- 
mentary function, we liave 


Der Do (a 4 T ma” — iy TE y œ N D es 


m m (m — 1) f (m-— 1) 


=o” gie ect Lifm-a-i 9.5 Pte 
= gl: tu que ua c me 
EDIT ^ oo 8 
LDC pre D (er mer yt BOSD g^ np de hal 








E 2 nt mf (2) n-iyi- ap 1) 7 (8) a” 


F-m” 1.2./8— * 94. T- 


aa -— i-a m (m — 1) a pen 


SO + Fae DAE ted (21) 


When nisa- positive integer, (21) andia with (20), which may be con- 
sidered as the principal form of D" («4-4 yy ; when n. is e a negative integer, (21) 


, becomes ; 
gy yt! 


nt V Lama mine 1) a? deme 








| which i is a form.of the n* integral of (a + y)” with respect to y, and again the 
two forms will be equivalent if ine o complementar y function be properly chosen. 


£e 
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. When n is fractional, (21) vanishes in Liouville’s case, since f (1) = 0, but then 
(20), which contains only positive integral powers of y, forms part of D} -0. 

But in Peacock's case D*.0 contains only negative fractional powers of y, so 
that.no determination of the complementary function can make the two forms 
coincide. Hence we see that in general, when n is fractional, we cannot assume 
that a 

D$ (x+y) = D (gL). 

The two forms of D" a + a)" obtained from (20) and al) are, 

xl : os d 
opa ADS (1+ xy D.O, (22) . 


x < 1 A 

m ace: eo? mo" | m(m—1)a" 2 

D' (1-- ey = (1) (ras +785 +60 m +D".0; (23) 
and to these may be added two other formule obtained from (22) by considering 
' the cases of failure as in (8) and (10), viz. 


ucl 








Dc yo ra)" og +2) | p. | 
De) = QE Fp": (24) 


D (cay LOIS (140) log (1+2) +D".0, (25) 
the values of the letters being the same as in ( 8) and (10) respectively. - | 


6. In Peacock's case, using formule (23) and writing m = n = 1, we have 
us | LCD T 4) ¢ Dai | | 
: D x i (— — Ba 
LED a res tig ibt + IE Re e 
: a 

-e ce T RTT) | 

= a? (x7? + tanta); | . (26) 
and if to verify.we semi-differentiate again | | 


Eae ACD CDA 
DAF e= fot rm r(2) TUUS CU Pipes 














i cii-idet(i Cc Dg fee tars, 


no complementary function is here needed.. 
But using (22) in both Peacock’s and Liouville's cases, Bis complementary 
function is required to correct our results; in fact, using the expanded form of 


`. (22), viz. 
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x I 
y gman rt m—n—2 ] 
D'ütsp-f Po b em += += ++ À 


and putting m = n = 4, this is 
` . Fe T : a s x? m? - 
DH 17 2} =I F5 tr t:iycytsà3gc$5T- 2 | 
= r (3) + 0 in Peacock's case, and a complementary function is required, on 
semi-differentiating again, to supply the missing terms. In Liouville's case, on 
the other hand, none of the terms disappear, but the first term is infinite since 


- f (1) = 0 and must be replaced by a logarithm by borrowing from the comple- 
mentary function, as in Art. 2, so that in this case we have, after reducing, 


JD! (1+ x} = ih logy ++ 3 po. jus 
- 1d og (1 dug £a | QN 


` which agrees with formula (25). 
. For a further verification of (27) it may be noticed that when m — j and 
n = $ in (22), omitting the complementar y function we have s 


Ds a a 
ob may also be deduced by differentiating (27). 
7. From (26) it is easy to obtain 
E D* tan! = P (8) (1 + y$, . (28) 
Peacock's formula being used and the complementary function omitted; and 
this is a particular case of a more general theorem, for if 


Ag? A, Aa 
ple) = det Sr EA 





Dip(xi) = Di (as + ru d 4e +. i) 





ASo +, A.B  AT.5.92 
Ee rq As. Si) + RET + IT) Jes e] 
-—r(g (4*5 DT FEE RE ze e) (23) 


and in particular, if 4,— 1, 4, P, 4,— EX, A = 12.328, 
(29) becomes | | | 

| 12,82, 5° 
Diésio-rg) (ise mae FREE ed e 
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rg d o af do 
€ Joi 2 sin? 6 3 o VÀ — « sin? 0? 


and a similar expression can be found for /j4/1— x sint ð iyd viz. in this case 





px) =f? (1— 2°)! dx, while in the former case $ (£) = : ST and through- 
out æ < 1. 

8. A proof of Leibnitz's Theorem, which docs: not assume De = de, will 
‘conclude the present paper. 

Let u,v be two functions of « capable of ee in powers of x, and sup- 
pose that: ; 

. U = E Ant”, v= 5 B,x"; then uv = > ALP an Tr > 

[this last summation extending to all values of m which occur in u, and of n 
in v]. ` | 
Hence Dw = D*.0 + > A,hB,D'aT" 


f(m+n+i1)> 


=D. 0+ X A.B -Farat 


quete (30) 
Now, omitting all complementary functions, it will be shown that the series 
> 
Du. v+ pD- tu. vt pos BU ) petu" +... 


is equal to the second term of (30); for the series is 


CER mon ces ns E 
2 AB, CERTE MCE M 


( =. Jm) mn — yw. a — 
Fe T2 Facut” **n(n—1)c Le 





which, by (3), 














a^^ (DP(m4dT(-p —— T(m41)T(—p) 
= È AaB, GE EI Tant) 7" r—&aD | 
m(—1)T(m41)P(2—4)  n(n—1)(n—2) T (m 1) T (8—1) 
CEPS Toet) “12.0 T (m— p 4- 4) us 


quia n.n—1 


= > A,B, a TC (a (1—ns+ Lo Y 7 dx 


CN Ce are  POvpRdyPRCay. 
= >» AB, 3 Cu T (=p) Rind ? 





and if v only contains integral powers of x, n is integral and Cr = Ces ; 80 that 
this expression reduces to the same DE as (30). 
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z 


Hence, if u be capable of expansion in any series of powers of 2, and vina 
. series of integral powers, 


D'uv= D*.04- (Dw. ot uD* uv + ED 2 Dry. am XE A 


The réstriction of the nature of the expansion of v to positive integral powers 
. of x is attended with this advantage that the coefficient of 2" *"—^ in the series 
for D*uv always consists of a finite number of terms, viz. n + 1. 


Note on a Theorem for Expanding Functions of Functions. 
By. Emory MoCriwTock, FEIA., Milwaukee, Wisconsin. 


IT has just come to my knowledge that the “ theorem for expanding functions 
of functions" lately published by me (Vol. II. p. 348) was essentially antici- 
pated, twenty .years earlier, by Mr. S. Roberts, F.R.S. Mr. Roberts’s brief, 
yet sufficient statement (Quarterly Journal, A IV. P 195) is as He putting 
PE = ay + ae + ay? Y... and I= T pose + 3 5 Movie 


“Tt will be observed that, since mg = D'px, the notation of (1) applies 
generally to:a function of px and the differentials of da, and we may write 


F(¢.¢, FIER )= €P(a,,0,,25, nr 


J 


MILWAUKER, Aug. 3, 1880. 





Notes on Relative Motion. 


By James Loupox, University College, Toronto. 


1. Motion of a point in a plane. 

. At time ¢ let the moving axes be O£, On, and P a EN (E , 9) in their plane. 
At time ¢ + ôt let these axes coincide with O£', On’, and P with P’; then the € 
and 7 components of the displacement PP’ are — «9t, “Éd, respectively, if ©. 
is the rate at which the axes turn round Of. Let a moving point be at P at 
time 4, and at Q at time ¢ + ôt, the co-ordinates of Q referred to OÉ’, On’ being 
E+ é8t, n + 495; then the absolute velocity of the moving point is ultimately 





PP P 
Fe = = E a) the € and y components of which are £ — wy, 7 + o£ ie 
tively. 


Putting £ — ox = u = OA, and y + o£ = v = OB, the jets velocities. 


‘at time ¢ + ôt become u + 484 = OA’ along O€’, and v + $8t = OB' along On’. 
Hence the absolute acceleration ultimately = E , a) , the components of 
which are | | : | 

d — Vo = Ë — 2 wr) — qo — wE along O£, 


6+ uw = 5 + 2 o£ + Éd — wy alon Dy: 
7 7 g vy 


2. Motion of a rigid body round a fixed axis Of, the axes ot , On being fixed 
in the body. 

At time ¢ the whole momentum is — Man = OA along. O£, and Moć = OB 
along On, where £, y are co-ordinates of the centre of inertia. At time ¿+ 8t the 
momentum is — My (wœ + à8t) = OA! along O£', and Mé (o + aot) = = OB' along 
Ox. The changes of momentum per unit time Sere: therefore, ultimately P , = 


whose components are 
— Mao — Maé along O£, 
Mto — Mo^s along On. 
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. At time ¢ the whole momen of momentum is-(employing OA, OB in a new 
' sense) | 
| — Bo = OA along O£, 
— aw = OB along On, ` 

Co... . along Of, 
where a= Emt, C= Em(P- T) ete. 


* 


At time £ + & the moment of momentum becomes - 
— B (o + ot) = OA along OŁ, —— 
— a (w + &) = OB' along Oy, etc. 


Hence the changes per unit time’ of "moment of momentum aré ultimately 


AA! BB 
-a °. ar » Co, the components of which are — Ba zm a along of, , — að — Ba? 


along On, and Có along Of: 

These, it will be observed, are of the same jun as s when ilie axes are fixed — 
in space. 

3. To measure “the absolute velocity and acceleration of a poirit referred to 
axes moving in space. round O. 

- Let the motión of the axes be due to rotations 6, > 0z; 0, measured along them- 
selves. Then, proceeding as in § 1, the displacements of a ‘point P (E;n, C) due 
to these rotations are (£0, — $6,) 8t along .O£, (£0, — £6,) 8t along Oy, and 
- (90 — £6,) 8t along OL. These added to the relative displacements ( £61, 581, (St) 
of the moving point give the absolute placement Hence the components of 
the absolute velocity are. | 


E 1=04= Bj £0, — qb; along OË, 
v= OB =} + £0 — (0, along On, 
w= OC = i+ nO, — £0, along OÙ. 
Again, det the son at time £ + ôt bà OA =u $ (T "o oe", etc. ; 


AA BB CC 
then the absolute accelerations are vem), MGR? whose components 


are 
à — vh shi wha along o£, 


/ 6 — wh, + ub; along On, 
, © — ub, + v0, along Of ; 
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T. 
These become, on reduction, 


E— 2 0m + 2 6 + tå, — nO, — (02 + 02 + 62) E+ (£0, F 92 +. 02) di 
along O€, etc. ' | | $ 


Norte. — These resolutions are most readily éffected as follows: AA’ is equivalent to AD along On, DH 
along Of, and HA’ along O£'; and similar resolutions are effected for BB’, CC’. The values of AD, DH, etc. 
are at once derived from the displacements i in time dt of the points (1, 0, 0), (0, 1, 0); (0, 0, 1). The latter are, 


ae ely, 
0 E 6, ? — 6; , 
ac 0, 1 0 3 6, 3 
6, poc CA , 0 3 


each multiplied by 85; from wiid the values of AD, DH, etc. are obtained by, multiplying the first set by OA, 
the second by OB, and the third by OC. Moreover, the parts HA’, etc. remain unchanged in magnitude when 
resolved along O£, On, OC, if infinitesimals above the first order be neglected. Thus, in the present case, 
HA' —üuBt, AD = ubt, DH == — ubt. 

4. If, in the „previous case, the origin moves, its acceleration must of course 
be added to the expressions found in § 3. These formulas may be tested by the. 
following well-known example. Let O be on the earth's surface in latitude A, 
and let Of be drawn south, Ox east, and OÙ vertical. Then w being the earth's 
rotation and r its radius, the accelerations of O are ; 


' — afr cos À sin À along OË, 
i — or cos? À “« 0D. 
Also, 9, = — « cosh, 0, = 0, 6; = o sind, and Å = 0 = 6, = 4. 
Hence the accelerations of m at (É s, £) are 
é — wr cos À sin À — 2 wh sin À — wit sin*À — wf sin À cos A, 
ÿ + 2 œ cos À + 2 o£ sin À — oy, 
` E — wr cos} — 2 w cos À — wf cosà — o£ sin À cos À, 
along O£, On, OL, respectively. | 
5. To measure the changes in the rotation of a rigid body with one point 
fixed, the axes moving as in $3. Let the rotations to which the displacement 
of the body is due be at time ¢, w, = OA, wo, = OB, w= OC measured respec- 
tively along Og, Oy, OL Then since at.time {+ ôt these become a, + aot 


= OA’, etc. along OZ, On’, OÙ, the absolute changes per unit time in the rota- 
tion are ultimately 
. A4 BB CC 
8° D ? & 
Resolving. these, we get for the required ‘components 


à — obs + «56, along OE, ete. 
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6. To measure the change in the whole absolute momentum of a rigid body, 
one point of which is fixed at O, the axes moving as in & 8, 5. 
. Since the absolute momentum of m in the position (£, y, C) at time t is 


m (E (as + 0) — n (os + 6,)) along OÉ ete., 
it follows that the whole absolute momentum at that time is 
5 z (ox + 0) — y (ws + ba) along OE, 
t (os + 65) — 2 (a, + A) along On, 
y (à + 8) — æ (ex + 6,) along O£,. ° 


each multiplied by M, where (x; y, 2) is the position of the centre of inertia. 
Calling these components p, = OA, Ps = OB, yis = OC, respectively, it follows 
_ + that at time # + & they become ju + fx, òt = OA’ along O£, py + py St = OB' 

along Ow, ps + ùt = 0C" along Of’. The changes in the whole momentum 


AA BB’ CC 
per unit time are, Mie MP! SR Beo Whose components are 


dA — pa Os + us 02 along OË, 
js — us 0, + mbs along On, 
| : bs — pa 02 + pe A, along OC. | 
Since à = zw. — yos, etc. these expressions become, on reduction, M times 
"(às + À) — y (à + 8) + n (Cn + 61) @ + (s + 69) y + (s H 0) 2} 
cb (en + 0i) (hx + On y + 6,2) — v (o + GP + (es + BY + (os + 29/4 


for the first, with similar values for the other two. 
7. To measure the changes in the whole absolute moment of momentum. 
under the same circumstances as in § 6. Since the absolute moment of ms: 


. momentum at time ¿is m times 


(en + 6) (2-0) — (os + 62) En — (os + 63) LE along OE, 


_ «with corresponding components along On, Of, it follows that the components of 
the whole moment of momentum at that time are i 


Alor + 86) — y (ex + 69) — B (os + 64) along O£, 
m y (oy + 6) + B (ox + &) — a (ws + bs) along 05, 
— Bla + 4) — a (es + 62) + C (os + 6s) along 9t, . 
where. A= Xm (n° + pP), a= Emat , etc. 
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Let these components be called n = OA, n = OB, v, = 00€, respectively. 
Then at time £ + 8t they become » + i,86— OA along OË, va + ist = OB' 
along On, and v, + bòt = OC" along Of. Hence the changes of the moment . 
of momentum per unit time are E 


A4 BB CC 
& ? & ? à ? 





whose components are : | 
7, — nb; + v,0, along O£, 
va — vb, + v,0, along On, 
Vs — v0, + v0, along OÙ. * 


| Noms since dm Los — nos, etc., ‘it follows that 


= 23m (qi + d) 
= 2 (yos — Box) 
B = 2 (aan SS Vos) 
C=? (Ba, — aw) 
a= smt) — 
= (C — B) a — yes + Bos 
È= yo, + (A — C) og — ac; 
y = — Bo, + aw + (B — A)os. 

Hence the above values for the component changes of moment of momentum - 

become `` : 

A (àr + Å) — y (às + Å) — B (és + 65) + 2 (o n 0,) (yos — Bo) — (ex + ba) 
[— Boy + aw, + (B — À) ws] — (os + 65) [yor + (A — €) w — aws] — bs 
[— y (e + 6) + Bo + 6) — a (os + 6)] + Oy L- Be + 06) —« 
(e + 02) + C (eg + 6,)] e 


for the first; with similar expressions for the other two. 


On. Certain Ternary Cubic-Form Equations. 


' Bx i J. SYLVESTER. 


CHAPTER I. 


Exoursus C.— ON THE TRISECTION AND QUARTISECTION OF THE Roots or 
| UNITY TO A PRIME-NUMBER INDEX. 


Waar follows, so far as it relates to the trisection of the primitive roots of unity, 
may be regarded as auxiliary to Postscriptum 2, Vol. II. of this = p. 887, 


. Inasmuch as it establishes the equation in w which, when t= mE becomes 


the’ equation assumed in line 4, p. 388. The rest is episodical, except so far as 
it may be regarded as correlative to the subject matter of Titles 1 and. 2 of 
~ Excursus A.* À i 
It will be seen that the pn to a system of three and: four periods; 
usually obtained by long and tedious processes, may, with the aid of one simple 
and well-known principle,.be deduced by processes almost elementary in their 
character, and into which enter no. algebraical calculations except of me very 
easiest kind. 
A sketch of the mado was laid by me before the Scientific Congress held 
at Rheims in the month of August last. . | 
. The index p of the roots is, as usual, supposed to be a prime number; eis 
the number of the periods, f the number of roots whose sum forms a period, so 
that-ef = p — l; the periods therpselygs will be called M Viz. M a ge aeae 


Preliminaries, 


x I say, in the first place, that” the sum of the 1*5 powers of the jones will 
be congruous to — f5-! in respect to the modulus p. | 





* In any future redistribution of the contents of the entire memoir, it would be proper to incorporate the 
matter contained in Proscriptum 2, pp. 387-389, with this Excursus z 
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For, were it not that in the development of the i" power of any one of the 
7’s some of the combinations of the powers of the roots were unity, it is obvious 
that we should have y = — efi+ (p —1), ie —f- and that we might 
regard every term in such development as equivalent to — ED , Without affect- 
ing this result. The existence of terms equal to unity will render it necessary 


to substitute for any such term 1 instead of — in order to obtain a correct 


7 
result, and if MINE a N of them, the correction to be introduced will be 
w(t ta ) i. e. e .p; but as it is obvious that the result must be an integer, 
it follows that N a be double by (p — 1), aid consequently the value of n° 


| | | —1 
‘to modulus p will be — f! ^, i.e. — (* F 





i—i $ 
) , as was to be shown. 


2. From the above it follows that fo modulus p, 
; pe - . —1 ; 
Se +1) =(— 1+ e(— 15 +e = (— 17 +, ete,  (—1-- 1y z 0, 


or, in other words, X (ey i 1) is divisible by p. 

But, if s; and o; represent, respéctively, the sum of the à” combinations and 
£'* powers of the roots of an equation, we know that (—)'s; = coefficient of x in 
en? 2 7— 52... so that s; multiplied by numbers none exceeding i, is expressi- 
ble as the sum of integer multiples of o,0,0,...: where XA t+ u+v+....=i 

3. "Consequently, s, multiplied by Mm none greater than 7, when the 
roots in question are the e values of ey + 1 and à > 0, will be divisible by p, and 
consequently, since e is less than p, all the coefficients of the equation to which 
those roots appertain will be divisible by P, the first, of course CHR is unity), 
excepted. ` 


. Since X (en + 1) — e3 +e=0, the equation whose roots are o,05,.... 04° ` 


where o = en + 1 will be of the form œ + Puf? + Qut? +, ete., where P,Q, 
etc., each contain p ; and I may remark, incidentally (although the fact is imma- 
terial to the object in view), that, as may easily be seen, Zo! will be divisible not 
only by p but also by e, and that consequently the coefficient of «'-*, in the 
above equation, will contain the greatest common divisor to e and 1. 

4. The coefficient P has one or the other of two determinate algebraical 


?— 
values according as f,i.e. , is even or odd. 


In the. former case, the earte oe +1=0 [mod gl is soluble, and in the 
latter, insoluble. Accordingly, in the latter case, we shall have X = — f and 
in the former Xj! =p — f, and in each case $n? will be an odd number. Also, : 


2 


of the Roots of Unity. Qe i = 181 


when fi is odd (which involves the necessity. of € being Bra) So? = (en +1" = 
— et De 2e+ e = — ep, and when f is even Zo? will be this result augmented 
by ep, 5. e. (e? — e)p. l | n | | 
Consequently, P=3p, or = — op, according as f is odd orevén. | 
Thus, when € — 9, f being necessarily even, ‘P=— 3p, and when e=4, 
P=— 6p, or = 2 p, according ssi is even or it d 


5. With regard to what immediately follows it will also be necessary to deter- . 
mine the form of Q'in: respect to certain moduli for the cases of e equal to 3 and 
e EAE to 4, In the former case Eo? = E (en + LP — E (ey + 8 est + 8 en +1) 
= 3 mod 9, and consequently, since Q = —.} Zu, — 8 id = 3 mod 9 and x es”. 
1 mod 3. ` 
_ Tn the latter ense, i. e. when e = 4, since - is T odd Xo) [to 1 ied 32] 
= 16 — 12 + 4, i. e. = 8; and, consequently, — 3 Q = 8 to that modulus. 

: These preliminaries being established, I will now proceed tò state the pa 
referred to in: nthe exordium. B 


Principle: PIN 


A rational integer function of any set of periods of ihe roots of unity whose 
coefficients are-all whole numbers, which dóes not change its value for a circular 
substitution executed upon the periods, it is well, known, must be an integer 
number; but to this I add that if such fuñction, without changing its arithmetical 
‘value, undergoes a change of sign when such a substituticn is made, it must 
necessarily be an integer number multiplied by the difference of the two periods 
-into which the entire sum of the-roots may be divided, that is to say, will be a 
multiple of Vp, when p is of the form 4 Kl and of Y—p y when 23 is of the form 
4K— 1t 

As an example, the Sedit of the differences of the roots of the cud in 
7 wil be an integer number when e, the number of the periods, is odd and an 


" š j—-, xe —1. 
. integer number: multiple of Vp or V— p (according as *>— is even or odd , when 
8 p p p g 2 


the number of periods is even. _ As another example, if e= 2 e, the function - 


: (0-4) Qn — 04i) (m— Mee) i “+ ‘= (nea : Me2) : 


c 








# When e= 2, P — p or — p according'as F is odd or even, so that the equation ine fakes the kiwi 
N A DE : 

i t To put the matter more cleaïly, call the alternating function F and me direnei spoken of A. "Then AF 
An Integer 


is invariable in sign as well as in magnitude for the cireular substitutions in question. Hence F = Vis 


_ but P?is an Integer ; therefore F = An Integer V+ p. Q.E.D. 
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which changes its sign but not its quantitative value, when 0,1,2,3,....(2e—1) 
are replaced by 1,2,8,....—1,0 will be an integer multiple of va, or of V— p, 
according as e is even or odd. . 

We are now in a position to Obtain without: difficulty the well-known equiva- 
lent to the equation corresponding to e — 8, given at p. 388, and the correspond- 
ing pair of equations for the case of e = 4. 


À. Case of e = 

The equation in w, from what has been shown in the preliminaries, must be 
of the form o? — 3 pz + pq = 0, and it only remains to determine q. 

The discriminant of the above equation being gp? — 4p’, it follows that the 
product of the differences of its roots will be 27 (47? — gp?) But this product 
- is 3° into (m — m)? (70 — m) Cm — y), which latter, by the principle, is of the 
form M?. We lie therefore, 

4 pf — fp? = 27 M? = 27 mh. 

Hence, | 4p= P+ 27m, > 
which serves to determine the value of q^ absolutely. 

To find the value of g, it follows from the preliminaries that gp = — 1 mod 8, 
and, consequently, since p = 1 mod 8, g = — 1 mod 3, so that q is perfectly 
determined. 

B. ‘Case of e — 4. 
— 2 ypo + R.— 0,0? + 2 ypo + R — 0, will be the form of the equations 
Pons, respectively, the pairs of roots og, w and cw, wg; for 


cy T ey = (4m + 1) + (4m + 1) —2(2 m + 1) = 2(28 +1), 


ds ‘similarly, «e; + os = 2 (2 d- 9 + 1) = 2 (2 8 + 1) where à, and 6, are 
the two periods which make up together the sum of all the roots, so that'2 8 + 1 
and 28, + 1 are the roots of = equation 0? — p = 0, me sign of the last term 


being fixed from the fact of À Zl being by hypothesis even. 

Furthermore, R, R must be of the form Ap+Byp, Ap — B yp; for (R—R’) yp, 
being integer, requires that R , R’ shall be of the form A, + B yp , A, — B yp; and 
then RR being an integer multiple of p involves the necessity of Aj, and there- 
fore of A, containing p. i | 

The product (yo — 72)(m — hs) consequently becomes ' 


(CA — 1)p + B yp) ((4 — 1)» — B vp), 


of the Roots of Unity. ME eo 183 . 


which by the principle must be of the form mp, and consequently, 
(4 —4yp— B= Cor (A—1P p= B+ C2 
. The coefficient of c? becomes — 4p +2 Ap which, by the p vibes 


2p, —1 
—j is even must be equal to — 6p, so that A= = — Land when ? -y> is odd must 
be equal to 2 p, so that À — 8. 

In each case, therefore, (A — 1 —4 and 4p= B+ e at it 
p=y th’, 4g = B^, and 4 — C, and the complete equation in o containing 


À ; , i -1l. 
the roots wo, a, wz, 05, becomes (a° — pj — 4p (o +g} — 0 when P= is even 


and (o? + 8 pf — 4p(o +g} = 0 when 274 is odd. In either case g? is given, 
but the sign of g requires to be determined ; alike, however, for one case as 
for the other, — 8 pg being the 3d coefficient after the first, we must have, as 
shown in the preliminaries, 24 pg = 8 [mod 32], and consequently, since p is 
of the form 4:K +1, 24g = 8 [mod 32]. Hence, 3gz21[mod4]ie.gz—1 
[mod 4], which gives the required complete determination of g. 

The quartisecting equations thus: naturally arrived at are expressed in the 
form in which, according to Bachmann. (Kreistheilung, p. 230), they were first 
presented by Lebesgue; the method here given for finding the equations for the 
trisection and quatrisection of the roots of unity will be found on examination to. 
be incomparably simpler, shorter, and more direct than any in common use, and : 
as removing a serious stumbling-block from the path of the student, and, occur- 
ring, so far as regards trisection, in-the natural course of the development of my 
subject, I have thought’ entitled’ to a place in this memoir. Why I require the 
 irisecting equation is, as w nll be remembered, to enable me to obtain the condi- 
tions of 2 and of 8 being cubic residues to a given.index. The condition for 2 
being such, strange ‘to say, is nowhere to be found i in Bachmann’s Kreistheilung, 
although the cubic character of 3 is there duly and fully made out. 

The conditions of the one and of.the other being cubic residues were, I am 
infotmed by M. Lucas, given for the first time in a letter from Gauss to Mile. 
Sophie RUD 
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Exoursus B. 
Torn 5 (bis). — On the Law of Squares. 


There being errors and inaccuracies not a few in the matter printed under 
this title, owing to my absence abroad as it went through the press, I have- 
thought it desirable to rewrite it, rectifying the errors, and supplying some steps 
- which were wanting in the demonstrations. I shall, iu what follows, use through- 








* In the postscript which was thought out on board the transatlantic steamer, the Bothnia, and written 
out, as far as I can recollect, at a single sitting a day or two before posting it at Queenstown, I have not been 
able to detect any inaceuracy in the results, although some additional steps and explanations might advan- 
tageously have been supplied. 

There is, perhaps, one slight exception to be made to this statement as regards the very important theorem, 
stated but not proved, concerning the nature of the form XE + Yy + ZC where the coefficients of £, 5, ¢ are 
supposed to be the reduced co-ordinates of any derivative to s, y, z. If U — 0 is the equation to the cubic in 
its general form, obviously X, Y, Z are indeterminate, as gach may be augmented by an arbitrary multiple of 
U of suitable degree and order. Consequentl y, the theorém ought to have | been stated in the following form. 
The co-ordinates X, Y, Z of any such derivative may be so expressed that XE + Yy + Z( shall be a mixed 
concomitant to U.. The fundamental invariantive concomitants to a ternary cubic involving not more than one 
system of cogredients and a single linear system of contragredients are eleven in number and of the types under- 


written ;. T 4.0.0 4.471 
6.0.0 5.4.1 
1.3.0 7.4.1 
3.3.0 9.7.1 
8.6.07 11.7.1 
12.9,0 


Hence the co-ordinates of every rational derivative in the natural scale to a point on a cubic curve may be 
expressed'as the coefficients of the contragredient variables in a rational integer function of the above eleven 


quantities linear in the latter five, and such that its degree and orders for the 5^ grade are ien ;n?,]. 


The: particular forms of X, Y, Z which appertain to the concomitant X£ + Yn + Z¢, and which may be called 
the normal forms, it may be added, are those which actually a arise from the processes of colligation and reduction: 
described im the excursus. By colligation I mean the detérmination of the general analytical connective of | 
$,9,25 v, y, z by the same method as that applied at pages 61, 62, to the canonical quadrinomial form of the 
cubic. The co-ordinates of such connective are absolutely determinate, inasmuch as the equation which each 
set of co-ordinates must satisfy is of the order 3, wliereas the co-ordinates in question are of the second order 
only in each set of variables (and of course of the first degree in the coefficients of the cubic). By réduction I 
mean that when in the co-ordinates of the general connective for a, y, z ; æ, y; # are substituted the normal forms 
of the co-ordinates for derivatives of the grades p, p + 3%, their common factor of the degorder (121? — 3,9 id) 
is to be cast out. : 

This common factor, it may be noticed, is always à covariant of the cubic. When i — 1, it is seen a poste- 
riori that this is the case, for its value is expressible (see footnote, p. 87) under the form of a known covariant, 
say © (which was obtained by means of using the canonical form of the cubic); that it must be true for'all. 
values of 4 may be ‘deduced from the general algebraical theorem that if in a covariant to any given form, in 


a 
om p ; a z where Q is any invariantive concomitant to such form, 


and £, 7, Care contragredient to z, y, z, the resulting expression will be itself an invariantive concomitant. 'To 
obtain now the redueing factor for the connective to Pas P, 4.34 (p. 88) it is only necessary to substitute in © 
2; , Yi, % (the normal co-ordinates of the if^ derivative) in lieu of æ, y, z where mé + yi + z;( is known to be 
‘an invariantive convomitant to the cubic. Hence, by the algebraical theorem above stated, the corresponding 
reducing factor (not containing é, 7, €) is necessarily a covariant to the cubic, as was to be shown. 


place of, the variables x, y, 2 be substituted 


[E 7 f 
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out P; to denote the i* derivative of P, and æ, yi, zi to signify the reduced co- 

ordinates of P;, so that P,, a, Y1; % will mean the same as P x, y , z respec- 

tively. æ+ y= 0, z= 0 will be taken as the auxiliary point of inflexion, serving 

to complete the scale, and will be called 7. In the natural scale it is easy to see 

that any derived co-ordinate, as z;, must contain the original one, as z. For when 

z = 0, P will be a point of inflexion and P; identical with P, hence (x;, Yi, 2) 

will express the same point of inflexion, and consequently.z; = 0; hence z; must. 
contain z. When we leave the rational scale, so that 4 is a multiple of 8, 2 must 
contain xyz. For when z = 0, the 2™ derivative P will be one of the three points 

I, I, I", expressed by z = 0,2? + 45 = 0. If P is I, P, is obviously J; if P is 

I’, P, is I’, and P; will be the connective of P, and J”; consequently P, is I and 

z = 0, and the same will be the case if P is J”; hence z contains z. 

Again, if y = 0, P will be some inflexion J, and the connective to J, J being 
called A, P, will be the connective of J, K, i.e. J, as before; hence z will con- 
tain y, and in like manner it will contain x. Also, since in each case Pis J. 
every derivative of P, will be 7; hence, when xyz = 0, 23, becomes 0; conse- 
quently. z; (if à is a multiple of 3) contains xyz. 

Again, if 2, Yı, 2% are the reduced co-ordinates of P;, I say that x, (y? — 2); 
yi (@— 23); (ai — yi) will be the reduced co-ordinates of a»; , Yai, 25; 

For, if possiblé, let two of the above co-ordinates have a common factor F : 
then, since 2,,4;,% have no common factor, af — y, y3—2@ have a common 
factor, and when F = 0, ṣ =y =z; but +++ Kayz; — 0. Hence, 
unless a2 = yi = zi = 0, we must have 3+ V1.K — 0, but K is arbitrary. - Hence, 
F must be contained in z; , y; , z; contrary to hypothesis. 

Although. it is a consequence of a general law* that z; cannot contain 2?, for 
present purposes it will be sufficient to establish that z; cannot, for each of two 
consecutive values of 7, contain 27. "Thus, suppose 25; ., and %, each contained 2’, 
then, because za; contains 2? , z; must do so too ; since, otherwise, a? — y; must con- 
tain 2. If that is possible, let z= 0; then a2— y— 0; but P, and therefore Pj, 
becomes an inflexion, whereas f= yj is the necessary and sufficient condition 
that P, is a Plückerian point, which is self-contradictory. But since z; con- 
tains 2, z, , must also contain 2, for 2;_1 will be contained (see p. 82) in 


= (mé — 95.1 Ji 1 71), and therefore, if z,_, does not contain 2”; z must be con- 


tained in x; or yı, which is impossible. In like manner, if 2? is contained in 











* The law is that af. yi% &y cannot for any value of 4 contain a square algebraieal factor, just as and 
en dernière analyse for the same general kind of reason that the binomial exponential (af + b) can contain no 
such factor. 
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2315 Roi 415 Ít will be contained also in 2; and rem Hence it would be contained 
eventually in z, which is absurd. : 

Again, it may be shown that z will be the only common .measure to z;_; and 
z. For, if possible, let them have any other common measure F, and let F 
become zero. Then P,_, and P, both become points of inflexion belonging to the 
system previously designated as J; 1’, J”, and by a collineation process performed 
on these points -alone or combined with J, P may be obtained. Hence P be- 
longs to the same system of inflexions, i. e. z = 0. Hence F would be contained . 
in-a power of z, contrary to hypothesis. i ` 

I will now show that if the two ystems of wend Co- ordinates obtained 
by the colligation of 

- Tii s Yi-1 > M1 
v Yi i 

` be called F', G, H; F', G', H; respectively, the terms P^, G, H; F", @, H can have 
no other measure common to all four than z, or, in other Ad more precise terms, z 
is the greatest common measure to the greatest common measures of F, G , H and 
of F", Œ, H. For brevity call the two sets of co-ordinates of P; ; and P;, u,v,w; 
w,v,w respectively. Then the unreduced co-ordinates in question will be (p. 82) 


and of LES 291515 ii 
vi > Yi 9 À 





F = ow? — vw du — vw = F 
G = www? — wi? S and < wey? — wre = G* 
H = ww? — www? vuw^? — vw! = H 


into each of which z necessarily enters as a factor, because w , w' have been proved 


‘each to contain 2. 


[u,v it will be observed, cannot duse a common factor, for then u,v , w would 
have a common factor contrary to hypothesis ; and, in like manner, v’, v' can Have 
no common factor.] 

I say;in the first place, that no delle function of z, y ,z, say M, not 
contained either in w or in w, can be common to F, G', F", G'. For, if so, let F 


v w v 


vanish ; then, calling S ws Ww T9; T S respectively, we have 

(1) sri— sr = 0, rr^ — 88 = 0, (8) 

(2) rs? — rs — 0, rr — ss?=0. (4) 
Now, none of the terms v,8,7,8 can vanish: e. g. r cannot vanish, for, if so, 
from (1) it would follow that s = 0, or 7' — 0, and from (3) that s — 0, or s = 0, 
so that either r= 0 and s — 0, or 7' — 0 and s’ = 0, i.e. the general values of v 
and v or of w and v' must have a common factor M, which is impossible. Hence, 
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combining (1) and (2) or (3) and (4), we derive rs =s (5), as might also be 
obtained immediately by equating to zero the term common to the two systems, 
' above. f 
From (5 from (3) and (4) and from (1) and (2) we obtain respectively 
| 738 = ris, rre = MEC = rêg, Lo 
the Sond and third of which are equivalent to #5 = s5, 575 = 9%, T the first 
and second combined give r^ = s*. Hence 7? = r^? = s? = s^, and consequently 
the original, equations (1), (2), (8) give P= P =r = 6% c7 

The equations 7? = $, 7? = s? imply that P,_,, P, are each of them distinct 
or identical ani amdrentials to one of the points of inflexion corresponding to 
z= (0,ie. are each of them a Plückerian point on the cubic, and P or (P,D 
will be a residual either to.P,_,, P; or to (P;_1,1),P, where J is the auxiliary 


inflexion used.to complete the scale. Hence P is either a Plückerian or an 


. inflexion point, and in either case P, will necessarily be an inflexion. Hence. one 


at least of the derivatives P; ,, P; is an inflexion, but each is a Plückerian, which 


is absurd. 


Thus M (an irresoluble factor common to F, G, P, G") must be contained 
either in w or in w. Suppose it is not z and is contained in w, then it cannot be 
contained in w, for w, w have no common measure except z, and consequently 
when M= 0, v^? = 0, wv? = 0, ov? = 0, and wa = 0, and either v and v or 
uw and v' each become zero, which is impossible seeing that neither the general 
values of u,v nor those of w; v can have any common factor. In like manner, 
it follows that M cannot be contained in w. Consequently, the two systems 
F,G,H; F’, G’, H can have no other common measure, except some power 
of z. 

Finally, I say that the ou; common measure in question isz itself. 1°. Sup- 
pose it were possible (which it is not) that one of the two terms w or w’ (say w) 
contains z?, then it has been proved that the other (w) cannot contain zz. Hence, 
if wee” — wuwu? contains 2, u or w^ must contain z, and: in like manner, if w and 
not w contained z, v or v sen contain z, none of which suppositions are admis- 
sible. 

As Suppose m neither w nor w contains z’. Then Wide w= wt, W= a£, 


uv w v! 
0? o? o? wo 
- as before, r* — $, r^? = s?, indicating as before that P,.., and P, are each of them 
Plückerian points when z = 0, i. e. when P is a point of inflexion, which is doubly 
absurd. Hence it follows that the common measures of F, Œ, H and of F’, G^, H. 


have the commòn measure z, and no other. 


and writing for - ,T,8; 1, respectively, we shall obtain over again, 


4 
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We are now in a position to prove the daw of squares. Suppose it is true for 
P,_, and P,, I say it will be true for P,;_,. ‘For consider the connectives of > 


Viis Yi-13 m and of Mens P 
Xi. > Yi > Ži v; » Yi @ 


“as expressed by the formulas above employed. Let ZO, be the third term common 


to the unreduced systems of co-ordinates. 

Allowing (as is the fact) that Q does not contain z, the one factor. com- 
‘mon to the unreduced co-ordinates-of P (or it may be its opposite in respect to 
I) must be 20, and consequently to the -other system corresponding to P5; , or _ 
its opposite, can only be z or 2; but the latter is impossible, for then 2,;..; would 
not contain z | i mu 

‘Again, if © could be conceived equal to 240, , the reducing factor for P or its 
opposite would be 2!**0,, and consequently that for P,; , or its opposite could 
not be 2? and would be z as before. Hence the order of .P,, ,in the variables 
is necessarily 2 (i— 1} 4-2? —1,ie.42?—4i4- 10r (2i — Ty. 

Moreover, it has been shown that if 2; y;,2; are the reduced co-ordinates for 
P;, (gi — @) yi (E a) , 2;(22 — y?) are such: for P,;, and consequently, if the 
law is true for i, it is true for 24. Hence, being true for 1, it is true for 2, and 
therefore foi 8, and therefore for 4 and 5 and 6, and therefore for 3 + 4, i. e. 7; 
and for 2.4, i. e. 8, and for 4 +5, i. e. 9, and for 2. 5, i. e. 10, and so on for every 
number, as was to be proved.* Thus, this negative proposition, as I have termed it | 
(p. 85), is completely established. “There remains to prove the important proposi- ` 
tion contained (but incorréctly proved) on pages 84, 85, to wit, that the unreduced 
systems of co-ordinates arising from the colligation of | 


(n yi i dnd of} (Yi > Bi > %) 
(2j > Y > %) (2 » Yi > 2). 
will be of the forms LN’, MN’, NN’; UN,M'N,N'N,where L MN; L’, M,N 
are the reduced systems of the co-ordinates of the connectives of P; , Pj, and 
Pi, P, respectively. 
To illustrate this proposition by an example, consider the connectives of P’, 


Py i.e. P; and of P, Py i.e. P, 


2$ is z (y? — a?) and z, is of the form z (y? — a?) Q, where Q is of the order . 
12 in the variables. ; i 


` In other words, if the theorem is true up to ż inclusive, any number between 4 -+1 and 24 inclusive is 
either of the form 2j or 2j — 1, where j does not exceed 2 ; and being true for j, it is true for 2j, and being 
true for j — 1 and j, it is true for 2j — 1. Hence, if true up to ¢ it is true up to 24, but it is true for ¿= 1 and 
therefore for all values of ?, Q.E. D. OE ^ 


E 
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Call X,, Fi, Z, the unreduced co-ordinates arising from' the colligation of 
P, P, Suppose a? — y? to become zero, then .P becomes a Plückerian, and P, 
will be also such, viz. one of the nine appertaining to the inflexions given by 

=0.* Hence .2$ — yi becomes zero. Now X,, Y, represent gyzxj — yazar” 2 
ae - — ayy” respectively, and since yzg. ta? — YZ. auf = 22 (ay? — yia) 
= 0, X,: F, :: ya: eyi, and consequently X? — Y? ='0; but P, is a point of 
inflexion and not a Plückerian; hence X,, Y, must each contain the factor 
a? — y’, and Z, must be of the form 2? (a? — y°)*0, for after division by z (a? — y?) 
it must still contain that factor. Also X,,¥,,Z, can have no other common 
measure except z (2? — y”), for after throwing out that factor the quotient is of 
. the order 16; the order of % given by the law of squares. Thus we see that 
the third unreduced coefficient common to CP, P) and (P, P3) is equal to 25. LT 
as it ought to be according to the proposition in question. 


To be Continued. ide ?*. us 





. * The nine points of inflexion on a cubic curve form a closed group, but so also do any three of them which 
-lie in a right line, and also any single one. In like manner, the nine inflexions with their antitangentials, 
any-three of these lying in a right line with their antitangentials, and any one with its antitangentials, form 
closed groups containing 36, 12, and 4 points respectively. - The ornamental-gardening problem of alignement, 
anglicè allineation, which consists in so disposing a number of points on a plane as to obtain the maximum 
number or all the various possible numbers of right lines each containing threé of the points, finds its syste- 
matic solution in the theory of groups óf inflexional and sub-inflexional points of various grades. In some very _ 
old numbers of the “Educational Times" will be found questions of the kind propcsed by me (not reproduced 
in thé Reprint), of which the solution depends on this order of considerations. In certain cases that had been 
studied, I ascertained the possible existénce of a larger number of collineations than had previously been 
imagined by other writers on. the subject, among whom Mr. S. B. Woolhouse deserves special mention for the 
ingenuity of his constructions. As far as I am aware, the theory of allineation has never been.treated by other 

"writers than myself, except by empirical methods, and its dependence on the theory ef of the general cubic curve 
was not even suspected. 
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Change of the Independent Variable. 


By J. C. Grasnaw, Oltawa, Canada. 


' By Taylor's Theret, if u =f (y) and x = (y), 
fly + h) =u + hda + he ze T i + etc.; 
also v Sly +h) —f$^7 [n +49 (y + 5) a] 


(A) 


rey ee Rd RL (B) 


+ m sc ida P3 OT 3 ee BT T + ete. 


(€). 


Substitute by (€) for ib (y + h) — x} in (B), and equate coefficients of like pow- 


ers of À in (A) and (B) thus reduced. . 
For.convenience, let 


% = dm, REZ BIz "> 
oe diu diu 
Uy = dyu, MED: WE 


and Sn = the sum of the terms of weight m in the expansion of 
(Oy wb ande 
pd which it immediately follows that, if p > m, Sp 0 and that S? = 
1 = Mid , - | | 
Us = Qu + "i ? 
ug = 250,26 n Quest i "E E 
u= ad + Lam a) $ Or MA + of tt ? 


us Ms a un) OT AR + eu % Gr Ha "T 


xr) 


Qu 


Dr? 
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and generally 


ty = Si deu + SEE ESE SE + BE. 





PR! 
. du = zs 
diu . 
8T — i 
Ly 0 
Lo ai 
Ta. 2 4% 


d, 2 + ay 














di u dzu 
Ab Te ed n- al ; 
ey Uy. 
diu ` |. Up 
D 0 2 
21 a. X 
0 0 
a? 0 
è í 8 
2 Lita a 
du 2 wir, + ag 38 apu. 
4! g,.22.23.2] 
0 0 Uy 
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LR 
Ap TS ; 
and generally 
Si Uy 
Si ae Sà Us 
Si .Si Ss Ug 
1 2 _ 
^7n—1 E P S B Un—1 
n—1 
du "T Bs B; 53 Sr Uy 
my mu... En ? 


which may be written 


dius 
nl 


n—1 


= | 81.82.53... 
ri yg. S32. Si 


mer UC tel AO 
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Up SHS LSS.. 


n-—3 


S"-»3 


fo bole Pre Len 


If u— y, this reduces to the last term, 1. e., since in this case %4 = 1, to 


du l ; 
ma AT lé, 


2,53,.... SETE] + 81. 82.88... 


ae 


n—3 lly | S 





n—2 
n—1? 


«d + 81.53.53. 
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Note on the Intersections of Two Curves. 


By F. FRANKLIN,. 


Assistant in the Johns Hopkins University. 


Ix Salmon’s “ Higher Plane Curves” (p: 16), the theorem is given that if of the 
nê points of intersection of two curves of the n™ order np lie on a curve of the 
p™ order, a curve of the (n — p)" order may be passed through the remaining 
n(n— p) of the points. It can likewise be proved that if of the mn intersections 
of two curves of the m™ and n™ orders, np lie on a curve of the p™ order (where 
m> n and m 2» p) a curve of the (m — p)" order can be passed through the 
remaining n(m — p) intersections. For through any $(m-—py(m — p+ 3) of 3 
the remaining points we can pass a curve of the (m — p) order which, with the , 
curve of the p* order, forms a curve of the m" order, of whose points of inter- 
section with the curve of the n order | i 


np + 4 (m — p) (m — p + 8). 


coincide with those of the given curves of the m™ and n™ orders. If then, this num- 


ber is equal to or greater than the number of points required to determine all the 
intersections of a curve of the m^" with a curve of the n™ order, the composite 
curve of the m™ order will pass through all the intersections of the given curves, 
and hence the curve of the (m — p)^ order will pass through all but the given np 
of them which lie on the curve of the p™ order. The proposition is therefore 
true if GENE o ge 4 


np + à (m — p) (m ey +3) S mn — i (m — 1) (m — 2), 


which reduces to 
(p — 1) (p — 2) + 2 (m — n) (m—p) $ 0; 


and this is evidently always true. i. g 


A Method of Developing the Perturbative Function of 
|. Planetary Motion. ` 


By Simon Newcoms. 
* 


Tur development of the perturbative function in powers of the eccentricities 
and inclinations has of late been generally regarded as of little value, owing 
to the complex character of the series to which it leads. It is, in consequence, 
but little used, even in those cases of nearly circular orbits where it would be 
most convenient. Still it is the only development in which the disturbing 

force is given as an explicit function of all the elements, and is therefore of: 
` more interest to the geometer than any other.. Moreover, it admits of various 


©" simplifications in its application to the numerical problems of celestial mechanics 


which deserve more attention than they have received, and which may entitle 
it to a more favorable comparison with other methods than it has been supposed 
to offer. . 

The object of the present paper is to T a method of effecting the 
development in powers of the eccentricities, which seems to me to offer some 
- features of interest, and possibly to contain the germ of some principle which I 
have not fully grasped, and which may admit of wider and more important . 
applications. I refer especially to. the expression of the coefficient of each, - 
power of the eccentricity in terms of the coefficients of lower powers, and to ` 
the expression of the coefficient of each term involving the perihelia of two- 
planets as the symbolic product of coefficients involving the perihelion of one 
only. - The first of these features was pointed out in a note to the French 
Academy, found in the Comptes Rendus, Vol. LXX. p. 385, the ground of which 
is covered by the present paper. The second was discovered on the completion 
of the theory some years later. | | j 

.One great practical advantage of the process is that it is reduced to a 
uniform -operation of algebraic multiplication, which can be executed by an 
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unskilled computer, and can be carried to any extent without repeating the 
previous processes. I see no reason why it might not be possible to express 
the terms of the moon’s longitude by some similar series of operations, and ` 
. thus greatly simplify the practical problem of the lunar theory. Probably each 
step would be found to involve the solution of a differential equation, but this 
equation might be of a very simple charaeter, and only a particular integral 
would be required. 

The present development offers nothing new in the method of taking 
account of the mutual inclination of the orbits. The development with respect 
io this element may be made'by any method which gives the coefficients as 
known functions of the radii vectores and the mutual inclination, and the ele- 
ments under the signs sine and cosine are the multiples of the distances of 
the two planets from.the common node. | 

The expression to be developed is 


- 7 r. 
R= i 217 cos V —37)-5 — za cos V, 


in which r and r’ are the radii vectores of the planets, and V the angle between 
these radii vectores. ' > "e i | 

The second term of this expression admits, after the development is effected, 
of being merged in the first by a simple and well-known modification of certain 
terms of the first; we shall therefore confine our attention to the first term. The 
following notation is used : l 


V, V', the true angular distances of the planets from their common node. 
À x, the mean values of V and v’. 
y, the mutual inclination of the orbits: 
c, Sine + y. | Fa 
p, p» the logarithms of the radii vectores. 
v, 7', the logarithms of the mean distances. 
e, €, the eccentricities. 
9, ‘7’, the mean anomalies. . 
a, tlie ratio of the mean distances. 


| By substituting for cos V its known value, 
| cos V = cos V cos V’ + sin V sin V' cos y 
or cos V = (1 — o?) cos (V — V^) + c? cos (V + V^), 


and then developing in cosines of multiples of y and y’, we shall obtain the . 
terms with which we are to set out. In order not to weary the reader with 
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what is not essential to the present object, we shall state only those conclusions 
which form the basis of the new method. 
- If we suppose the eccentricities to vanish, the value of & can be developed . 


in the form : 
R=} LEA, cos (X — 4X) 


+ ZB,cos(Gd- DX — 6G — DX) 
+ EG eos (G -+ 2) — (i — 2) M (a) 
+ etc. EC 


where the index à takes all integral values from positive to negative infinity, ` 
and, Ár, Bi, C,, etc. are functions of the mean distances and inclinations which 
admit of explicit development i in powers of o. 
This expression for R may be thrown into the form 
; wt | REA, cos (vN + pd) (1). 
where u and p each assume all values fomi — co io + co , but not independently, 
being subject to the single restriction. that both values Ber be even, or both odd. : 
The coefficients À arè homogeneous and of the degree — 1 in a and d, 
admitting of being expressed indifferently in either of the forms 


o 1 a\ . | i , fa^ 
p a Q. (2) Or. a $ (5). 
It is in practice more convenient to choose the form in which the fraction 5 


shall be less than unity, but, for ‘the purposes of the present ud the 
. choice is indifferent. 
The original expr ession for R is of the form 


| R= firm) (2) 


| assuming the eccentricities -of both planets to vanish, we have supposed it 
developed in the form 

; R=f(X,X,a, do) : (3) 
In order to express R as a function of the eccentricities and other elements of. 
the two planets, we must now substitute V, V’, r, and 7’ for À, N, a and a’ in (3), | 
or, which is the same thing, in (1), the ganit to be subetitated being ex- 
pressed in terms of the eccentricitiés and mean anomalies. 

. To continue the process we shall consider. R as a function of ihe logarithms 
of the radii vectores of the planets, instead of the radii vectores themselves, 
putting 

p=logr, | des dns 
»-loga, |.  »'-—logd, $3 4n. (4) 
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| zu da —— -dr 
which gives - E pr 
Tt is not necessary to have either A or its derivatives expressed explicitly as a ` 
function of» and v’, since we have, with respect to any function ¢ of a and d', 
| dà _ ‘dé. ` dé ,d — 

do T Ga? dc qu! 

a form by which all the derivatives with respect to » and »' may be expressed as 
functions of a and a’. 

All the coefficients of p being homogeneous and of the e degree — i4 ina 
and a’, we have . 





ge tg tA-. i 


We SEAT hereafter use à simboli notation, putting D for the operation z and 
D for =; E. All the derivatives of A with respect to » and »’ being, like A itself, 
homogeneous and of the degree — 1, we may put, in general, 

D+D=~1, | (5) 
and may combine D and D'as if they were multipliers according to Mes usual 


rules for such symbols. ; r 
To effect the development we require we e must, in (2), put 


V= + ġ(e,9), 
p= 9. y (e.g). 
"n y'= X+ $ (e, 9), | | | 
ET p» (eg); (6) 

the function $ representing the equation of the centre, and Vy the portion of 
log r which depends on the eccentricity. From these equations we see. that 
conadeEae R first as a function of v, v’, p, and p', and then as a function of 
à, XN, ,v,e,0,g and g', we shall Boyen for any compound derivative with respeot . 


p Y and 
P drtn+a+wp Germ +n+n’ pR 


dv”dy”” dp” p” = Dad dodo" » 


that is, any derivative with respect to Y , V', p,or pis found by y taking the corresponding 
derivative of the developed function with respect to X, NX,» , and v' 

Now, supposing that, in (2), V.and p are sophiaed ios their values in (6), we 
shall have & 


Newcoms: On the Perturbative Function of Planetary Motion. © 197 


an | dRdy | dR dp 

de dv de dp de. 
__ dvàR , dp aR. * 
dl | 7) 


This equation is the fundamental one in our method of development. By it we 
express the derivative of R with respect to e in terms of its. derivatives with 
respect to À and ». Let us now differentiate this expression with respect to e 


: ; : | : x . d : 
n times in succession, X do by .D, the operation dy We thus obtain 
PUR p, [ZZE , (my Pv dE, (a Er aR ge. 
det +4 =D de de”. + (3) de de'—! ii 2) dé de? 
: Us dp d'R dp PR p BR 
à + D, m de POE de — a aa i (8) 


Thus, we have expressed the derivative of any order with. respect to e in terms 
of the derivatives of lower orders, and, by successive: substitutions, this derivative 
will be expressed in terms of derivatives of Æ with respect to À and v. 

"The coefficient of œ+? in R is found by putting e= 0 in (8), and dividing 
by 1.2.3....n--1. In strictness we should suppose e= 0 only after differen- 
tiating with respect to A, but it is evident that the two operations may be inter- 
‘changed without affecting the result. If we represent this coefficient by R” t», 
and replace the derivatives with respect to e or the corresponding. values of this 
coefficient, namely, | 











dRo 


— = (1) 
de R , 
dnm i . . 
— = t PU) 
de — 2E er 
ËR, 
—— LI |! Re 
zs = BIRI 
d^ li, 
——— = 1 70 
de n! Re 
etc. . etc. 


If, also, wé represent, as in these last equations, by the subscript zero the 
. operation of putting e = 0 after differentiation, we shall have 
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n nl dh (n — 1) ! dr 
A +D = D, arm de R” + ee deg e ew ae 
n! dp qa) (n—1)! d» ui. 
+D, a de Re +(3 Jic Ts HD ete... . 


If we represent by V, and p, the coefficients of e” in V and p Rte we 
shall have 

d" y, d^p . 
Je nl Ek Ge TEN! pw 





Substituting T values in the above equations, we find by simple ioan 
(a+ 1). 1 = D, (v, 2 ROY +8 nR” 9 4... + (n+ 1)9, 4S] 

= + D, (p, R? +2 p, RD + 3 gy 9 +... + (n+ 1) par Ro}. (9) 
Thus, each coefficient is expressed as a linear function of the derivatives of the 


coefficients of lower orders. We have next to substitute, for v; dno p; their 
values in terms of g. We: have i in general . 


DES A _ Ap sinjgs | ip— iX FP cos jg | (10) 


from the developments ot the elliptic motion, but it is to be remarked that j 
does not assume all-values between the limits + ? and — i, but only every alter- 
nate value. The special values of £ and A to terms of the seventh order are 
shown in the following scheme. The values. for negative values of j are formed 
from those for positive values by the formule 


KO, = — ke; HO, = Ag. 


In strictness it is not necessary to suppose j negative at all, since ‘the complete 
value of 4 p, , for example, is : 


4p,— + BY + MY cos 2g + AY cos 4 g, 


but it will be und convenient in forming the required functions to suppose 7 
negative in some cases, 
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Values of h and k.- | 
M. A A ; 
+2. xi md. 0 0 - | o 0 
A i A. ast 
5 3 | 5| -.3 | | 
+3 T3 Ta s cx NE 0 
: ne N 
p a he key he, |: ox ARS 
| 13 17 M Nag 9 | 1 1T 
trop cg T8 à uu N n TE 
pu MY AP COR mY | m, AT, 
103 "u 11 à 1. |) x 11 
A | ^H 6 | ti Tete 6 
ky M I ky AY EY, AY, 
1097' 528 385 |, 25 5 25 5. 
192 — 128 128 96 t ei 96 te 
Du hg Aj Du ADD k Aj 
1223 899 387 17, LN E 1 
+760 | 160 80 F 32 32 i +3 
|] AU | Ayu Aye kyt | Aj. a AT 
330911 -| 355081 | 41699 70273.| . 665 5201 | ' 749 889 - 
t 512 + 9216 


2 32256 | — 46080 | ~ 4608 


+ 


brevity put 


tene |. 


N= + p, 


and omit ung the indices k and v. 


E 2 R, = HO = A cos N, 


and its derivatives with oe to À and » will be 


dR 
dn 
ae 


=— pA du 


= DA cos Ñ. 


a 5120 | * 4608 


The term will then M 





To commence the development, let us take. any one term of (1), and for 
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The general formula (9) gives, by putting n — 0, 


dR ago 
HO = Y dA Pi do? 


= — "m sin 4 sin N + KDA cosg cos N, , 


M 


whence 
K 2 RO = (uA EY 1DA) cos (NV + g) 


+ (— „KÁ + RDA) cos (N — g). 


By thé repeated application of ( 9), supposing successively equal to 1, 2, 3, etc., 
. we shall obtain the successive values of R®. This process will be facilitated by 
` finding a general formula for passing from A" to E'^*?. For this purpose let 
us put | . a gs 
P}, the coefficient of cos (N + jg) in R™, 
we then have, in the special cases n = 0 and x = 1, 

| P= À, | 
P= (ph + hD)A, 
Py,e(— pli + kD)A, 
and in the general case 
Rmn— P cos (+ ng) + Pr—a cos (W+ (n - — 2) g) +- P. cos (N— ng), 
the index j taking each alternate value from +n io — n. Differentiating with . 
' respect to À and », we shall have 
D, R9 = — pP sin (N+ ng) — pP? sin (N + (n — 2) g) — ete. 
D, Rig = DP; cos(N + ng) + DP: cos (N+ (n — 2) g) + etc. 
Putting side by side, and writing in the most condensed form, the pairs of factors 
which enter intg (9), we find them as follows : 


Dam--g Y" PUDE c y, = K sing 
DR ene Ey p sin (W + jg) |. 9m =K ruag 
l quse 
D, R" ass à. r7 in (N 59) (— 89,— M sin3g-- k” sing 
j=—n+ 


. n " ` g | x -- inti . | 
D,R9 = pP sin V d (n "E 1) Vado i 2 ket» sm ig 
S | . -i=—n—1 
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| Do Ro- = D = Pj cos (IN vd) "py = Ry cosg 


erect 


Doge- d= pS B7 en (A +) 2p, hy cos2g + LR 


| DoRe- »- p^ Ix um 7? cos (N + jg) 3 ps = hy cos 3 g + hy cosg | 
je—nd A 
DH" = DP} cos N ` (n 3 piss = 7s" ane cos ig. 


If we form the products of these quantities. according to ilie formula (9), and - 
compare | the coefficients of the several angles, we find 


2(n+1) Pett = (whi + RD) Pr 
4 (uks + hD) Pray 
| i adi ue) pu =i 


Hi (uki: 2 $ MEER) p 


2 (w4 1) Petts (ph + MD) Pra: + (pka + M aD) Pr ~ 


+ (pli + RD) Paz} + WDP | 
tete o, 2s + (pk + kD) Pic (11) 
+ (pk 4- RD) PL, + ete 


+ (whit? + Kat PD) P} 


2(n--1) Path = (uli. + AD) Piat (a AE D). 
+ (why + MaD) P nE i ho DPZ "(ys +R", D) PRTI 
“t (p FreD PEHR. D) Prat (wh, FAD) Pat 
an ^ +- + 


| Haki? HET) P ^E (ult, ERD) Pu (UID MD) Po 
To show the law of progression of the several classes of terms, I have purposely 
"written some of the coefficients % and À with negative indices instead of using 
the corresponding positive ones, which, in the actual development, will be 
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substituted for them. The law can be seen by induction and comparison with- ` 
out a full statement of it. As we diminish the value of the lower exponent of 
_ P by successive steps, two units at a time, the number. of columns of products 
increases by ‘one at each step, but the number of products in each column 
diminishes in consequence of one of the factors vanishing whenever a lower 
exponent in h, k, or P exceeds the upper one in absolute value. Supposing the 
successive values of Pj *! to be written in this form with continually diminishing 
values of j until we reach the value j = — (n + 1), to this value would corre-. 
spond n + 2 columns, of which, however, the first would entirely vanish, as 
would every term of the remaining ones, except. the first. Placing these terms | 
in a column, they will be-as follows :— m 





PM = (pka t KaD) Pt, © = (kF hD) P, 
Fkt ALD) PAS T (uà + RD) Pa 
+ (p^ £ di. ++ HD) Pl 
+ + l 
Qu, + WEY, DPI (— piet? + 142D) P 


This i is a particular case of the pines law of formation of the values of P when 
j is negative, which law may be expressed as follows : — 
Each ‘value of P with j negative may be formed from the corresponding value for j 
positive by changing the sign of p, and of the lower eaponents in all the values 4 P which 
enter into i. — 
We have next to consider the dévelopnent with respect to the powers of e. 
What we > have hitherto done lias been to take Tr ve - 


R= —f(Y,p,Y e 
y —X-F à (e.g); 


p=? + p (6,9), , 
to find the daeoni R™ of the development with respect toe only. We bine 
written X and »’ instead of Y and p in giving the values of the coefficients. 
Now. when we replace X and »' by Y' and fis Si in terms of the elemente; 
each coefficient R” will become a function of V' and g, and hence of eg, etc. 
We shall now proceed to develop each of these coefficients in powers Of é by the -: 
same process which was followed in developing R in powers of e. Let 


P? cos (vN + pà + jg) 


and substituting 
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be any. term of R”, and, having replaced X by V’ and v' by p in his a let 
“us suppose 


PEN + OG)’ | Se 

pP =% + y (6g); 
_and let us put : . 

R"", the coefficient of e” in this development. . 
We shall then have, as in (9), | 
(n + 1) gp" = y DR" +2 v1 DB WI mis (w TH 1) y; aR p^. 
+ p, D' R jM + 9 pD R" wd ore ec (x + 1) pi, ant. ,9 (12) 

Tlie expr essions for V' and p ’ will be the same as thoes for Y and p in (10), except 


that y is to be substituted. for g. We may now investigate the general law of 
development in ‘the same way as before. Putting, for brevity, 


N= p HoN + jg =N + jg, 
= B P} cos N° i 
is any term of R” or, which is the same thing, of pes, let us represent the cor- 
responding terms in "^" by | | 
(qe "= Py cos( IN" +g )+ Pj «008 x 27 T SEPT ves n 9) 
` Then, próceeding as before, we shall find 
2 (n+ 1) PEL = (ok + MD) PS 

a (viz + D) Py 
ap (dit yep + HE) Pi. (13). 


so that 


All the other EA can be formed from the corresponding ones of a) by 


_ writing | 
v for Bs 


D = - D for D, 
P% for P, 
n for m. 


We have-now an important law of this development of R to bri ing out. First, in. 
the equations (11), by supposing in succession n = 1, n= 2, n = 8, etc., and by 
continually substituting in each set of terms the values of those of a lower order, 
we shall finally express all the values of P" in terms of P$ =A and its successive 
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derivatives with respect to v». Moreover, the operation of forming these deriva- 
tives being always linear, we can combine all the operations represented by the 
symbols u% + A.D as if D represented a coefficient; that is, having the quantity 


(gk + AD) (uk + KD)... (pka + AD) PS 


we can multiply these several symbols as if D were a coefficient. By this opera- 
tion, putting À for P), we shall finally obtain an expression of the form 


P» = TPA, 


in which II} repr esents an entire function of p. and D of the degr ee n. 
Secondly, by treating the equations ij canta by (13) in the same manner, 
we shall be able to represent each value of P3:% in the form 


n,n — "^ » (P$ 0 —— P3) 


ji 


in which Il” represents an entire function of v and D’ of the degree w. Substi- 
tuting for P its value just given, we shall have 


Py.y = yA (14) 


in which the two symbols can be combined by the rule of multiplication. H thus 
appears that when we have found the development in powers of e for e = 0, and that in ef 
for e = 0, we have solved the whole problem, and the terms multiplied by any product of a 
power of e by a power of e' can then be found by a symboli multiplication. 

It may not be amiss to recapitulate the result which we have reached. . Sup- 
pose that we develop Æ in powers of e on .the supposition ¢ = 0, and that any 
term of this development is represented in the form 


R= em cos(N + jg), 


A being a function of the mean distances, Il}, an operating symbol, and W a 
function of À and X which does not contain g. Supposé, next, that we develop 
R in powers of ¢, putting e — 0, and that any term of this development is 


represented by R = A cos (N + jg’) 
= S IG } 


then the coefficient of cos (N + jg + 7g) in the complete development will be 
represented by 
ee" mu À. (15) 
To proceed to the actual development, it is necessary to form -the symbolic 
factors represented by II? and Ig. This we may do from the forms (11) by 
substituting for h and % their numerical values, and substituting. the symbol 
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Tj for Pj, remembering that Ij = 1., We thus have, for 


value of, 


Y 


- 205 


each successive 


HORS D) I | 
+Gu— 
| +r- sa 


3D), m- 


103 


Ti 
34 AD) I- 


523 


| 1097 ——— os 
t nn 7i 


1223 
+ Cm p 


+ ete. 


the.series terminating, with 19. 


2 (a+ 1) Tt = (2 p — D) Hoa 


ee inea 
E 
+ ete. 


c GR + RYD) 


2 (n +u = = (2 p — Dym., 


899 
160 D) = 


+ (s 2 —D) Tt 


a ee Di} 
i+ (i 14 +3 5D) in- 
` + ete. > 


+ (e 3p + AERD) n 
+(—2p— D) Iz | | 
tolo D2mzbt(-in-ipymi 


t ($0 $D)n uu ut D) rint DL I 


+ Gun) 
cete. 

2(n--1mH = (2 p — D) Ee 
+ Goto) 
sive 
+ ete. 


| + etc. 
(COR MERDE + Qa bag 


+ ete. + etc. 


+ MPa PDT à + (Uau F KaD) + (p + ADD) | 


En D. 


B do ou 
SES. 0 Dm (-36—5 D yii 


Foy «Hed Qr) 


| -+ ete. , 


Dy »: T (He ph D ym 
i (E TD + MD) 119 | 
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"et 1)IPi1,- (— 2p = D)IE, 


*(-3 ge - 3D) seta = 
13° 17 
= (- I.E D X 
+ ete. : Tas 1 


c CR +h ittPD) m 
2(n-1) TH = (— 2p — D) Ta 42 + (2u — D)e, 


5 38 ; 
Has) + Dm. 


l 1s. a7 3 9 bir 
: + (>i = s Dur n gD) Ds 
Tete. + - - + ete. 
SS H+ APD) +(— Wrta + WAP) IR . 


The TL pion of II} for negative values of j is not necessary, since its 
values may be.obtained from those for positive j by. changing the sign of y. 
These numerical coefficients may be continued to any extent by means of the 
scheme of values of 4 and & already given, it being remarked that the successive 
. columns appear in the. same order as in the scheme. MES 

.We are now ready to proceed with the actual computation: of the functions 
P5 , or, which is the same thing, of the symbolic functions II: 5 which express 
the values of P'# when considered as operators on the Fangio A;, Bi, ete. 
We shall give only a few of these functions for the purpose of illustrating the 
method. : . 

: We consider, firstly, the dni Fate of IT7:$ and of II}: ” which arise when, 
in the general term of E for circular orbits, | | 


~ R=A cos (v + pA), 


we substitute for the mean values of the xdi vectores and longitudes those Hi 
` correspond to the elliptic motion. . The: functions of II for values of j and j' to 
the fourth order, inclusive, are then found to be as follows. It is not necessary 
to write the functions for negative values of j or J’, because they are found from 
the corresponding ones for positive values by simply changing the sign of u and 
D, but a few are given ; for perspicuity. 


+ 
. 
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1 8 


1 , D ds 

Ih —5yk tint (752 5)D+5D 
l 1 

Ih =— p TI D +: 


sega t. (Gu—3)D +32 E 


Ew ATE M TOES CR MM 
IL Get et (i! ipe cis) Dt (sich is) D gD 
DOM 1 
Iu —-—356—3gHF get G int) D+ (Set as) D -pP 
. a, i 
Ti 3 -5M iet (Gr eh 3)) D+ (- au +1) ee 


otek 1 
Th =— get ge — uiri E a E DF (7 3o i5) P 5 
* nc 283 103 E E & oom | 
I = get ge + sae tmt i) — 30 ar m)? 


+ (fet Bat Sh) + (“ee Pt n 


Le. D 2 
Ii =~ ge — ge 3H Bat (in +5 ie + int)? 


(gu wr ZET a 


Sa, eM 9 ,; 1 | ; 
In =is— Qe dp+(-le-d)p-dp+dn 


The values of II’ being formed, as already shown, by simply changing p into v 
' and-D'into D’, it is unnecessary to write them as functions of D'. ‘As it will be 
‘convenient to have but one form of derivative,. they should be transformed, the 
, symbol D E replaced by D by writing 


D= (1+ D). 


- 
` 
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We thus find 


IL iie art Pa pi 


= tipii 
m -brdbr Geet Gta) vt DES, 


R | 
EN diia + (grt) Pr 


| 499 , , 323 
isa” uu lor Lor DE a (3i tà "t gy ta)? 


+ (x +uv+m)? t (gv + im) D + gis D 





: 1 31 1: 1i. 1 29 1 
Dit né nn En ont ca ST es — = + nee RR este ee a So D 
eg — 24v —8Y — BY G ( aro de 96 " is) 


+r) m ens) 


m=i- grt (- segs ae ae ee 


The symbolic products ' 


Ji F 


In = IT x Ino 


are functions of both the indices # and v. Instead of using them in their general 
form, it is more convenient to apply them to the separate terms of the develop- 
ment (a). To develop the first term, we put 

= —i;v—i 

For the second, a hx 
n=—iTtl;r=it+]l ete. 


To show the forms to which we are thus led, the following exhibit of the first 
four orders of terms arising from the first term of (d) is presented. The PO 
(2) indicates that in II, p is changed to — £ and v to i. 


" 
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Developed Value of R. 


R= a (DE IQ + eT + eI + eT + ete} Ay 


ae 
iml 


{1 + 18 Th e? 1m - eT: + + et $T PM 4 + ete. oe cos Ga ar) c 


+e {i+ eni 24 E 24-6 Am t+ eame + IT: + ete. 9 A; cos (4M — 4A + g) 


t6 (nreup--em- es Be ee? TR: + eT + ete.) 9 À; cos (2A — iA + g^) 


+ e c m$ eT + e* nia 2 +. eti jd ee Tg + e^ T2: + etc.}® A. cos (iN — ix + 29) 


+ ee (Ubi eni eIT + eti Hefe? TIT + eT 5 + eto.) 9 A; cos (4M — 4X + g' + g) 
+ (024 eniin e + e eem + eT. + ete} 4 cos (iN — dX + 29) | 


ré (ni. à + ej + e?n$ + E 94 eee + on $+ eto.) 9.4; cos Tov — +89) . 
+ ee {113} + em + eni + en + CT + eli + etc.) 9 4; cos (A! — ik + g' + 2g) 
+ " iun + enti ne Tei E $+ e^TIL$ + ete.) ? 4* cos (iN — dX 4 2g +9) 
+ et {003+ engs + i + TI à + ee TID: + e^ TIE + etc.} A; cos (iN — £A + 8 g") 


"e (TD + PTS H oi + ete) 0 4; cos: (v — dX +49) 
+ de {UG + TIT + e? D$; + eto) A; cos (i—i + g! +39) 
+ Pe? (I: + THE + oT + eto} A; eos (i—i + 29 + 2 g) 
Ur ee? {T8 + eui + eT + etc.) 9.4; cos (V — iA -- 8 9! +g) 
+e ini + ej + eS + etc.) 9.4; cos GN —iX + 49!) 


This development is not directly. comparable with those hitherto executed, 
because we use the successive logarithmic derivatives D; instead of the deriva- 


tives with respect to a, the ratio of the mean distances. 


The two classes: of 


derivatives are, however, connected by a simple linear relation whieh makes it 


easy to pass from. one to the other. 


` 


-On De Morgaws Extension of the Algebraic Processes. 


By Miss CHRISTINE Lapp, 


Johns Hopkins University. 


Tue algebra which I am about to consider is a symbolic algebra; that is to say, 
none of the processes or symbols used will have any necessary meaning. Pro- 
cesses will be indicated by symbols whose definitions consist in their laws of 
combination, and the interpretation to be given of final results will depend on 
what particular meaning may be given to the starting symbols. The word addi- 
tion, for instance, need be nothing more than a “sound void of sense," used to 
indicate the process denoted by +. 

The prinoiples to which every symbolical algebra must be subjected are the 
following : * j 

LA symbol i is the representative of one process and only one. 

2. Any number of processes may be looked at in their united SE as one 
process and represented by one symbol. i 

3. Every process by which we can pass from one objèct of contemplation to 
another involves a second by which we can reinstate the first object in its pou 
or every direct process has another which is its inverse. 

‘The only necessary symbols are the following: =, +, —, log. All the pro- 
-cesses of algebra can be expressed in terms of these symbols. The laws of 
combination to which they are subject are these : 

l. a= b means that wherever a occurs b may be substituted for it. 

2. + and — are symbols of inverse operations ; whatever one does, the other 
undoes; as a -- b — b — a, They are both sunjent to the ans laws of 
(1) commutation and (2) distribution : 


‘atb—e=b-—e+ta=bta-ce _ (1) 
(a+b)+e=a+(b+c) (2) 


* De Morgan, Camb, Phil. Trans., VII. 176. 
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Both principles are expressed at once. in the equation : 
T To 7 5 — ac (be) =(a—e) + b. (8) 


The word distribution is here used in a sense more general than the common one. 
. (a+b) e = ac + be is commonly said to express the principle of distribution, but 

it is, in fact, only a particular case of it; namely, it gives the rule for distributing 

c over a and b when c is a multiplier and a and b are connected by the sign of 

addition. The index-law and the binomial theorem are rules for the distribution 
. of c over a and D in the expressions (ab) and (a + by. In its most general 
sense, the law of distribution simply determines f, f, , f; in | 


$ [y (a, 6), c] =S [A (a, e), fa (5 ;e)] 
when ¢ and y are given. | (2) expresses the fact that if dé =p = addition of, then 
we must have fi (a; c) =a, f(b,c)=b+c, and f — fy tfo. The c, in fact, 
disappears from either f, or fz, but so in the expansion of (a +.b}, when c is 
negative or fractional, cis not explicitly applied to both a and b. | 
`. The expression is a bi other or sister of obeys the above laws of commutation 
and distribution, and is therefore a possible meaning.of +; but is a father of is 
not a possible meaning. "The interpretation of (3) might be, “ The statement 
that a is a brother or sister of (b, who is not a brother or sister of c) is equivalent 
‘to the statement oe (a, who is not a brother or sister of E is a brother or sister 
of b." 
8. The symbol log is defined by the equation 


i log (a hate: i. tod terms) = log a + log b. - (4) 
d may be shown boroaftor thàt the logarithm of a is the only function of à. which 


_ possesses this property, and reason may be given for adopting the natural base ; 
“but: for the present it is not necessary to attribute any meaning to the symbol lag 


-other than that contained in equation (4). This is, in fact, the way in which the . 


idea of the logarithm was first introduced by Napier. 


All the processes of algebra might be expressed in terms of these symbols loe: : 


but for the sake of simplicity of notation other symbols, which are abbr eviations of 
: combinations of these, may be employed. We shall write for log (log a), log” a ; 
for log log log a,log?a; ete. It will then be necessary to expr ess the square 
of log a by (log af. By the definition already given of + and —, we have 
log- * (log** a) = a; or log-^ is a process whose effect is to annul that of log”. 
Thé expression log" a may. be read the inverse n log of a, or the quantity whose n 
log is a. Tt cannot in general be taken for granted that an inverse function is a 


th 
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single-valued function. We have, for instance, 2 S. f (£) =f (x), but IE f (x) is 
. equal to f(x) only for one definite value of the constant of integration. When 
log has been identified with the ordinary logarithm, it will appear that'it is a 
periodic function and that log”! is single-valued, atid hence that log”? is really 
the direct funetion and log the inverse. We have then log" log"a — a for all 
values, but one value a£ least can always be found such that log” log” a =a. 


For the expression a + a + ....to b terms, we shall: write «a T b; and for 
a T a Ta d: .... to log b terms, we shall write a + b; and in general ` 
atatat. ... to log” b terms = a + b. (5) 


The (n + 1)" process applied to two- quantities is equal to the inverse log of the n^ 
process applied to the logs of the quantities. That is, 


a + b = log™* (log a + log b). (6) 


We shall first show that this proposition is true for n —0 and for n = 1. 
Taking the inverse log of both members of (4), we have, by (5), 


a+ b = log”! (log a + log b) 


Hence. . | ; 
at a+... . to log b terms:= log" (log a + loga +...: to log b terms) 
=atb = log”! (log a + log b). 
But if (6) is true for any value n, viz. if 
EE tesae n log D» (7) 


then it is also true for n +1. For, by (5), 
atb=atat....tolog"b terms, 
= log”! [log a + log a + ....t0 log" (log b) terms] 
= log"! [log a + log b] 
by (7) and (5). It has been shown to be true for n = 0 and n = 1, and hence 
it is true for every value of à. | . 
By repeated applications of this proposition, we have 
a+ b = log? (log a + log b), 
log.a + log b= ig ee a + 2 a 


log? la En dapes b= log (loge a RU log" b), ; 
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whence; bye succéssive bas E 


“a + b= nd P (log? a + log?b), -> a (8) 
and in particular, when p = a, E is | 
a + b= log-" (log* a + log" 2) = ae 
or | | 
i log" (a + em = log” a + log" b, . (0) 


or, in words, the n^ process applied to two quantities is equal to the inverse n^ log of the 
sum of the n" logs of the ee (9) and (6) are the most important properties 
of the n" process. . | | 
Taking the log: of both onem of (7), we iss 


log a + log b= log (a t 6). 
If we substitute log~' a for a and log-!5b for b, this becomes - 


log log™* a + log log^! b= log (log? a F log" b), | 
or ur 
a + b = log (log! a + log ' b). ae m 
So, applying (8) to log- ? a and log-? b, and taking log? of both members of the 


equation, we have EE : 
a ks b= lg? (log-? a + log”? b), 12) 


and i in particular, when p — n, 


a+b=a+ m = log" (isch + log") (13) 
or À 
lg (a T b) = = log" à ES log” b.- - 


(11) gives the method of passing from any addition-process to’ the next lower 
. one, and shows that there is an infinite descends series a such processes. 
Making í n= 0i in (12), it becomes . 


a + b= = log? (sete + log- 2 ^b) | | (14) 


which gives the gèneral expression for a négative addition process in terms of 
the common addition process. A negative addition process is of course à very: 
: different thing from a subtraction process. «a + b bears the same relation to 
addition that addition bears to multiplication. | : 
There is no essential difference betweën the + process and ihe — process. 
"They obey the same laws, and either one mày be taken to be the inverse of the 
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other. Hence the above proofs apply equally well to the — process, and that also 
presents an infinite descending as well as ascending series. a — b, for instance, 
is a command to find the ee? equal factors which when "united by the + 
process will give a. 

If we write n + p for n, and therefore n de n — p in (8), it becomes, using 
both signs, "n 
at b= log-" (log a " log? b), (15) 


and this equation contains the whole theory of the positive and négative addition 
and subtraction processes, or better, of the positive and negative direct and 
inverse addition processes, provided it be observed that both n and p may be 
either positive or negative. In fact, (6) , (11), (12), (18) are what (9 becomes 
when p—1,p—=—1,p=—9p,p——n, respectively. 
In the + process, 0 is the symbol that the same quantity has been both 
added and "subtracted, that is, that no effect has been produced. We write 
a+b—b=a+0=da, and we may say that 0 is the ineffective term in the 
p process. Making b = log" 0 in (9), it becomes 


a+ log "0 = logr* [log"a + log" (log 0)] 
= log-" (log* a + 0) =a, 


or, in the + process, the ineffective term is log” 0. It follows that, as by + b is to be 
understood 0 + b, so by + b is to be understood log-* 0 T 

For the sake- of greater variety and sometimes ‘greater simplicity in means 
of expression, the ‘ordinary symbols of. algebra may now be introduced. In 
accordance with the definition of the + and the + process, we have 


aftb=atb,. atb=aXb=ab, ^ albae 
"dou b=a— b, ayb=a+b=} ay b = ati, 


Introduce the symbol base by means of the equation log" à = e. Substitute 
log-! a for a in this equation, and it becomes `. 


i ~la e 
log^! (log? a) = log? a~=e 8 =e ; 
and by repeating the same process 
od z 
log-"a=e@:*  — tom exponents e, (16) 
| , € log” ?a 


= 6t . to (n — p) exponeñts e, 
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- and taking the inverse p* log of both members of (18) and then writing 


—na-pcm, and hence n =m -— du have 
p^ | | e2. : 
log-" a — ious e«t to (m — p) 7s). 
As particular cases of d» we have _ PE 
l | Es | T 
log-" 0 cet E (n — 1) e's, log-*"1=e.:" tones, : 
log"eème..""" to (n 4- 1) es, 
( € LN 
. log” gc to m es, He: — 1o(n-m)es; 


, and hence, for various ‘expr essions for the ineffective term in the " process, we 


have . 
log "O0=lg "721 = log 79 e = og NEC cal ae 


The entire body of equivalent expr essions wall then be 


‘ | " . . . a B : . b x 
a +b = log" (log™” a + log7* b) = log” te beet ton FS 


a +b = log? (log-? à + log ») = log? Cas + P) 

a + b = log? (log-? a + log? ae log? (n + ph) 

| a + b —log(log^'a + log? 5) = log (a È 5 

dt ecd (log? a + log? b) ab l T Z | (I0). 


= 1084 + logb ... 


at b = log-!(log a + log b) ae? = ab or;. 


og 4 + log’) 


B ~ : : me 
a+ b-log-*(log'a tlog!b) =e ange” deg =; Jogo Xlogb 


ora 
QUE ud "m" ÓJog a + log^b | | og" "a + log" "b 
a + b = log" (log" a + log"b -=e tonés—e". -to (n — m) gs. 


e 7 
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; 


The + process can be expressed in one otlier way in terms of ordinary alge-. 
bra. We have - 


logta — 1 
log? 6|— 1: 


log? 6|—1 








b 
‘logta—1 
7. Hegi?|-1 
= log [(log* b — 1) log! b + log? 4] 
log* a — 1 | 
log* 6 | zd : log” a — 1 - 
Slog (ogb Xl log [ogb —1)log + logt] 


= log-* [(log' a — 1) log* b + log* b] = E (log? a + log’ 6) 
= a + b. 


| By substituting log a, log b for a, b in the above expression, and taking the 
log”? of the result, the value of a + b is obtained, and hence the value of a + b. 
In the same way, it may be shown that for the inverse n™ D we have, if 


we write + log b for 1 + log b,. 


Eu a a : 


cs | 


| log a 











a—b=a 


The -+ process has been defined to be a process subject to the principle of 
i commutation and distribution expressed. by 


D ee CD), LS (3) 
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But all the ‘+ processes are subject to the same conditions, for . 
(a+b) +e= log [log (a+ b) + log" c] 
= log-" [log* a + log” b + log” c] 
= log [log* a + (log” c + log" 5)] | 
= log" [log* a + log" (c +.8)] L 
» =a 4 (ot) US (18) 
When a = 1, this becomes | | 
abcde = (ab) c c (de) — = (abcd) e = : (bó) (ed), ` 


and it gives the simplest possible proof of a proposition to the demonstration 
of which four pages are devoted in Lejeune-Dirichlet’s Zahlentheorie, edited by 
Dedekind. It depends only upon the fact that if 


(a-Fb-E ee d-E e) (a+b) e (d+ e) (a +0 +e) (e+ d) 


is true for all values of a, b....,then it is true when for i b.... we substi- 


.. tute log a, log b. 


When we reach evolution, we are in the habit of supposing that the cn 

of commutation no longer applies, but that is siniply the fault of the unsym- 
metrical “character of our notation. It is true that a^ is not equal to bY but a? 
ought not to be regarded as explicitly a function of a and b, but of a and log~? 8, 
and it is‘a function of these quantities such that @ and log”? d are interchange- 
able. It is a0”) and that is equal to (log—!b"%*), In applying the principle to. 
mixed direct and inverse’ processes, it is necessary to take account of suppressed 
signs. a@—0, which is in full + a — b, is, of course, not equal to + b — a, but to 
. —b+a. So a becomes, on changing the order of the terms, (eb), 
Since it is now seen that the distinguishing mark of the + process applies 
` equally well to every process, it follows that the process of ordinary addition has 
not that fundamental character which we are accustomed to attribute to it. The . 
whole theory of algebra is contained in (18), which defines any process by itself, 
and (5), which gives the connecting link between any process and the next 
- higher or the next lower' one. Three successive processes taken anywhere in 
the infinite series would.serve to contain all the knowledge which has actually 
been expressed in terms of addition, multiplication and involution. | 

So far I have expressed the general process in terms o? addition. It might 
“have been expressed equally well in terms of multiplication or involution. The 
fact that the multiplication idea has already received ‘greater extension than 
` either of the other two (since f(d) is properly regarded as the product of the. 


2 
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quantity a by the function f) might afford a reason for preferring that as the basis 
of the generalized idea, were it not thàt the éxisting expression for addition and 
its inverse, in both language and symbols, is superior to that for multiplication 
and its inverse. a + b is easier to write and easier to read than a X b or a X b. 
The signs + and — are themselves defective. There is great advantage in 
having every symbol of such a form that its opposite can be indicated by actually 
turning it over, as Mr. Peirce's symbol for the copula, which is such that À —7 B 
means A ís wholly contained in B, and À `>- B means A wholly contains. B. 16 is an 
advantage possessed by many of the letters of the alphabet, but not yet made use 
of. For instance, a substitution and its inverse might be denoted by y and-#, and 
any function and its inverse by p and é. Direct and inverse operations have, in 
fact, the same relation to each other as the world inside and the world outside a 
mirror; which is to’ be taken as direct and which as inverse depends only on 
the point of view. If- had had a slightly different form, say T, then — might : 
have been written L, but at the time when the sign + was adopted, subtraction, 
far from being considered as something on a par with addition, was called the 
vilium negations, and was avoided in all possible ways. Until, then, mathematical ` 
words and signs have been made over again on scientific principles, instead of 
being perpetuated as they have sprung into existence by chance, + is the best 
- form of expression for the general process. EN E 

But it is to be observed that everything can be expressed in terms of X. and 
+ at any moment, and without changing the index, provided we agree to call ordi- 
nary addition the O-addition and ordinary multiplication the 1-multiplication 
(and ordinary involution the 2-involution). The successive processes would be 
TX, and ( si ) and we should have * | 


+= x Si yeso. 


n 


It is to be observed that the inverse of a +b regarded as a function of a is 
not the same as its inverse regarded as a function of b. In general, the inverse 





* [ am not aware that any one but De Morgan has considered the extension, both forwards and back- 
wards, of the three processes which algebra takes account of. De Morgan approaches the subject from a 
different point of view from that which I have here adopted. He looks at a + b and « X b, and proceeds to 
construct new processes from the “hints” which they convey. This is doubtless the way in which new 
processes have usnally been arrived at in the first instance, but when they have once been obtained, the most 
natural thing to do is-to look at old aud new together, abstract that part of them which is common to both, 
and use that as their common foundation. Formula (5), which expresses one of the. two properties which each 
of these processes has in common with every other, has not been noticed by De Morgan at all. - - 

De Morgan gives formulæ (6), (9), (11), (14), (16), and (18), in a notation which differs only slightly from 
mine. He writes indifferently À av) B, À -+1y B, and A Xm B, for what I have called A + B, aud he uses 
the “scalar function” and its inverse, À and v, for what I have at once identified with the logarithm and its 


inverse. 
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' of an expression regarded as a function of any iust p which. enters it (which 
“we shall.denote by Z,) is f^! in f-'f(p,r) = p, while its inverse with i a 
torisf-'inf-f(p,r)zr. For example, E 3 


I, (a+b)=a— b, OA or. 


` We have J, (a!) = d. Let us proceed to find J, (à); that is, a fanetion of b 
such that when applied to a’ instead of b it will give b. We-have 
A (à) = L [(log-*b)*"]. - 
This is a command to take the inverse log of b and to raise that to the power 
" log a. To invert the process.(since if f= dy, then f—!— y^! 6-1 and not #11) 
"we must raise b to the power 1 + log a and take the direct log of the result ; 
that i is, 


lgb. i 


og? gb log? a 
lege . mi 


LI (am 15: (PES) = = 
and in particular, when we make a = e, we have ` 
: Ly (e) = eee, | : 
LIFO POOF later — Q9 


If in ge£«— Y? we substitute a? for b, we recover b, as we should. 
To take another example, since 


. So, more generally, 


I, (ahy = log c + b log d, 


we have 
Ip (e: D ing. 
1 E 1/, BN 4 
=a [ing — z (log ste] 
since ` | 


D—1= log E — log d. 


De Morgan remarks (Trigonometry and Double Algebra, p. 166) that one 
operation and its inverse and the scalar function and its inverse are sufficient for 
^" expression; and he then proceeds to base the entire series of Operations upon 

. the ABUS of condition , : ; 


epodemedotOxe C | (00) 
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which is the generalization of (a + b)ec=ac+ be. But this is not of the nature ' 
of a definition of the zt, process. It-is a rule for the distribution of a term 
affected by the sign + over any number of terms affected by the'sign +, and 
"itis of no more fundamental i importance than that for the distribution of a term. 
affected by f over terms affected by +. Both are easy consequences of the 
definition (5). (a +d)c= ac + be does not constitute a definition of the multi- 
plication-process ; it expresses one of its properties, but not one from which all 
others can be deduced. . | 
To prove (20), we have, by (5), 


(a + Pd er (a+ 6) + (a+b) +... to log" 6 terms, 

— (a tat a:-.. to log" c terms) + (b + 0 +--+ to log" c terms), 

= (a t e) t (b+ o). 
When n = — 1, 0, + 1, + 2, this gives respectively 

log (€ + e) + c = log (ete + @ +e), 
| (a+ b) e — ac + be, 
(abf =a. b, or ett? = 7.0, (21) 
log? c + log.(log? a + log? b) = log (log?c log? a + log ¢ log? b). 


The two equations (21), although they seem to express very different facts, do 
really differ from each other just a as much as, and no more than, c (a + b) ane 
(a+ 5) c. | 
There is no method for the distribution of a term affected by any sign over 
terms affected by the next higher sign; for instance, ab Œi € cannot be expr essed 
as Lf (2,0), f (6,0). | 
De Morgan states in effect? that al the. Dor of ordinary algebra which 
can be expressed in terms of addition and multiplication hold for all two 
successive processes, » and n + 1, if numerical coefficients are replaced by their 
nf inverse logs. The complete proposition: is this: All the theorems of ordi- 
nary algebra (which are theorems in addition, multiplication, and.evolütion) hold 
. for the processes n, n + 1, n + 2, provided numerical summands and factors are 
replaced by their n" inverse logs, and numerical exponents by their (n + 1)? 
inverse logs. For, given an equation expressing a theorem of ordinary algebra; 
it continues to be true when for the literal quantities which enter it, their n™ 
logs are substituted, and it still continues to be true when the log-" of each ` 


** Trigonometry and Double Algebra;.p. 166: 
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member is taken. But the effect of these two operations is to substitute for ` 
+, X, and ( )? the processes», n + 1, n +2, on the literal terms, the log-" of > 
numbers-not exponents, and the LEFT? of exponents. Say f(b) —5 + 4 (8), 
then 
f. (b) = log-* [5 + 4 (log" by]. 


—log-"[log"log-^5 + log log~* (4 ogb]; - (22) 
but 
log" (4 log” b $ *) = log- “+ [log 4 + log log" © ] 
: = ps log" * log-^ 4 + log” +? log-" Les b T (23) 
and : 


. lg-* (log*b b j= Jog ex [3 log" +1 b] 
| = log- +? [log 3 + log***5] 
= log-"-? [log" +? log- ^^? 3 + log" +2 b] 
spo, Tolg "TS >: | 
studii in (23) g olves í á 


log™” (4 log” b D }= log-®+9 [loge log-" £+ log” +1 (log r8 zs 28 
vues doge n) 


which in (22) gives | 


log-" [5 + 4 (log by? = log-"(log" log" 5 - log” [log " 4 T - (agre: 8 + ,0)1} 
= log "5 + [log^" 4+ (log-@+» 3+5)), (24) 


which was to be proved. But nothing in this proof depends on the particular 
summand, factor, and exponent, 5, 4, and 3; hence the proposition is true in 
general. The reason that numbers. which enter the original function as expo- 
nents are replaced by their log" log-' instead of by their log” is that the 
exponential function.is in pL a function -of f the log^! of the exponent, as has 
 appeared.before. : . 

EXAMPLE. M b—e)(a—b+c)=e— - UV — +2 be iod im iis next 
stage 

: (Gy. Ü = ges ES „b's? + es x “9, wed ge 

and in general ` f 


CHE TEE QST GE 262 Ded LE 


MENT n+2n+1 n+2n+1 


| if we write 2 for log-"2. and 2 for log” Me à 
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It is not necessary to write down the generalization of ordinary algebraical 
theorems. As every equation in analytical ‘geometry is susceptible of a double - 
interpretation according as its variables are looked at as trilinear or tangential 
co-ordinates, so every algebraical equation may be regarded as the receptacle of 
an infinite number of propositions concerning the infinite number of possible 
three adjacent processes. 

The generalization of the binomial theorem is the law of distribution of c 
over a and b in (a + b) + c. : We shall write i to indicate the summation of 


a number of térms connected by the sign +; then + denotes a product, Di a 
series of powers, etc. The binomial theorem is 


pur à —r—i1 
(a ER by = à E (p— Ji = = = 7 1) a, | ; 
and, applying the rule for generalization, we obtain 


(a b) Se (atb) + (a + b) +. sa bo doge step terms (25) 





= S pte log 71) t (p og 771) = log" og"... log 
pü a + logt- p —r) +. flog" try] (26) 


ntl 


in which p is to be replaced. by log"+"c. The immediate proof of this theorem 
is just as easy as that of the binomial theorem. In fact, it is exactly the-same, 
since it consists in the application of (20) to the second number of (25). This. 
may then be established first, and the binomial theorem taken as a special case 
of it. 
The generalization of 
(a+ by = & +8 ab + 8 ab H 05 


is, if we write, with De Morgan, 3 for log-"8, 


ator 3=ar 3+ot 8+37b tat 2T3 a + b + 


nhantin antl adl — ad£afla antl ntl at2atl 
For n — 1, this gives : 
f 4 mr GT cz. IP 
(ab yeso» = qs x pos? x (Ds) a x ( qe, 
ET ( abs ÿ°e ?(b o? yer 9 
and, with the negative sign, 


[C iy = ane (b+ ep. 


` 
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De Morgan says tints in‘ the farther consideration of the hus processes 
new inexplicables might, and perhaps would, arise. ' They do,in fact arise, and 
. in the following manner: lt is necessary first to establish the lemma : 

- log?.( +. a) = log? a SAM 3 em. 
If we make b equal to the inefficient. term of the n™ process: in | 
yu +a— log” (log? b + _ log? tt), 
we have ` 
log-^ 0 + a# SE a= loa? (log? log-" 0 + log? 2 à); 


bát log?" 0 is the inefficient:term of tlie (n — p process, : hence, taking log? 


of both members,. 
p ` Je” ($ BIS = = pera 
and 
“log” (2 a)=+ me d. 
In particular, 


log (Xa) = x Jog a and . log” K Yor { * J= = + ne a. 
We have, therefore Sse. dye ERNA oA 
LS CRE DS" "Dog (~ a) 4 10g" (~ )) ` 
7 = log-" [(— log" à) x (= og'a) 
= log-^ [(+ log” a) X (+ log” aj] 
= log". [+ log” a. log” a] | 
— (Ha) + (ra) (aha) p. 
In the same way it may be shown that 2 
Gad Gam Liam o (28) 
', It appears, ias that + (a Hais made up of two ur terms connected by the | 
sign +, being éither ‘both’ (+ d) or both (— a), but —(a + a) cannot possibly 


be made up of two equal terms connected by the sign d “If, then, a solution 
be demanded of the system of equations | 


QU lxi E MEE 


. the answer is that the value of the variable is imaginary, and an imaginar y of 
the n kind. In particular, the value of x in 


"+ Camb. Phil. Trans. VII. 142, 
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: log QE — À . 
g. =— p, gs == | + p, q 98 = g> bsp 


is an imaginary of the first, second, and third kinds respectively. But while 
these expressions are, in the strict sense of the term, imaginaries of a higher 
kind, it is none the less possible to express them as functions of V— 1. The 
solutions of 


"" i loge ee : 
æ.æ—0—1, quo ze gs =ere 
are respectively 
à B : i 

c=1, c= ë, x = ee 

and in general 
z+ g= — log +20 
n+l n 

gives 

. é 

g = log”, ie: tones. 


or the (n + 1)" imaginary is log^" i. | 
The fact that the high imaginaries are inverse logarithms of the first imagi- 
nary corresponds to the fact that the high processes are themselves nothing 
more than high inverse logarithms of thé sums of high logarithms. 
The entire body of algebra may now be taken as proved for any process, 
and for any succession of processes in the infinite series. We proceed to con- 
sider differentiation. It should first be shown that, w,v, and.w being func- 


tions of x, 
D, (u +v + w) = Du + Dw + Dw. 


The derivative of log should next be obtained by expanding log (x-+ Ax) — log x 
in series and passing to the limit. From that the derivatives of all algebraic 
functions easily follow. We have 








l 1 D.lgz _ 1 
D.lgz-:,  D, log’a = D, log (log v) = -ige = zloga: 
gral n—2 | 
D low ge Delos == oa M ee ee 
x OB d log"? log te. log" x æ.logæ.log*x....log"-!l> 


+ D, 
Putting log^'z = y, we have z = log y, Dz = D, log y = rr whence 


Dy = D, log-*z —1log^z.2D, 

and . i 

D, log^! (log—*z) = log! (log-!z) D, log^!z = log-?zlog-!z D,z 
and ` 


- —a y = log” npl y tu: 
D, log-" = log" g log $....log-^!a. 
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By this means we obtain 
D, (u + v) = D, log”? (log” u + log” DR 
= log^" (log^u-log"v).log-"*' (log u+ logo)... log? (log^u + log” v) into 
“= (u tv) (log u + logy)... . (log"^*w + log"-—! v) into ` 
= (u + v) log! (u + v) log? (utv)....log~*+* (u t v) into 


where the common multiplier is | 


à Da 4 Dy 
ulogu log*u . ... log" tu s 


When n-—l | 
D, (4 9)- D. (eme o (ts = Do + oD. 
When n = 2, 





| | 2 Dor DEN 
D, (wf 9) =D, (uh) = D, (e?) = ue (log u Jogo) (rez + logs) 
| = logv «w? -1D etira per- po, | 


Substituting i in this z for log v, and hence log^«Dz for Dw, this becomes. 
D; (u w) = 2. be wu + log: u . log! gs "Da 
= 2.7 Du logu. DA C 
When we make z = n, u = a, u-—z- g, u= e, we T aaay 
D,(w)-—m—Du D, (e) = loga. € De. 
D, (27) = x” (1 + log x). 
D, (e) &D,2. 


Having once obtained the value of D, (u + v) aid of D, log x, we are able to 
avoid the necessity of ever again passing.to the limit. 

There is no real reason for restricting algebra to the consideration of three 
successive processes. The next advance should be to take in the relations of 
. four processes, and in' particular to obtain in a simple form the rule for the dis- 


- tribution of ¢ in 
> (a+b) te, =s cct 
0 8 d 


log? (a b 
= nr et UP Pid 
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IN a paper published in this Journal récently, the ‘analogy of an electric current 
in fluid motion was found to be what I there called the vortices of the vortices of 
the fluid. It soon became evident to me that the kind of motion there re- 
ferred to was a motion which was higher than vortex motion and yet had some ' 
of its properties. à; 

` The first portion of the present paper, treating of vector quantities in general, 
shows how to. deduce the higher vectors from the lower, and also gives a method 
by which from three integrals any lower system can be deduced from any higher 
system. One of the most useful theorems, both for use in hydrodynamics and 
electro-magnetism, is that which shows how to replace any system of vectors by 
another system having the same external effect or the same internal effect, as 
the case. may be. Another useful theorem shows how to deduce a system of 
vectors satisfying the equation of continuity from one which does not, though 
the principle of this theorem has long been recognized in the idea of cyclic con- 
stants. But I believe it will be found more useful as stated in this paper.. 

Application is then made to the kinematies of fluid motion. 

Fluid motion must satisfy the equation of continuity, and so must be coe 
cyclic. Otherwise there must be points. somewhere in Space where the fluid i is 
created or destroyed. 

As Laplace's equation is a form of. the equation of continuity, it ‘is evident 
that this equation cannot, from a physical point of vien, be satisfied at every point 
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_ of space, although ‘there are some functions, like the spherical harmonics of posi- 
tive degree, that do so mathematically ; for these all give some fluid motion, 
‘often infinite in amount, at an infinite distance. So that such fluid motion can 
only be produced by the creation and destruction of fluid in regions infinitely 
distant. And so all fluid motion in an indefinite medium, without solid bodies, 
must be due, as it were, to ‘the presence of vortex filaments or filaments of any 
of the higher motions. i 
. The n* order of motion always satisfies the Saunton of continuity, and hence 
the lines of motion are closed. . All the infinite series of motions must exist Some- 
` „where in space, but they may be confined to a.point, a line, or a surface, and so, 
for all other points of space, only the nè and lower orders may exist. 

: In this case, where the (n+ 1)" order is zero throughout a certain region, 
the n* order will have a potential satisfying Laplace's equation throughout that 
region, though it may be cyclic. The motions of a fluid can be divided into two 

. Varieties, rotatory and UTE the odd onder being ‘rotatory and the even 
ones translatory. 

The motion of the zero ‘order is or dinary irrotational fluid motion; the first 
order is.vortex motion; the second order is what I have called the vortices of the 
vortices, or relative fluid motion, — in an element possessing this motion the centre 
moves faster than the sides; the third order is one vortex filament inside another 

‘and rotating in the opposite direction: and.so we can proceed. We thus get the 
idea that all the higher motions are, as it were, motions which take place inside 
the element as it drifts along. 

From this we see that when we deal with the hi higher motions, sé with any disconti- 

nuty in their distribution, we must use a smaller element than we otherwise should have to do. 

Thus, when we treat a ‘single vortex filament, it is impossible to get the 
motion of the filament or the energy of the fluid without an integration across 
‘the section of the filament, however small this may be. This principle I con- 
sider of the utmost importance, and by recognition of it all that-has hitherto 

` ` puzzled us with respect to the motion of a vortex ring or the stability of fluid 
motion becomes a mere question of ordinary caleulation. For, if we attempt to 
Obtain the motion of translation of e a circular vortex filament, we only obtain 
indeterminate results if we treat the filament as a'whole. For I here show that 


the motion of the fluid exterior to the filament is the same for an infinite number. 


of ways in which the vortex motion is distributed within the filament, and each 
of these" ways has its own motion of translation and its own energy. Í 

A method is here given by which any distribution of motion of the n'è as 
ean be replaced by another distribution .over a surface, so that the action on the 


- 
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other side of. the surface away from the original distribution shall be the same 
- as before. This leads us, in the case of vortex motion, to the formation of hollow 


vortex rings, or solid ores of any finite cross section, and it is shown that one : 


form of hollow vortex ring is permanent and probably stable. | 

For I do not admit the validity of Thompson's proof that ail discontinuous 

fluid motion is unstable. Illustrations are given of the distributions of motions 
of the different orders; and it is shown that any such series can represent a 
number of cases of fluid motion, seeing that we can take any one of the series 
of motions as the ordinary or irrotational motion. ` 

In treating of the action of forces on a fluid, we see that a single aiani 
particle can‘only produce fluid pressure, but no motion. Hence in an unlimited 
fluid forces having an acyclic potential can have no effect on the fluid motion, 
but can only produce a distribution of pressure. : 

" When a solid body is immersed in a fluid, the fluid is no juges continuous, 
bat the surface acts like a diaphragm; in this case we can have an acyclic 
velocity potential outside the body, but cyclic if the body was removed. But 
where the fluid is unlimited this cannot be so. 

"The motion of a solid body in a fluid can always be represented by ios proper 
` ease of motion in an unlimited medium, the condition being thát the components 
of the fluid motion throughout, a certain surface repr esenting the surface of the 
body.shall be the same as the components of the motion of an element of tlie 
surface of the body at that point, supposing the body to exist. | 

As the classification of vectors is general, I here apply the method to forces, 
and so get the idea of forces of different orders. 
All forces which can produce fluid motion in an unlimited medium must be 


cyclic, and. must contain all the infinite series of forces somewhere in space, 


though any given region may contain only forces of the x‘? and lower orders, the 
n* having a potential. i j 

` Expressions are then given for the fluid pressure in terms of ‘the motion of 
the fluid, one of which has already been given by Dr. Craig. 

I have not yet given any expressions for the energy of the fluid in tons of the 
higher orders of motion, though that i in terms of vortex motion is well known. 

An immense number of applieations of the ideas here set forth of course 
suggest themselves, but most of the results so far obtained are set forth in this 
paper, as I have not yet had time to descend to details. Itis of course possible 
that some of the conclusions will not. stand the test of time, but I hope that 


enough will remain to make the paper of value in all departments of physics : 


where vector quantities are investigated, 


* 
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The different portions of the paper have not been written in. the order here 
‘given, and so the same idea is sometimes repeated in different parts.- © 
Neither is the notation very satisfactory, as different letters are. sometimes 
used in the same sense, though in this case the connection is stated. I have: 
changed the notation so often that I despair of perfection, and. so publish the 
paper as it stands. . 


General Theory " Vector Quantities. 


Let there be any distribution of a paces quantity, it, throughout space, 
"and let its components be P, Gy, and ZZ. The dash over the létter signifies 
that these quantities do not satisfy the equation of continuity. Let us now 
‘subject these quantities to the following operations:— 





dH, dG. 
rca 
4, 4h, dH, 
G, = de de? 
| | dG, -dħ` > | 
HE y M - . 24 
$ - i - dH, d6, 
BR ay d. 
dF, dH, 
cou cus 
B dG dF, 
eae ay? : 
s dH, dG, 
Beg UE 
ete. 


And let us continue substitutions of this nature- indefinitely. . 

We have thus derived from F,, G,, and F, an infinite number of new systems 
of vectors whose properties and relations to the original vectors are to be 
studied. In the first place, we notice that all these new quantities satisfy the 
equation of continuity except pi , €, and H,, and hence we'have 


1G, dH, 
a ag dy de = 0. 





, From these equations we may find, veiting J, for the quantity 
i = + =. D + 
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the following relations : — 


dJ, E 
F= r — Ah, 
ih As 
GA Gos 
dJ, 


. and for the rest, 


F, =— NP, a, 
G, = — AG, _>, 
| B= MH, a. 


Whence, writing Xo for he m 


X=} = f T f; = (Z + = + e) didi de 


. we have, by Poisson’s-equation, 


tn fre "dz poem. 
| -— ae «f ff 5 a = da dy de — 
Nu du. T 
and, in general, | = 
| Mv de 
=a SSS = al add, 
H; is Ee dy dt. 


From these, by differentiation, we have, after changing n + 1 to n, 
1 


2 =} fff a. ia bus A agar, 
mob fff {eur Bl acovae 
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Let us now write f x 


where 





LOL. TM 
x aJ JJ zia ee | dx dy del. 
For all points where F, eos H,— 0, — X; will be the potential of Fr, Cn, H,. 
From the form of these equations, Fp, Gh, and H, satisfy the equation of conti- 


nuity, while F., G,, and H, do not. Hence every discontinuous system of vectors, 
F, G,, H,, can be mäde continuous: by the addition of the derivatives of a certain quantity 


having the value 
a fs [e ru T d E | asdydz 


.and the new system so uma valises the equation of continuity. 
. To find a discontinuous systeni from a continuous one, we can draw surfaces ' 
which divide. space into acyclic regions with respect to the kind of motion, and 
the discontinuous system will be distributed over these surfaces. 

Tf there is some necessary physical condition by which the vectors must satisfy 
the equation of continuity, then the discontinuous* system of vectors F,,G,, H, 
will evidently have the same effect i in every way as the continuous system Fp, 
Ga, and H,, so that one system implies the existence of the other. 

This theorem is at the basis of all theorems of such a nature as those which 
express the energy of a magnetic system either by an integral throughout Space, 
or by one throughout the magnets, or by one over the surface of the magnets. 

The value of xy, can be éxpressed otherwise, as in Maxwell's Electricity, 
Art. 885, where it is shown that the integral can be divided into two integrals, 
one à sur face integral and the other a volume integral. In comparing my 
formule with Maxwell’s, however, it must not be forgotten that my, volume 
integrals are to be taken. thr ipd the whole of space, whereas Maxwell's gen- 


*. In this paper I nearly always use the term “ continuous system. of vectors” to indicate a system 1 which 
_ satisfies the equation of continuity. 
But a distribution of vectors can evidently dass & side discontinuity as well as an end discontinuity. The, 
context will always indicate my meaning, especially.as I use the dash over quantities which have end disconti- 


E nuity and so do nof satisfy the equation of continuity. 
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erally refer to the interior of some surface. Hence, in the case referred to, the . 
` surface is at an infinite distance and the two volume integrals are equal. 


Consider the. integr al ? 
Eee an 


taken without eren throughout space. l 
This is equal to the sum of a surface and volume integral ; but if we take the 
surface where F,, G,,and À; are zero, the surface integral becomes zero, and leaves : 


| PE: L 1 à 
2 = - — d- | 
x=- fff if. "X G g Hu dedi 
or we may write it E 
1 š 1 AM, € ` 
w=- iff + dedyde, . 


where A, is the Seno vector of the nt order, and e is the angle between it 
and r. 

If the point is within the region where 7, à; HL, exist, the integral will 
vanish at the lower limit, r —.0, and so the value can still be used within such 
space. For a region within which 











dE, , dG, , dH, — 

de * dy ^ d» ^O | 1 
the integral is much simplified. For it is only at the surface that this quantity 0 
has a value. Let the surface consist of an infinitely thin region of thickness 
dv, within which M, decreases uniformly from its value inside to Zero, then 











dF, _ dF, dv 
dx - dv dx’ 
dG, _ _ 2G; dv 
dy ~ ..dv dy? 
dH, ^ - dH, dv 
ue T dv dz 


And si since dad jee = dvd, we have 
-i ff- Pn Fe d 8, 


where "d is the potential of P, ,G,, H,, and 0 is the angle between the radius 
vector, r, and the normal drawn outwards from the Surface, and the inte- 
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gration is over the surface. Mining the equations by; à dedya, and inte- 


grating, we see that we can write 


nb [fp Arrianus 
=a JSS — e, 
eig Hyg dk dyf de — dés 


HE and cae ofn 4-1 by n, we have 


1 


= | d d. ding,  dé+ 
=z SSS Eaz- iL LEE at 





Li 


| F f 7 Missy dé) -— 
ee a ses 
j " : a Ca tdi dé. . 


here the value of AR is 


Éta = utr Nu dass aay. 


E ba ie so fff Jf fs [En en 2077772 


One of those integrations is to be taken throughout all space, supposing F, 4.0, 
Goya H, +2 constant, and the, other throughout space, supposing them variable. 
The first can be Epl, for it is simply . 


EU 





ae 





but; we know that 
n Ar=? 
whence we m write í T 


Qu cC 22 


"These letters are saucia by the salien that the R and r of the left- hand 
member and the r of the right-hand one form a triangle, the elément dedydz 
' being at the intersection of the R and r of the Teru member. The integral 
re for the limit R= O. e 
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" "S dF, dG, dH, 2| 
Hence B g SUM e m mE ie da! diy ddl. 











` This can-be put in the form 


a Nue pM 


aher e is the angle between D, and the radius vector r. 
We can now develop the following general method of finding the lower 
vectors from the higher. Let us write 


=} (ff Fra, 
P, =} f. J f G, raid dz, 
o=; fff Fri ay. 


u dP, dQ, 1 Oars, “ap, dQ, 
fc ds P: dt dy \= 4 qoc dy deg 4) 


Then we can write 

















and thé equations become 


| | 3 : " Kock z( a tS B+) 








1 : i dO, n^ # 
ETSI AE TC: + 3) 








| Fe i | AQ à dz E: +$ r^ F T) 


Let. us now see sé will happen if we multiply these by 73 l ie and 


: integrate throughout space, R being a radius vector. . E 
The first terms become 7. ,, G, .,, and Hag, and we only have to initier 
the integrals of O,, Pas Qa. We have to obtain an E al of the form 


Jf. f Levee) dodydz , da! dy dz. 


Here we -note that the radius vector r is the distance between di two points 
Sy. andi L Y, and so the integral reduces to ; 


dre ffr (alyd) JIE 8 a as 
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In this case, to obtain the internal with ropes to r. we ake use of the fact 
that - | 
: š i Arn De e^ 

ind wé thus find a 


edis indy = | PRICES perc 


The integral extends throughout space, . e the r and R of the first member, and 
the r of the second member form a triangle, the ‘point Lay, being at their 
intersection.. Hence, ~ : : : 


A Jffre. ya "ply de EET frs ae na dif a 


We T thus found Fp .,, G,_4, H, .,, and by repeating the operation s times, 
counting the original operation as one, we can find £, 5, G, 259 Hy, 285 and 
` Fynistis Gs coepi Ho Las 41 by differentiation of these. The result i is | 


LS css, Sif By dy, 
P. “=the oh oe fff e»  dedyde, 


: / 2. ra de [fier ! ddyd. E 


For the case s = 0, the coefficient of the: intei becomes RP — 1 and T 
REGIS — Xa. We also observe that | 


| Ons — a = AY (On, do 
ET Bam AES e 
ru Geo COL a 
and ' E l u^ 
Codec (Gee) 
is bp (AE. st | 


In theses the bet (Ab signifies diat the operation. Ai is to Le repeated i times. 
Hence we may w rite, in general, gs DE : 
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EN 














Fos D år dx ? 
BG. dé. y 
: G, o; = ae Es dy ? 
d On Ag ziii d£, 35° 
7 $2 Hf, 15 — Ar dz” 
000 8H, 3 dGy_2 
and | F-21841 = dy ^ de ? 
: - dE, 95 $ dH, — 25 
: G, asi de . dx.’ 
; 3 dG, s Exo 
HL Gi uy — (dy 


Thus we have expressed the whole series of vectors in terms of any one series, 
and have shown how to calculate the distribution of them all from the discontinu- ` 
ous distribution of any one order, and this by a single set of integrals, with the . 
proper differentiation. | ` 

` The value of £, , can be expressed simply by the integral 


| 1 — 1)°+1 
6,77 ET aay, 3. » RD fff uL Yjdz 


senda eis the angle between M, andr. For all space in which it, is zero, 
Hs Gs H, have a potential found by making s = 0, whence 


b= =E 3 x a 


. &, o satisfies Laplace's equation at all alus where M, = 0, and this potential . 
can be considered as due either to the distribution of M, within a surface, or of 
| M, ja over the surface, the components of du satisfying the equation, of conti- 
nuity, but those of JZ, not. ; 

Indeed, we can consider any of the systems of vector as the cause and all the 
others as the effect. à x 

When B G. H, satisfy. the equation of iude within a surface, the - 
integrals reduce to the surface integral of tlie next higher order of vectors. 

But in the above operation of finding £,..5,, @_2s, H, 2s from F,, G,, H,, 





we ‘have neglected the constants of integration, and we have now to consider | - 


their effect. ^ 
We first observe that, as the higher | orders are Haas from the-lower by 
differentiating, they are perfectly determined by these equations. But as we 
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Ad 


bave to. integrate in obtaining the lower orders from the higher, the result 
requires examination. Taking the Aron for F,,.G,, Hn and adding . to 
' them respectively T, M Tu, We have 


_ 2 fff itaja +7, 
pa = iz af f T P di 74; | 
| nad fff delay de cM 


Pevioriting the ‘operation A’ on these, with respect to the point zy, di and 
also noting that Fn, Gh, H, satisfy the equation of continuity, we shall have 


CAR 0, 7 A8 a 0; - Arn = 0, 


z tua dn. 


da; DL = 


yb 


Now these quad nes must not affect the values of PN Gary Hanpi as obtained - 
from F, Ga, H,, and so we Lost also have 


dy 7 
| de day 
dz dæ 
dn _ dr 
dæ dy 


The solution of these equations is found in the values 


_, dV . dV | 18V 
-T — de^ . VE . Tiu — de) 


. where V must satisfy Laplace’s equation oi all space. And a term of 
this kind is the proper thing to add, no matter how many integrations are per- 
formed. But if this term satisfies Laplace’ s equation throughout all space, the 
cause of the potential V must be at an infinite distance. As this quantity is en- 
tirely arbitrary, and has ‘no relation to the original system of vectors Which we 
consider as the cause of the vectors of the lower order, we may generally make 
it zero unless there is some other condition to be satisfied. . But the integrals 
without any addition give us all. the lower orders of vectors which are dependent 

‘on the higher. Hence no addition should be made to the eps when wé are : 
searching for we effect of à cause. | 
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. Indeed, all such cases of a potential satisfying Laplace's equation throughout 

space can always be represented by a distribution over.a sphere at an infinite 
distance, and in Physics it must always be loóked upon in that way. In fluid 
motion the only quantities which we can add without destroying the original 
configuration is a general motion of translation and rotation of the fluid repre- : 
sented by-thé equations | 


T = À + Br + Cy +D | 
m = A, + Ba Gy + Da, > 
m= Ant Bye + Cuy + Dir, | 


> 


where we have. the relations 
B + + D,—0; Cu = D D = Bu; = B. 


We can define V by saying that it is a solid harmonic of a positive degree; 
so that it becomes infinite at an infinite distance. í à 

We see from these facts that if any quantities, F,, G,, H,, sanak then all 
the others must have the values given by the aboye equations. 

Hence all the systems of vectors must exist somewhere in space, though it is 
-evident that there may be regions where some of the orders vanish. When this 
is the case, and throughout the region the vectors of the n order vanish, then 
all orders of vectors greater than the n vanish also, throughout the same space, `. 
but not those less than this; and the vectors of the (n — 1)" order have a 
potential satisfying Laplace's equation. 

Furthermore, if within any surface we have : & discontinuous distribution of 
the n° order of vectors, then we have seen that without the surface the vectors 
F,, Gy, :H, have a ou satisfying Laplace's equation, and cotisequently all. 
vectors. above the-n*' order will vanish outside that surface. WO g 

If "within or over a given surface the vectors. F, Ga, H, form closed circuits, . 
then the vectors Fn; Gu, H,, and of higher orders due to the above vectors will . 
be zero without the surface, and the vectors of the (n — I)" order will have a 
potential But in the surface, or without it, all the vectors exist.. Conversely, . 
if throughout any space the vectors of the 2^ order bave a potential satisfying 
' Laplace's equation, the vectors of the (n — 1)™ order will be zero in that space. 

If within any surface we have a ‘discontinuous distribution of the n order of 
vectors, it is evident that the external effect will be the same as the continuous 
distribution within the same surface of the (n — 1)" or higher orders. DATE 
the effect XE be the same ME space. ` 


i 
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We have seen that there are two metliods of looking at a series of vectors, — 
one as if they were derived. from those above, and the other from those below. 
Now these méthods are similar to the direct and inverse methods of. treating 
electrical problems. The inverse method invented by Green is by far.the most 
useful in. electricity, and it seems to me that a similar method will be useful in 
the, treatment. of. vector quantities. ‘Indeed, the method leads to most impor- 
tant results. Consider the equations — - - VES 


. _ 4H, dG, 
Fay = dy — ‘dz’ 





o dE dE: 
Gati = dg — da’. 
` dG. dP 
n+ Tode Ta 
© The operations here indicate that we choose the vectors of the n Rd and 
find their cause in the vectors of the (n + 1) order; whereas the direct opera- - 
tion -assumes the cause and finds the effet. This-is similar to the case of elec: 


tricity. where the cause of the potential V is discovered by. the operation - zx ~ A? 


to be the density of electricity p, with its proper. distribution. And just as 
we. find many electrical distributions over surfaces which have the same ex- 
ternal effect, so we are ‘able to find many distributions of. the. vectors his 
Gus H, 44) over surfaces which pee the: same external valnes of Fp Gas 
and H,. | KA 
Suppose that TT a surface 7, G; H, have a ul E,,0, and outside. 
. a potential. &,9,-both of which satisfy. Laplace’s nor To satisfy the. equa- 
tion of FORD we must have at the surface, | » FS 


> | g a aE, 
; da> dy. 





Our equations then Show that Fa Gi ; Hs arè zero throughout all space 
except the surface. At the surface the equations become — |, 


d "n, " de 9 PO ,0 dé. 2E . 
dz? 





: Fa à dy = z 1 











à G d dg, 0: d£, « | ‘dé, Oy a déro LA P 
H v= \ de da} dz de | de "de^ 


AI P dfe d. c PURE MES dee 
Hrt dv = EE" "de. ) dz = (4 =) 4 dy" 
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This distribution of F,,,, G,,,, H,,1 will produce the potentials Eno and. 
&,», the one within and the other without the surface. The most interesting 
case of this discontinuity at a tr is found by making : 


dé, f 
=0 and e = 9 


E 0 





at the surface, in which case the surface is a ‘stream surface for both &. o and £, , 
‘and the equation of” continuity for the n°* order is satisfied. ` 
Let us now make ES — constant, and we have 


dés dy ^ dio dv 











Fi: dv = de dy dy dz 

. : i d£, ,dv dé, dv í 
i EC i ur 1 dv TES dx de de dx 
| df dv “dé dy 
H, 4.1 dv = dy dx dx dy 


which will apply to all surfaces as well as stream surfaces. 
Jf we had made & 0 = constant instead of & 9, we honi, have bel 
equations of the same form, but with the opposite sign. If, however, we say 
that the normal shall be drawn from the side. of the surface containing the 
original ‘source of potential to the other side, the sign will be the same.. Thus 
_ our surface must be drawn so as to separate space into two parts, one of which 
contains the source, and our equations give us the values to distribute over the 
‘surface, so that, on the side opposite the source, the effect, will be the same as 
- from the original source. Hence, although we may express a proposition with. 
_ respect to the outside and inside, yet we may always reverse the ternis into inside 
and outside. This is' exactly analogous to the proposition with regard to the 
distribution of electricity. If we distribute the vectors over the surface with a 
negative sign, they will just neutraljze the effect of the original source on the- 
side opposite to “it, which is id analogous to the case of electrostatic in- 
duction. ` 

.- As to the total amount of ihe. vector M, 41 to be distributed over the surface, 
it is'evident that the quantity in the two systems must be. the same. 

I here use the term quantity in the sense of surface integral across the séction 
of the vector. Hence, if M,,, is the original and JZ, ,, the new value of he 


` vector, we must have 
(fx Laud! = ff at... as 


the integral to be taken over a surface cutting the vectors at right’ angles. - 
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Having chosen our stream surface of the n order, we now have to define the 
. direction of, . , on the surface. The equations express the fact that. Mdr 
is in the: direction of the intersection. of the given surface with the equipotential 
surface, and has the value M,... The equipotential surfaces and two systems of 
stréam surfaces can be found so as to form an orthogonal system. ‘But a stream 


surface i in general is not nécessar ily one of them,-but is only a surface containing ~ 


the stream lines or lines of direction of M,. When we choose for our'surface one 
of the stream: surfaces of the orthogoïial system, the ‘intersection of the- two 
| Streanr surfaces. is an equipotential line for M, , 1, and the intersection -of the 
stream. surface and an equipotential surface is a stream line for M, yı., We have 
'seen that the potential £ of the n™ order can arise either from a distribution of 
vectors of the (n + 1)^ order in closed circuits or a discontinuous distribution of : 
the n order ; ;-and that the (n. TI order was distributed in closed lines around 
the n order. The relations àre similar to those between magnetism and elec- 
` tricity and between a magnetic shell and a current around its edge. In this case 
we can obtain a distribution of'a shell of M, over the surface which ‘is equiva- 
lent to the distribution of M, ,; over the surface. The str ength of the, shell, 
. M, dv, will evidently be found by adding all the’ shells erpa and neue if we 
draw any line: Z on the surface, ' 


xa f. ead eo cos di, 
But this i is s equivalent to . . a 


Md = = - fe dv cos ja = = x ot constant, 
' because: M, dv i is equal to Af, at the cuites i - d 
Hence the strength of the shell is equal to the potential: Knowing M, ;1dv 


ovemally, we can thus firid Mdr, whence the potential i is 


: E Gos € 
& à = if f feme 


€ being the xul between r and the: normal to the surface. This integral must 
not only be taken over the ‘surface. which we have been considering, but also ` 
over diaphragms which we must draw so as:to convert cyclic space into acyclic. 

. Thus the theorem. which I have just given. merely shows us how to: draw 
. Surfaces so that this. integral taken over them shall bé' the same i all regions 
-~ which can be reached without passing through a surface. | 
.. Tt has already been known that the diaphragms could’ be du in any 
position, but this theorem applies also to the: other positions of the ‘surface’ 
boundary of of the space ander consideration, 
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We may evidently have two varietiés of surfaces which divide the internal 
Space into cyclic or acyclic regions. The first are obtained by: forming, as it 
were, tubes around the closed circuits of the vector M, us which we can con- 
sider as the original Source of éo Distributing M, over this surface in the 
manner described, and removing the original source, the new system has. the 
.same external effect as the old, but makes &,,0 constant inside. The second 
variety of surface is acyclic inside, and encloses the original distribution of M, 4i 
as a whole. It is evident that this last variety of surface cannot be a stream 
surface for &,o, unless there is some other source of M, outside the surface. Our 
process, then, merely replaces one of these sources for the points on the other 
side of the surface. NE 

- Taking any cyclic value of the. viotentiad & , and drawing a tube of flow of 
any cross section, and applying this method to it, the distribution of M,,, over 
the surface will cause the potential inside it to become constant. Take away 
the external system now, and we shall nares ‘a potential equal to — £ , inside 
the tube, and constant without. - * v3 

If we take any two. of our surfaces and distribute TH over the internal 
one, and — JM, +, over the external one, according to the equations, then within 
the inside surface we shall have &, ,, constant; between the two surfaces £j 9 has 
its former value ; and outside the outer one-&, o is constant once more: In fluid 
. motion this will give us the case of a mass of Lu revolving in a liquid at rest, 
witha core of liquid at rest, | | 

If we..allow the original distribution: to remain, id distribute — M44. over 
the surface, then the potential inside remains- the same and becomes constant 
. outside. Thus the inside and outside of the surface are > reciprocal, and we can 
always reverse the statement in this manner. - " 

Helmholtz has considered some cases of discontinuous fluid motion, and other 
writers have occupied themselves more or less w ith it. But most, if not all of 
them have considered the vortex surface between the. two moving fluids as the ~ 
‘effect, whereas I here treat the vortices as the cause of the fluid motion, and 
have thus obtained a method of replacing the original vortices by one or more 
vortex sheets around shen, This is the basis of the inverse e method of treating 
hydrodynamics. ee . i - 

To get a solid distribution of Mati we can neas one surface within the other 
with its proper distribution so as to make what is required. If within a given 
| surfacé any system of vectors are distributed so as to have a ‘potential within that 
surface, then the continuous system as obtained from this system will have a 
potential both within and without the surface, but the potential inside will not 


be the same as tliat of the discontinuous system, but will be that minus fd: 
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At 


the surface of discontinuity all the higher.system of.vectors will be collected. 
Let us suppose that we have the potential é, within the surface, and £, 
outside the surface, both of which satisfy Laplace's equation for the space in 
which they are used. We can get the conditions at any. surface, but as they 
are complicated, let us take the surfaces, stream Surfaces for both functions. 


Then at the surface 








e 


According to our notation, £, is the potential of à higher order of motion than 


és the freu being the potens of F,, G, H, and the last of F, 


à I. ie 


to the previous investigation, we should have & 9 


outside. If Fy 5,4153, G, 2.41; Ha—25+1 Were distributed over the surface in 


the proper manner, we should have £,;, = éh, outside and constant inside. 


If we should distribute — 


[NE Giu 


' the two SU together,- there would be 


and 


T3 0 


+ constant inside, 


éis + constant outside. 


So that in this case we -— distribute over the ee 


and © 




















—25) Gaass 


Foes over the surface according 
= €, o inside, and constant 


If 


ete 

— Hy yrdy = p + 
Fixes = e P de 21 a 
Grid = =e i z = z- Z, 

H, 9, 41dv = xad a E ed A 


Gauss's theorem applied to electricity gives us the amount of .electricity in a 
surface, from the surface integral of the electric force. 


develop some similar method for this case. 


* , 


Let us now attempt to 
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Taking Poisson's equation, 5. : 
; Amp =— AV, 
. Gauss's theorem gives 


"D fft asa ue ffo 


where the first ie extends over a surface; and the second oyer m space 
included within the surfaee. If we have à distribution of En; G, H,, within a 
given surface, then F, 42, Gro, H, ,,, are obtained from them by the equations 


Foam TT AE, 
| Gam ds 
: Hasc Ego À H, 
Hence we can write immediately B "n 
; NE d&-- — [fr sdedyde, 
ff == J Jf ae 
Jm Las [ff 2 tte 


Ju = a AX, = A &,o . 








As we have 


therefore we can also write 
ff as = — DE Tey, 


[2 
J, = E ne +5 = 


where 








' To get a clear idea of the meaning of J,, I may remark that in the case of 
magnetism it gives us the distribution of the so called magnetic matter. In the 
present case the integral vanishes over any surface enclosing the original source, 
so that the algebraical sum of J,, within the autode is zero, or ihe poles of the | 
. magnet are of equal strength. 

` I have thus developed the general theory of vectors from a purély mathe- 
matical point of view, so that we may apply it to any subject involving these 
important quantities, and thus many excellent ` methods for use in electro- 
magnetism may be found. There.are even somé methods which give upon tant 
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results in the theory : of attraction and spher ical harmonics, especially the theo- 
rem that 7 . 


ETEA À) dee dy de =n(n+ 1) ) Sffr L Yz) m Malay d, 


FA being taken with respect to x,y,z, and not with respect to z',y';z. This 
` gives the potential with a force varying as 7"—? from that var ying as 7" —1. ; 
But the. most important and interesting application is to hydrodynamics, 
and. I shall then develop a few more B pode which might have been placed 
above. : 
There is an important point connected with, this theory. which SE be: ex- 
tremely: useful to us further on; and-that is that where M, éxists and.varies from 
one point to. another, then we shall sometimes be obliged to use an element of 
| the fluid in our ouleulations for the determination of M, infinitely smaller than 
for M,. In other words, M, will not be determined exactly within an element 
. without going still lower and assuming something further within the element. 
Thus, in case we have an infinitely small tube having the vector Jf, in the direc- 
tion of its length, we find that there are an infinite number of ways in which. the 
vector can be distributed within the tube and yet produce the same external 
effect. ‘This may be unimportant in some cases, but a neglect of this principle 
will cause many interesting problems in hydrodynamics to assume an indeter- 
minate form. Thus the problem of the velocity of a vortex ring needs to ‘be 
calculated in this way. Assuming the distribution of finer vortex filaments 
within the substance of the vortex, and the problem becomes determinate. I 
shall thus show that the vortex ring moves according to that distribution. 


The Kinematics of Fluid Motion. 
The fluid is considered as unlimited and without solid bodies in it. The 
motion of a fluid is a vector quantity, and so the above theory must apply. 


Let F,, Go, H,, bé the components on the fluid ui and let the fluid be 


incompressible. Then we have 
t dho 4G; m — 
da © dy V de 


The vectors of the higher order, which I shall for simplicity call motions, must 
then be interpreted. The motion of the first order whose components are 





* We could evidently take any other order for the fluid velocity, and, in any problem, we can generally E 
. change the suffixes to the letters, and thus obtain new solutions. i ų 
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B, a H, has been niema Dy. Helmholtz to he vortex motion, and 7 
. remains to interpret the rest. 

The second order will be, as it were, the vortices of the vortices, but to in- 
terpret it better I shall proceed as follows : — 

Suppose that'along the axis of x there is a line of motion of des n™ order. 


Calculate from this the values of Fo, Go, and Æh, and we shall have the true .- 


motion of the fluid. It will be found that in all motions of the even degrees the 
fluid moves parallel to the axis of a, but in motions of the odd degree the true 
motion of the fluid is in circles around the axis. Hence the motions of the even 
degrees are translatory motions and those of the odd degrees are vortical motions. 
Motion of the zero order is ordinarily irrotational motion. 
Motion of the first order is the vortex motion of Helmholtz, and a line of 
motion of the first order is a vortex filament. 
| Motion of the second order is what I have, in a previous paper, called the 
`- relative motion of the fluid, and a line of this motion has the fluid flowing forward 
. along its axis with very great velocity and a less and less velocity as we proceed 
outward from the axis, until we reach a certain distance, where it is zero; beyond . 
this.the velocity increases as we pass from the axis, and is infinite at an infinite 
distance in the impossible case of the line of motion being straight and infinitely 


long. In the possible cases where the line is closed, the motion of the fluid is `` 


finite everywhere, and is zero at infinity. 

Motion of the third order can be roughly conceived of as one te filament 
within another revolving in the opposite direction. -` 

-Motion of the fourth ‘order can be roughly conceived of as one line of motion 
of the second order within another larger and opposite one. | 

And so, as we go upward, an element of the line of motion becomes more 
and more complicated. The motion of the fluid exterior to-the line of motion of 
any order can be calculated by formulæ as simple for high as for low orders of 
motion, though the integrations are generally somewhat more difficult as we go 
higher. : s ) | 
Mathematically there are motions of the negative orders also, and they are 
"useful in some calculations ; but the physical conception does not at first sight 
lead to such important results as the positive, though I hope to investigate this 
. further. 

Let us now conceive of a TE line in space of any form whatever having a 
uniform distribution of one of the higher motions along it. 

As the curve-is closed such a distribution will satisfy the equation of conti- 
nuity. - i 
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© If the motion along the line is of the n® order, then there will be a distribu- 
tion throughout space of motion of the (x — 1)" order and below, but no motion: 
of the »* or higher orders. And ‘the. motion of the fluid in this case will be 
equivalent to that produced by a discontinuous but uniform distribution of motion 
of the (n — 1)* order over any surface having its edge in the given line, the 
motion being perpendicular to the surface, Suppose now that the fluid in which - 
this line is placed receives motion of the (n — 1)* order, but no higher. In 
` order that this may be possible, it must have a potential, and so will vanish for 
this region when we find the new values of the motion of the’ x‘ order for this 
region. -But not so if we add motion of the n^ order or higher. 
. Hence we have the: theoremi that motion of the n" ordér is unaffected by 
motion of any lower order. 
We have seen that if within a surface there are closed circuits of the n? order 
- of motion, then without the surface there is motion of the (n — 1)* order and 
below it, the (n > 1)" order having « scalar potential. 

Hence, if two regions of this nature be placed near each other, the motion of 
the n and higher orders will be one: same as before, Dae of the lower orders it 
will be changed. 

In considering the general relations of vectors, I have virtually shown that 
if the fluid hàs any motion, tlien the whole series of motions must exist somewhere 
in space. But we. have also seen that if one of the motions, say: of the »'* order, 
is confined to a any given region, then all the higher motions will also be confined 
to that region, and the remainder of the fluid will have only the (n — 1) order 
and below; and that the (n — 1)" order outside a given region has a potential 

satisfying Laplace' s equation, but the lower orders do not. 

Furthermore, I have also shown how to find the motions of any order outside: 
the given region by integrating throughout the given region. 

Now-supposé a given region has a distribution of motion of the n™ order 
` within it which is discontinuous at the surface. M d | 
. We have seen how to find the distr ibution of motion of the n® order Soui ; 
. it, in order to satisfy the equation of continuity. We have seen that this distri- 

bution has a potential without the region, and that only motion of the n™ order 
and below exists outside the region. 
Now let us suppose that the original distribution of the n? order. within the 
region is also such that within that region a potential satisfying Laplace's equa- 
‘tion exists, but not the same as that without, Then it is evident that all the 
. motion of the (n + 1)"-and higher orders exists only at the surface of separa- 
tion of the two regions, and that both within and without the “ee only the 
nih and lower orders of. motion exist. 


248 RowWLAND : On the Method of a Perfect Incompressible Fluid 


Thus this surface constitutes a surface of déni in the fluid motion of 
the n' ^ order. | 

Helmholtz has discussed the case of sürfaces of Di udo when the: 
| motion on the two sides was of the zero order, and thus the motion at the 
` surfaces of the first and higher orders. a 
~ We have treated this case very fully in the theory of vectors, and have there 
shown the exact distribution of the motions.- i i 

The process deduced from this theory which is. most useful in hydrodynamics 
is the following: — _ 

Let us have a distribution of ^ the (n + 1)* in closed curves so that it satisfies ` 
_the equation of continuity. Then throughout the rest of space the motion of 
the (n + 1)" order will be zero, and the v" order will have a cyclie potential 
£o; the source of the fluid motion being-supposed to be the (n + 1)* motion. 
Select any stream surface which will thus enclose some of the (n + 1)^ motion. 

Draw the equipotential surfacés for the n order of motion so as to intersect 
the given stream surface in lines, and distribute over the surface, in the direction . 

of thesé lines, motion of the (n + 1)" order, so thát 


M, , ,dv = M, ' . » P rans 


at every point of the surface. Then the new distribution of the (n +1)" motion - 
produces the same: effect as the old. Therefore we can take away the old dis- 
‘tribution within the surface and replace it by fluid for which the potential of the 
nh order of motion is constant, and the external effect, of the new system is the 
same as the old. 
o By putting one.stream surface within the other a solid distribution of the 
(n +1)" order might be made. If we draw the equipotential surface in the 
manner that Maxwell has dones we can define the distribution of the (n + s 
order as follows : — 





(Fed 


+. the’ igure represent a system of equipotential satiné infinitely near 
together, intersected - y two eee surfaces very near together. 


^o before JENA 
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Let dÀ be the. distance apart of two equipotential surfaces, Then we can 
write | 


; = M, dod = M, dà. 
But we also have T LI 
| x . | d£, o = 


| ar i 





_. therefore we have 
M, „dvd = =— dine ax 

But from the xietkod of drawing the figure the last member is constant, and 
- consequently the first is also. But thé first is the total: quantity of M, 41 within 
the: rectangle, therefore the proper distribution of M, +1 is given by putting the 
same amount into each rectangle. Let us now attempt to get the total guantity 
of M, "n By 9 quantity of M, ., , Y mean the surface integral of its cross section. 
Thus, in this case, the quantity of M,j,is ~ 


f My 1dvdr = — 


the integrals to be taken around the section of. the surface. "The last integral'is, 
in our notation, simply equal to the original quantity of (n + 1)" motion. Hence, 
the quantity of (n + 1)" motion distributed over the surface must be equal to the 
| original quantity. The analogy of this to ihe case of electric distribution is 
apparent,the surface integral over the cross section of a vector taking thé place 
of: quantity of electricity. - i | 
, If:we apply this to the case of vortex and ordinary motion, we shall have the 
case of liquid at rest enclosed within a vortex surface, with the motion of the 
exterior liquid irrotational and expressed by a cyclic potential. 
+ The vortices of the surface are constantly moving forward in the direction of 
the fluid motion immediately outside the surface. | " 
If we wish a volume distribution of £M, ,, within the surface, we inerely have, 
as I have shown above, to put surfaces within one another with the above rela- 
tive distribution, the strength of each, surface being arbitrary. We have thus 
one other condition to fulfil arbitrarily. Let Q, be a function which is constant 
for the stream surfaces, or; in other words, the stream function. 
' Then the solid distribution of M, ,, is rs by the formula 


Mam E y ( Qa), 


. where C is a very minute constant, and y (Q;) is a fanction of Qu. 


di 0 





dA, 


^. The notation here used is that of the general theory | given on p. 236, 5o that $a o is the same as — X, used 
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The direction of M,., is that of the intersection of the surfaces Q, = con- 
stant, and é, o = constant: . | | 

‘ Such a distribution of M,.,, will produce a. . potential outside the surface ` 
which will be proportional to £, and equal to it, if C has the proper value. 
But inside the surface the motion is dependent upon the form of y (Q,). 

The distribution of the vortices over all the surfaces need not always be in 
the same direction, but we may alternate as often as we please without altering 
the outer distribution of motion. 





Fra. 2. 


As an illustration let us take a circular vortex ring. "The equipotential 
surfaces and lines of flow. for an infinitely thin ‘vortex are represented by the 
preceding diagram, where the closed curves of somewhat circular form are the 
sections of the surfaces of flow, and the others are the sections.of the equipoten- 
tial surfaces. 

The motion of zero » order is distributed throughout space according to the. 
cyclic, potential & 5, and the motion of the first order (vortex motion) is con- 
fined to the closed surface. : 

If we should cause instantaneous vortical forces to act over a surface similar 
to the given one, the forces being proportional to the vortices in the first case, 
then the analysis of vector motions shows that these forces produce the same 
effect as the original distribution of vortical forces for all points outside, but no. 
effect on the points inside the surface.. Hence, the system formed by these forces. 
will be the same as the.system under discussion. . The system thus formed will. 
` undérgo changes which are investigated in the portion of this paper treating of 
the equilibrium of fluid motion. We have there seen that the whole system 
of changes can be treated from the drifting of the vortex filaments, the whole 
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dynamics of the problem being satisfied by making the produet of the vortex- 
strength: of' each filament by its cross-section constant as the element moves 
along. In the present case, the elementary vortex filaments of the vortex sur- 
| face are constantly drifting from one place to another, and they may thus finally 
obtain another distribution, in which case the form of the surface and its position 
may change. In the present case, if the fluid moves through the ring from left 
to right, and we refer to the upper section, the vortex strength tends to in- 
crease on the outer ‘and right-hand sidé, and decrease on the inner and left-hand 
‘side. * | 

. When thére is | any “ire of distribution, the ring as a whole will tend to 
revolve around the part which has increased the most, and so the whole ring 
` tends; as a whole; to decrease i in diameter and move ‘for ward, though the changes 

of form are not so obvious. i 

As the ring moves, the weaker part ‘constantly tends to go indo and the. 
stronger part outside, and so tends to a form of E. anes this should 
be investigated more thoroughly. 

In treating a filament, we must descend to the elements of the filament itself 
and consider the motion of each secondary element as affected by the others. It 
is impossible to treat this filament or vortex surface as a whole. The fineness of 
filaments to which we must descend will depend upon the rate of variation of. the 
' vortex strength. Thus, when we are dealing with finite distr ibutions of vortices 
without side discontinuity, the elementary filaments may be large, but when we 
treat filaments ‘or vortex surfaces, the elementary. filaments must be small in 
proportion. i 

If we now consider the hollow vortex to be very small in -cross section, com- 
pared with.the radius, so that it is nearly circular, and so does not change its 
shape much, it is easy to see that the tendency of the elementary vortices to ` 
accumulate on the outside will tend to revolve the whole circle into a position 
farther on in the direction of the fluid.motion inside the ring, and if we still 
further consider that there is a tendency to accumulate in the front part also, we 
see that the ring will tend to move forward and to contract in radius. If the 
cross section is very small, the form of the cross section becomes more and more 
stable. The radius of the ring finally becomes constant. when the forward 


-. motion is such as to make the difference of velocity between the fluid in the 


inside of the hollow vortex and the outside, the same for every portion of the 
cross section of the surface, which is possible for a very small cross seetion, or 
for a large one if the shape is correct. : 

| In SHUTEDMBE to construct synthetically a hollow vortex which shall move 
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forward uniformly through space without change of form, we have simply to find 
a distribution of elementary vortex rings such that the fluid motion due to them 
combined with a uniform forward motion shall produce a stream surface along 


which the motion of the fluid is everywhere uniform as reckoned from a system- 


of axes moving with the surface. 

Or, for the sake of ease in calculating, we can suppose the axes at rest and 
the fluid flowing past them. It would thus be perfectly possible to construct 
synthetically a hollow vortex ring of finite cross section. and finite velocity of 


translation. ; 
In the case of a very thin, hollow vortex of circular cross section, the ve- 


. loeity can be obtained by finding the motion of the fluid in the interior due to 


all the vortex filaments of which the ring is formed. Or it is simply one half : 


of the difference of velocity on the outside of the surface n nearest. and furthest 
‘from the axes of symmetry. | 
The velocity of translation of very thin solid vortex rings can readily be 


found by calculating the velocity at the core due to the- -given distribution of , : 


" vortex filaments constituting the ring. It will thus be found that for a given: 


distribution of vortex filaments within the very thin vortex, the vortex must 


move perpendicular to the plane of its curvature and inversely as the radius of - 


curvature, to insure stability. Thus, if we curve a circular vortex at any point 
- outward, at. first the curved part wil move faster than the other ‘part. Then 
.each side of the bend will move outwards, and thus the ring will tend towards 
a circular-form again, though it possibly oscillates around it. ` i 
' It is evident that whatever changes a hollow vortex may undergo the inner 
fluid can never mix with the outer, but the vortex surface forms a box through 
which not a drop of the fluid can escape however the surface may be twisted. 
Thomson and others have pronounced all such discontinuous fluid motion to 
be unstable, and to prove this he supposes a depression to be made in the surface, 
which -he then supposes to increase indefinitely. "That -sóme surfaces are thus 
unstable no-one can doubt. But I do not think that all are so. Besides, if we 
have a vortex surface drifting around in a fluid, the latter’ having only an irrota- 
. tional motion, the depression which will form in the surface at any time will have 
to satisfy certain conditions which may neutralize the previous effect.’ I have 
given my reasons for regarding the hollow vortex of uniform strength of surface 


| as the form toward which hollow vortices tend when distorted. But I am not 


yet prepared to give further results, but will wait to obtain an exact solution of 
the problem. It is very probable that, when disturbed, oscillations are set up. 
ad the principles necessary for the solution are developed in this paper. 


when no Solid Bodies are Present. — pc 2058 | 


Tf it is found that the hollow vortex is unstable, it may still be possible to build 
up a solid stable vortex on. the principles here set forth. The condition thus 
developed for a vortex surface which shall not change its form by the mutual 
action of its parts is that the strength of the vortex surface shall be constant at 
_ every part and the surface a stream surface. uu 

. But in order that such a surface may exist, it must be siege that the 
components of the vortex motion. must satisfy the equation of continuity and the | 
motion of the fluid inside the sur face must be acyclic. This last condition is only 
necessary in Order to avoid vortex motion in other parts than the sheet, which, 
however, may exist if we please. Having constructed such a sheet and calculated 
the fluid motion from it, it will have a potential everywhere without the sheet 
satisfying Laplace’s equation, without vortex motion. If we construct a hollow 
vortex ring in this manner, with the condition that the surface be a stream sur- 
face, the fluid within the hollow part will have an acyclic motion, but such as not 
to affect the form of the surface. Thus the motion might be one of translation, 
and it would be thus possible to have a stable hollow vortex. The only form of 
surface which can exist without changing its form is thus symmetrical around the 
axis of motion, and has a cross-section which has not yet been investigated. 

In certain caseg the changes through which a, hollow vortex goes are .periodi- 
cal, and it is a. question whether, with a proper motion of translation, they are 
: not always of this nature. d 

Let there be a distribution F., @,, H, inside a given surface. Then Fp, G,, Mn 
will have a. potential satisfying Laplace's equation ‘at all points where PA 0, 
G, = 0, and Ë, — 0, of the value Eno = — Xir 


a y 
IOPEDA ORC d. G5 
a isa ay t zsh ded, 
or integrating by parts | | 


sae ff (RU Bon + as — TE det andy. 


If within the surface 


= d UA X E dé, 
m ER AR 


UE cos 048 + gn, | ^ 


where 0 is the angls ie the. narmal to the surface and r, and the last term 





we have , 
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dee outside the surface where F, G,, and Ë, do not exist. Whence out- 


side the surface . f 
1 ; : ; 
ga= E JJ #00 088 HEN 


ë E À co 048 + dy 


. and inside 


The. integral is also evidently different outside and inside the surface. We 


evidently have also 
CANT = 0 guide the surface, 


and . ; 
AE, o = 0 inside the surface. 


` Hence this is a case similar to the one before it, and the surface has a distribution 
over it of motion of the (z + 1)" order given by the equations found there; this 
motion is confined to the surface, and forms closed circuits on it in order to 
satisfy’ the equation of continuity. 

When motion of the (x + 1)" order ‘is so distributed over the Suh that 
the component of the n* order of motion is zero in the direction of the normal 
to ihe surface, then, from what we have before proved, the motions of the | 
(n T 1)" order and higher orders will be confined to the surface, and will not 
- appear in the remainder of the fluid. Thus in the motion resulting from a solid 
body moving in the fluid, the motion of the zero order is zero at the surface, 
and so there is no.motion of the first or higher orders throughout the fluid, and 
the ‘motion of the zero order has a potential. 

If the discontinuous system F, G,, H,, whose component. is i, are sige 
tributed over a surface. with the resultant normal to the’ surface, d» being the 
thickness of the surface, and JM, d» being constant over the surface, then we have 
_ Seen that the shell so formed is equivalent to a line of (n + 1)" motion around 
the edge. 

if dS is the cross section of the line, we must have * 


1 Do. M, dv = M, .d8. 


The linear distribution of M, +, is then equivalent to the surface distribution of. 
M,. There will be a potential of the n™ order throughout space, satisfying 
Laplace's equation: the motion of the (n + 1)" and higher orders are confined 
to the boundary line of the surface, and are zero throughout the rest of the 
space. 








M ÁÁ 


# This is proved in the portion of this paper relating to the energy of the fluid. 
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So that all space except the line surély contains no motioï of the n® and 
lower orders, the n? only hevig a potential which satisfies Laplace’ s equation 
but is cyclic. ; 

. The components of the (n+ m order are readily. obtained bx differentiation 
of the equations. 





F, pue 4c " ds, 
My dS Tm 
í ü Gn 1 Aa J= ds, z 5 
| » AM, dS n 
Hoa y 4c ? ds, 


where J, m, and n are evidently the direction cosines of the element of the 
line ds. 

The scalar potential of the ge order is E pr Dor ond to the solid angle 
subtended by the line at the point, and can be computed by known methods. 
` The. components of the x order can also be simply obtained from the above : 
components of the (n — 1)" order by the proper differentiation. 

` As the motions of the (n + 1)* order and higher are confined to the line, the 
total motion of the fluid can be represented not. only by a line integral of. the 
(n +.1)* order, but also by a line integral of any of the higher orders: The exact 
form I have not yet investigated. | 

| As an illustration of the méthods here given, let us suppose that throughout 
a sphere of radius Æ there is a distribution of motion ne by F, while 
G, and H, are zero. We shall then have 


Ona =— HE à fJ earn : 


Fra 0. 
Qi 


where the integral is to pe aen throughout ‘the interior of the sphere. We 


thus find . ; ; ; 
i Inside the Sphere. ` : ` Outside the Sphere. 


0a api HE Lam UL ME 
; Pa = = Qr = mem 2,2 T = 0. 


Since we have. A ^ — q (n + 1)7"—?, we can write all the following quanti- 
ties Hom differentiating these : — | 
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On = 55 (15 R* + 10 sil Ona = = {H+ 57}; | 
a PPO FeO a: 
0,,— as * gg — Bs E NON 
LE i E Pa = Quac A UT = 0; 
MO; y= 408; LL MOL oO, 


From these we have 





b= | : pon 14 R — - 74} cos; Ea = T {2 R? + 57°} cos 6; 


` Tou 
; hoo : 5m r]cosÓ; ^ . i 241 = 8955 [9 7? — R} cos 0; 
| F, p i | FR cos 0 
bo = — TZ reos 6; E G7 — 78 a7 


Whence we ean write the whole system of vootor as follows :— - 




















F, a= i 52 + 10 Pr — ape, BE e UR + 5) — sa, 
Bu 0s Qus C i. 
Bue | | His 
EE et | i 2 ns = 0; : oe = L 
mas RR 7 00 Ga--wjst5e C 
Hy is= g (5B py; 0 qa E sly 
Fact amos ee, FRE da, 
eame “2 oe 

da Re 


3 
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Fi-1= 0; R= 0; 
ains Lamy i; 

P i Y; - H, =o n 
R-R-EPR Fm Etre, 
G4 — =; gm tec EE, 


The orders higher than these are only distributed over the surface, the next 
higher order being |. 


l i b 1s z E 
G, idv — — 3 F, P’ 
N - * » : 4 1 EN À 
H, idv = 3 


` 


The next higher order is distributed, as it were, on each side of the surface whose ` 
thicknėss is dv. l i 

By giving to.n different values up to n — 4, we can get various distributions 
of fluid motion, all of which satisfy the equation of continuity and are thus possi- - 
ble forms of motion. When n = 4, the motion of the fluid can be considered as 
due to a uniform distribution of motion of the fourth order, F;, throughout the 
Sphere, the motions of the lower orders being distributed as- given by the equa- 
tions. Or the motion can be considered as due to a distribution of FY, 41, Guy1, 
H, over the surface of the sphere. When n = 0, the case is that of a sphere 
of liquid proceeding forward uniformly in the direction of the axis of 2. 

If we replace the sphere by a solid PREIS the motion of the fluid outside wil 
remain the same as before. 

The changes which a sphere. moving in the manner described will iei 


. can be calculated from the drifting of the vortex ‘sheet backwards, as Shown 


further on. : > et | 
The sphere will thus tend to flatten in the’ ion of the axis of æ and 

broaden out in the other direction so as to form a figure somewhat similar to a '' 

prolate ellipsoid. ~~ AD 5 
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Ii is to be noted that the whole system of motions which I have given above 
.have only required one integration, and in the general case would only: require 
three for the complete determination of all the vectors up to the 2's order. 

As another illustration, take a distribution of F, along the axis of x, and make ` 
s = 2, as before. ‘Let the area of the. section of the small tube along the axis 
be a, and in the integration reject the part which becomes infinite. We 


thus find ` 


F, « 
us = "gg É log q. 
where — 
e q—wvi +2, 
: whence ' " 
f £a = 0, 
and, E 


"EM Be, | 
F,- = g 00,4 = + (9 +29 log q), 


G; 4,770. | | | ü , N 
H,_4=0; | 
et g | une : : | 
| G, = bou. 


i l F, 
| CR uei 





F,_2 = js 
G2 mi 0, 

H, = 0; 

F,- =0, 

G, i DES Fa a» 
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The calculation of F,, GC; H, makes. them zéro for all ndis of space except 
the axis of x, just as it should. ` . 

But we can also consider them as distributed over any surface enclosing the 
axis ofa. - | 

Taking a stream TN for EF, ,,.G, ,, H, , which will be any dii oe of 
, révolution around. the axis, the proper distribution of F,, G,, H, over the surface 
. will cause the above values outside the surface, and a Zero value .of F,- 1 6,5 
' H,_, inside. NE A 

Thus, take a circular gider of radius b. We must distribute F,a over the 
surface of thickness dv. "Therefore we have 


2 ab P, dy = Fa, 


Beside this distribution of FE, we can distribute it uniformly in the interior of the 
circular cylinder, or in any other way suggested by the equations. In the case 

-of uniform distribution throughout the cylinder we can replace it by a surface 
distribution of Faia, Cagis Ha 41 and so on ad infinitum, the exterior distribution 
of velocities being the same, bng the interior being differ ent, 


. The: iu of Forcés on Fluds. 


e 


“Let a system of osos whose components at the-point.x, y, z are X, Y, Z act 
on a fluid, and let p be the pressure of the fluid at the same poros The hydro- 
dynamical equations of Euler are then, . | 


‘ldp = ah dF, dF, dF, 
pda 4 7 We — Fa Go — Hy 


d G, d Go 
— Oy Gy Hu 


2 SAG CE P “Be 


It is usual in treatises on hydrodynamics 1 to consider. cases where X, Y,, Z 
have a potential, and it is there stated that vortex motion cannot be produced by 
such forces. But if we consider that Torces which have a scalar potential are 


i 
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such as are produced by direct attraction to or repulsion from points distributed 
throughout the fluid, we see that conservative forces acting- in an unlimited me- 
dium can never produce any motion whatever, but only influence the pressure. 

Thus the equations as they stand contain much that is superfluous, and the 
inotion will be the same in every respect if we differentiate in such à manner as 
to eliminate all portions of X, F, Z which depend on a scalar potential. 

Let us write . | - i 

W=5 +4 u? 


then the equations can be put in the form* 


aw : 
; + - = GE — HG, 
2 dG 
| ALLER RE, 
LA | | 
: E — A Ea = = Fr G, — GF. | 
Let us now write : " | i 
; dZ, dř, 
X dy "de? 
' _ dX, .d% 
- Ti de 
. dY, dX 
AZ—ud.—uy! 
i dE UY. ns dX, | dY, JŽ, 
and also Rin GBs Wt E erm : 
dX, dZ aX, aË E. 
A= GBH Ants tta PE 
"ET P EES ay, E. 
4mm sanis RE "T 
ete. =. '.etc. 


Now I have shown in the theory of vector quantities that every system of 
discontinuous vectors can be replaced by another system which satisfies the 
equation of continuity, provided we can shów a physieal reason for. the vectors. 





# Given in a more restricted form by Lamb, i in ‘his “Treatise on the Motion of Fidis p. 241. 


oof 
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satisfying that M 'In ilis ease under dadaan the pressure conducts . 
` the force applied at one point to another, and the whole system of forces so 
applied to the fluid must satisfy the equation of continuity. Hence for the 
system Xi F,» Za © can be HR the. system 


X;— X, bp 
= d 
: pere 
A A » 
d d 


. where 





| 1 E M 
Ke EUS dy +R) day 
When this kobititudion for the zero order i is made in the original equations, the - 
only portion of the pressure that.will remain will be that which arises from the 
motion of the fluid and not from the applied forces. In this case we can simply 
write . >. i 


X--Nx; Y= ET A AMA 


: ‘Differentiating the third of our equations Sai oie to y and the second with | 
respect to z, and subtracting, we can write the first of the following series of 
E equations ; the other two can be written from gumeny: — c 


(2 oF. dF, dF, . dy 
me ee mua a 

8G, da, dG; 4G, 

hw» Ax bu Hoy? 


where the symbol 8 refers to the moving element and has the well-known value - 
. 8 
à “FRET GG AE 


^ 


Performing the same operation on these, we have the equations | IL. | 


1 
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dy dz dy de | 


_ èF, dE, dF, PAS 446,40, | dade) 
A —E—ÁAg-0— S E20 "dy de dy de | 


l $^ E [ege - dH, dH, 
Pa i | d" de — dy dz 





~ 





ra p ( akan amd 

‘ : oS dz de. de dx 

— A da, ' . dG, dG, EE 
nS g he - hea -haEetate de de de dr E04 


Cl TE CN di, dH, dH, dH, 
Ao? 2 "os V TT de dx | E 





dF, dẹ, dP, dB, 
dr, dy ~ da’ dy 


“dad dG, Gy 
+9 + dz dy 7 T de dy 





BEC uo uH H, 2. dH, 
Zo nF- Gy — Bu 


dH, AH, dH, dH, 
"as dx dy dx dy 
When à fluid in motion is left to itself, the problem of the changes which it 
undergoes has never. been satisfactorily solved, even in the case of a single 
` vortex ring left in space by itself, and ‘the principles to guide one in the solution | 


of the problem have not been very satisfactorily given. 
When the forces acting on the fluid are zero, we have: 


èF, df, dF 

a4 ue ue ae Mr = 

8G, CE d G dG, ` LN - 
(6 — =F, “dæ + G, dy + i ae , 


À | =F, Ue ra IH DE del 
These equations contain the.wholé dynamics of the stibjest and simply show that 
the product of the strength of the first order of motion by its cross section is con- 
stant. This principle then, applied in the proper. way; contains the whole of the 
dynamics of a perfect fluid. 

The process indicated by the ajatola is as follows: Having given certain 
values of the components of the velocities, F}, Gos Hy, which satisfy the equation | =- 
'of continuity, we calculate from these the d of nes first order of 


motion. TUM 
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The variation of this first order of motion in each element às it drifts along is 
given by the above equations, or the variation of motion in- A fixed element 
^ ds given ‘by these modified: equations. 

' The variation of tlie fluid motion can then be Hotel jog these. Again 
applying the method, we could get a still further change, and if we continued 
- this step by step process indefinitely we might trace out the whole fluid motion. 

But we might originally obtain F,, Go, h as functions of v, y, z, and £, so that, 
for ¢ = constant, they should satisfy the equation of continuity, : and for variable, 
the above equations. . i; 

The result so found would give ‘all the changes which a given pyta would 
undergo which was started at a given time in any one of the configurations. 
. But it is to be par ticularly noted that in using these equations we must alway ys descend to 
` such small elements of the. fluid that discontinuity is avoided. 

Thus we should never treat a single vortex filament hy itself, but should 
descend to the still'smaller filaments of which the vortex filament is s composed, 
and apply our equations to these. —— Kur EE A 

In this manner the problem of the motion of a single vortex. filamént becomes 
‘perfectly determinate instead of indeterminate as before. And I believe that a 
recognition of this subject will lead to extremely important results in this subject. 
It is, then, in the study of these. a ential anon mn the final solution i is to 
be obtained. 

We can always tell from the equations in which direction the ten tends 
to change, and can thus base a theory of the stability of fluid motion on them. 
But I have not yet attempted to find any solutions. ` It is to be noted that the 
. equations are satisfied at all points of space for which the first order of motion is 
zero, and so we can always confine our attention to points where it exists. 

, But we aré able to regard the matter from another point of view. When no 
external forces act on the fluid, the equations of Euler become 


id» CM 
p dz. se? 
i1dp _ 8G 
pdy dt” : 
; tdp ^ 8H, 
: pde à? 
where 
& 7 à? à? 


are the forces of acceleration. of the fluid. `. Hens we have 
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a 5. a Bg 
dy à dea ^? 
d èr dH, — 0 
dz 8b — dm 8b °? 
d B6, dM ig - 
dx à dy % °° 


These equations simply express the fact that in a fluid not acted upon by exter- 
nal forces the forces of acceleration are acyclic. One of the most interesting 
cases'is that .of a surface of discontinuity. In Wi case the equations assume 





the form : 
AH; SHN dv . (8G. . 8G, NA 
D bbe Jde 7^ 
MS MEN de (SES SH do _ 
A x) dz” \ à ER 
8G, EGN dv SF MEN dv 
uk d dé — jJ dy p 


To get the meaning of these equations let us transform them until the normal 
to the surface is in the direction of the axis of X. We then have 


5H; 


pu ims 
3a 30» _ 
à 


And we also hare for the continuity of the fuid ` 
un M RA 


At all points of the fluid where there is no discontinuity,- but the fluid velocities 
are obtained from a potential, these equations are. satisfied. It is only where 
vortices exist that there is a possibility of the equations not holding. 
The equations show that there must be no discontinuity in the forces of 
. acceleration at the surface and parallel to it, though there.may be in the direc- i 
tion normal to the surface. 
If we then have a surface of discontinuity of this nature,” we must i dies add 
. to the forces of" acceleration in the interior of the surface others so as to make 
the system continuous at'the surface in all directions except that perpendicular 
to the surface. This is the same thing as saying that forces must exist through- 
out the interior of the surface tending to change the configuration. 
These forces must evidently be acyclic within the surface, and have. the 
proper value at the surface, and so are perfectly determined. 
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As an illustration of these methods of finding what dynamical changes will 
take place in a fluid, let us take the case of a single vortex filament along the 
axis of X. The fluid velocity will.be inversely as the distance from the axis, or 


f Pn 0, 
G, — Fa 2 
H, = = Fa 2 
where g = V4? +2, and a is the sectional area of the filament. 
| Let us take a stream surface bounded by «= b and = 0 and g = c and 


q.7 e; and distribute Fa over it according to our Sub Then, on taking 
away the original distribution of vortex motion, the fluid will move within the 


. Surface the same as before, but without will be at rest. . We immediately see 


that thé system is not in equilibrium, for the centrifugal force of the moving 
liquid remains unbalanced by the fluid pressure. We readily see that the whole 
ring will'expand indefinitely. m g : 
The second method expresses the fact as follows: For the surface g = c and 
q= = e the vortex strength has of itself no tendency to vary. 
But on the plane surfaces we have 


oh SR sg 
d =o 








Ba jag Ó e | 
Now the distribution of G, and M; is in the radial direction, and so these equa- 
tions show that the direction of the-vortex elements tends to change to one in 
a direction perpendicular to g. Thus we arrive at dne same direction of change 
as before. | 

By the other method of Tokes upon the problem, we see that forces of 


acceleration must exist in the stationary fluid, and so the stationary portion will 


, tend to move. The direction is readily determined. 


We are now prepared to state what the conditions are that there shall be no 


` tendency to change from its present configuration. 


For a surface of discontinuity the condition is simply that the surface be a 
stream surface and that the strength of the surface, Mdv, be constant, or that the 
fluid velocity on'the two sides of the heet be everywhere equal and opposite in 


direction. 
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This investigation’ has led us to done upon the subjéct of vortex motion 
from a broader point of view than before. For we have seen that if we reckon 
up the amount of this motion by the number of fluid elements multiplied by 
the strength of the ‘motion in them, then the motion so reckoned is being 
constantly crented and destroyed, by the other fluid motions. But if we reckon 
the quantity of vortex motion by its surface integral taken across its cross 
section, or by its circulation, then the statement that it is indestructible by any 
motion lower than itself is perfectly correct. And this latter definition of the 
quantity of any vector is so important in the theory of the replacement of one 
system of vectors by another, that I propose that the term obtain general use. 

The equilibrium of fluid motion -can evidently be either stable, unstable, or 
neutral. Thus an infinitely long cylinder of fluid revolving around the axis in a 
medium at rest would evidently be in unstable equilibrium. Thomson has 
given the criteria for such cases in terms of the energy of the system, and I am 
not yet prepared to discuss the subject further. tos | 

But his conclusion as to the instability of all cases of disconiimicus fluid 
motion I am not willing to admit. The case of the hollow vortex, it seems to 
me, shows that there can be stable forms. For the changes which the system 
under goes are toward stability, seeing that the vortex distribution of the sheet 
tends to become uniform, which is a case of equilibrium. 

Again, the sheet can never be broken and the inside fluid mix with the out- 
side., Hence I am of the opinion that a hollow vortex ring is stable, and always 
tends to the form where the vortex strength of the sheet is uniform over the 
surface. But the subject should be sure ‘examined before a final decision 

can be reached. | 

To determine the pressure in fluid motion we can use the equations 


1dp __ . è 
pda =” 

Ldp |. M, 

pdy — 8&' 

1 dp 8H, ah? 

p de E ? 


whence we have 
f i èF d 8G, d .&H, 
. 2, = — M ra OGG e Oo 
Ap ae & dy E par^ t : 
whence 
rj id æ Tt dy òt +52 dedyde. 
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This can be.put in the form | 


= &fffiem- qmm OF, dH, | dG dH, dG, dH, 


dy dx — de dy | de de — dm de V de dy dy de | VE. 





We may also write a very € form from integration by parts 


1 
o P SF, 8G, d 8H, d; 
PET fff e di ee & dy A dk de |dxdyde. 

If the. forces of acceleration have a potential throughout a given region, 
. these reduce to surface. integrals. If the forces of acceleration form closed.cir- 
. euits, no fluid pressure exists; that is, if the forces of acceleration satisfy the 
equation of continuity. 

In this case, since we have y, 

| | dd ddG , d dH, — 
de di ty de dedi 
if we write 


Res dko LE 


dy + He 


d i 
8,= Fe + GP 


roe 


Ry = "E Go 


d Go 
‘de’ 


+H 


T,= a tO RET 


ETE + ana 


whence j ; 


- we shall then have | 


pe SSS ha E een m 


If M, is the resultant vortex motion and M, the resultant ordinary motion, and 
we draw v in the direction of M,,.we can write the equation in the form 


= - M| daily, 


aM,\? 
apes - (2571 
Ie points attracting as s the square of the distance be-distributed through space 
with a density | - 


TORLI 


or, a as we prefer to write it, 
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at every point, then the pressure would be the same as that due- to the motion - 


of the fluid. ND 
. In this sense the above expression may be. “considered as the source of the ` 


fluid pressure. _ 
Let us now. take the equations of page 260, and write 


I=@,H,— Hy Gy, 
J= HF, = FH, 
K = T, G, cS Gy Fi, 


whence we have, calling C a constant, 


p=C-$mi— er pede dedydz, 


which can be puti in the form 
p= oui [ffi m — Py Pa — Le &— H, Hj] dedydz. 


© We can also, from integration by par ts, as the sorties integral vanishes when 
the integral is taken throughout space, ae 
| di 


p= o-i +i ff. fon ae ae xS dvds 
This expression can be written in the form - 
p> 5 Mi E Pr 


where $ satisfies Laplace's equation at all points where no vortices exist. In 
the expression as ordinarily given, ¢ is the potential of the applied forces, but 
here it is given in terms of the vortex motion. 

Some of these expressions for the pressure are.similar to those obtained by ` 
Mr. Craig, and published in the J ournal of the Franklin Institute. ; 


ox 


On certain Possible -Cases of Steady Motion m a Viscous 
Fluid. 


By Tuomas Craie, — 
- Johns SE Prat ana United States Coast and Geodetic Bun 


Tus following paper contains, first, some general principles governing steady 
motion in viscous fluids; second, the detailed working out of two cases, (i) a 
sphere moving with constant velocity in the direction of the axis of a, (ii) an 
ellipsoid moving uniformly in the same direction. The results obtained are 
certain to hold for slow motions, though they have been obtained without that 
assumption, but it is not proved that the prescribed conditions will exist for rapid 
motions. If it can be shown that a » velocity can be chosen. for the. moving body, 


‘so that the. antiy 
, Vu. dx + do. dy + Aw 


.Shall be an exact discesa then. the solution below given-will hold for that 
case, and for that case only. | 

Part of what immediately follows I have already given in another place, but | 
“it is repeated here for convenience. 

The expressions for the fluid pressure in different cases are given in: the 
de Journal of the Franklin Institute," for October, 1880. The values found for 
the velocities of a fluid particle when a sphere moves in any direction in thé 
‘fluid are given in the “ Philosophical Magazine” for November, 1880. .A slight 
error exists in these values as there given, which is corrected here. 

-Denote by u, v, w the component velocities of a fluid particle in the direction 
of the axes 2, y, 2; p, the density of the fluid at the point 2, y, 2; p, the constant 
density, and p, the coefficient of viscosity ; the rer coefficient of viscosity 


or the ratio of y to p will be denoted by hive. E = k. 


"The equations of motion of an odii. viscous fluid are now 


- 
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p dx 
dv : 1 dp ; 
7 aaa, aire dE EX, (1) 
dw | Le, se 
di — Z- gs d kw, 


X, Y, Z being external forces. In what follows we will suppose the forces.’ 
X, Y, Z to possess a potential If the motion of the fluid is caused by a body’ 
. which has been projected in it, and is acted upon by forces due to a potential, 
the potential must be of the form 


Aa + By + On, 


for the motion to T He relatively to the body, as a tt resistance has 
then to be overcome. If the body is at rest and the liquid “Rene past it, , 
the potential must contain a term of the form 


PE Lo 


at infinity, to keep up the steady. motion ; otherwise: the motion would die away 
and the liquid come to rest from the presence of factors of the form e-?'.* | 

Denoting by č, 4, ¢ the component angular velocities of the fluid particle at 
the point 2, y, 2, we have 


_ 1 /dw dv 


; 1 /du dw ` 
n— 3 (2 m) LS (2) 
xcd dy AN, | 
c= 2\dx dy} 


From these follow readily the known relations 


dy dt 
23; — M eL Lem 
Au 2 (g dy > 


Ax =2 (2% , | (3). 
|o [É d 
Aw=2 (T 





* I am indebted to Mr. Greenhill of Brains College, Cambridge, for Ms above remarks, and also for 
many other most valuable suggestions. 
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Denote by Q the resultant angular velocity i then 
POPE zc 
q= det uw. | : (5) 


also write 


The internal friction involves a certain dissipation of energy ; the function 
expressing the rate of dissipation per unit volume has been called by Lord Ray- 
leigh the “ ADR -function ;” denoting this by E, we have | 


CHRONO CEE) 
d Ey y 


This can be given in a different form by ipining the expression for Ag; this 
is readily found to be 


.(6) 


Ag = - uAu + vA + wh w P MN 
CHAR 
(eee. o? 
cM 
Add 2.0? to à : sate we. will discs terms of the form 


UM dv 

dy de etc. 
Then. -compare the resulting form of equation (6), with. équation (7), and we 
have at once 


b= 25A 29 — (utu. + vaw + A) — 2} (8) 
or 
| du + slo ifm Ag EEA, | (9) 


~ .In equations 0) the Sante on the left hand sides may be replaced Bs 


EFL uoto + 0m — of), eto, * 
_ or by - A | | 
. i Ld Ey 2 (wy — vL), ete. 
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On making these changes, the equations of motion become 


du ASO) LE 4 à rs of) = A, 


p dz 
d 3 y 
aE + 20 ul) = Mi (10) 


d rt 1 d; 
Tt ED. P 2 (e£ — wj) = A. 
. To these is to be added the id continuity, - 


* E TE d. E (11) 
Write , . 

j E &. 
then, introducing the conditions for steady motion, (10) become 

. a | | : 

d; t 2(wn — vf) = kA, 
dP : 
dy + 2(ub — w£) = ko, (12) 


A + 2(v£ — un) = kA*w. 


If. we assume that the quantities Au, Av, Aro are the first differential co- 
efficients with Free to x, y, z of a function Q; these equations become 


d(P— kQ) 


ET — 9 (wn ` b 
Ug d--2100-u) © (3) 
LEE —— (06 — uy) 


€ 


Moine these bs: u, v, w. respectively, and then by £ », Lb and in each case 
adding the rene we have, writing for brevity ` 


9 — P—1Q, 
de : 
ue + 0 À uoo, | 
de de de (14) 
Sat tay Tee h 


- are satisfied; 
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and also . | | | | 
f dQ. ; i 
d; 7 {2 sinô,’ o a" (15) 


* where g = V2 q is the current velocity, and 8 is the angle between the stream ` 
line and the vortex line at the point g, 2 g. Hence the conditions that the state 
of motion of the fluid for which 


Au, dy + A% . dy + Ni . dz 


is an exact differential, are as follows: It must be possible to draw in the fluid a 
system of surfaces, @ = const., infinite in number, and each, of which is covered 
by a network of stream lines and vortex lines. This is the property denoted 
by equations (14). The product q'Q sin 8 dn must be constant over each such sur- 
face, dn denoting the length of the normal drawn to the consecutive surface of 
„the system. These results are identical in form with those given for a perfect 
fluid by Professor Lamb.in his work on Fluid Motion. In order that 


l Au. du + Av dy + Aw . dz 
shall be an' exact e the equations of condition 


A=, Aw-0 AN-0 - ` (16) 
must hold. 
If we assume that the motion of the fluid is so slow that squares and. pro- 
| ‘ducts of the velocities mey be neglected, equations (1) Become when a potential 
"exists, - 


iu = 27, 
Ho | . (QT) 
kA = e n 
.. where : - [ ; 
Le | y= +f. S | (18) 
E this case the quantity "s 
i Mu. dz + Ato. dy + Aw. ds : 


is obviously. a an exact differential, and the equations of condition 


æ= 0, My =, CAMEÓO 


From SE ( 12) we Lo in every case, 
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u (= = katu ) +v c p? tao) +.w t = At) = 0, 


3f t = katu) d ($ S kato) +t (E — ke) = 0, 


so that the conditions for steady motion hold now as in the particular case just 
mentioned ; but in this case the surfaces in the fluid are given by the differential 


(18) 


equation i ; 
| dP — k(Au.de + A% .dy + Mw .dz) = 0. (20) 
Write for convenience . — = 
E L= vf — wn, T 
M = w£ — ut, (21) 
| N= um — v6. ' | 
Equations (12) now become | 
i dP E 
| d; T 2 L = kiu, l 
dP iu G E 
wy 2M— ka, a (22) 
T — 2 N= kw; | 


and from these, by differentiating for x, y, z, respectively, and adding, we have 
| dE dM NN. 0. 2. 0. uu 
SPA) . 7 (23) 


The same equation holds when the motion is not steady ; for if we differen- 
tiate equations (10) for x, y, z, respectively, and add, the terms containing the . 
differential coefficients of w, v, w with respect to £ will disappear by virtue of 
the equation of continuity. Integrating (23), and substituting for P its value, 
there results : 


Pao {hf (G+ He rt on. 


‘In the general case G is a function of the time; for steady motion, however: 
it is a constant. The quantities L, M, JV may be the first differential coefficients 
with respect to x, y, z of function of v, y, 2; suppose such a function Y to exist - 
that we have . 





dum 
2ac- S, Vno l2 ‘© sd) 
de tes 


BRS i 
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equations (2) become in | this case ' 





d(P 
gu = kA*u, 
"4(P—Yv) ,,.  ' | | 
ag Bae, " (26) 
a(P— PP EMT | 
LL x: = kaw ; à 
and from these results | eU. 0X i 
a (P= pes = 0, ^ (27) 
and Su | 
Ait 7 / 
+ US Pewwrre | e 
.3n which 
A = ia T ie + a . | » | | (29) 


Equation (24) can be thrown into another form by very simple transformations. 
Mio 


D = L+ MN’; «oo, 4 (30) 
.. then, denoting by a, B, y the direction-cosines of the vector D, 
i L=aD, _ o 
Gr-2BD 720, 0 (8) 
N=yD. | | 
.. Substituting in (30) the values of L, M, N, we have | 
Da a EN a+] o (3m) 
. or | i 
i (7 D= dO sin 8, (33) 


where $i is the angle between the stream line. and the vortex line at the point 
, 8, Y, Z- Now let a, b, c denote the direction-cosines of a normal to the closed 
surface containing the fluid ; then 


aa MB ey 


- ig the sine of the angle between the normal and the vlde nes the instan- 
taneous axis of rotation Q and the direction of the resultant velocity q’, or 


sin $ = aa + bB + oy. (84) 


Similarly, if we dénote by a’, b',¢ the direction-cosines of the line joining (x, y, 2) 
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to (z^, y, z) and d the angle between this line and the above-mentioned plane, 
we have | 


sin — d'a + VRB + cy. MEAN (35) 
Take now the triple integral in (24), 


dL , dM da! d yy! dg! 
~z JJS Get dy + a) 5 o 


Er s ry E fff EEEN s djdd, 


where do is an element of the bounding surface. By virtue of the above equa- 
tions, we have 


&.L + bM + cN = (aa + bB + cy) D = ga sin 8 sin 4, 


and similarly 





this is 


a. L-- UM T cN -— ga sins sing’; - 


RC aa 
2 AE do Ta LN go sn? sin os i had 2. 


and finally (24) becomes 
Q 3 $ 'Q si ; ud 2 toe 
2=G—(V+4q)+ RI sin 8 sin seth fees sin à sin ee dy a (87) 


If the motion in the fluid is a screw motion, i. e. if the diction of motion be 
along : the instantaneous axis of rotation, we shall have 8 — 0, and conse- 
quently 


therefore 


(36) 


2=@-(V+q). | (88) 


If the plane containing the direction of motion and the’ instantaneous axis of 
rotation be always normal to the bounding oe we shall have $ — 0, and 


then - 
7a às Es 
2-6 —(V- g) +e JTE avayar. (39) 


We will pass now to the consideration of one or two particular c cases. As- 
sume, first, that u, v, w are given by the equations 


6^ 
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aw Gr 
M dy de 
dU aw B | 
v= RT di js (40) 
| av dU m 
w= de dy 


The functions U, V, Ww must, as is well known, satisfy the equations. of con- 
dition, 
AU -—- —2£, cm Ay --—2t, i 
+ P" ae u = 0. * l 


Instead of thè three functions U, V, W, we may introduce a single function D 


and write 
U = Z dy TT y de? 


dà db. 7 TEE 


db - d$. 
W=y a7 dy! 


these quantities will satisfy equations (41), and give us for the values of £, », £, 


IE: ( do d$ em | a 
n=l dz aa)" -- . (48) 
ES ( d$ dp 
| ers Um ta) 
where ; 
p=- A. 


‘The function $ must also satisfy tlie equation ; | 
PV = 0; | > (45) 

since TN xd 

| LE = = Am = A = 0. . 

‘For $ we can take any homogeneous fonction of the n° due satisfying (45) 

and then will have —— 


I Cini vU o (e) 
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or $ represents a solid spherical harmonic of the degree n. For the values of 
u, v, w we have now | 


d 

d yi : 
fee ihe ie (47) 
d 
DT 


Jo +a T ety tog p 


Reverting to equations (8) for a convenient form of obtaining the values of Au, 
Av, Av, we readily find for these quantities the values 


do 
23; — MM A 
Au =n a 


: d | 
Mo = n , (48) 
+. 

Aw =n c 
The function Q of equations (13) is now the function nd, or Q is in this case 
a solid spherical harmonic of the degree n. Equations (40) involve the assumption 
that the motion is purely of a rotational character. If we for.a moment abstract 
the friction in the fluid from consideration, the motion, if caused by a solid mov- 
ing in: the fluid, will be irrotational, and therefore subject to a velocity potential, 


say y, satisfying the equation A* = 0. We can then in general write the values 
of u, v, w in the forms 


Dior av 





UT do dy de 
d dU dW 

=D E d so (49) 
dy e dU. 
werde — dy” 


Equations (43), giving the values of the rotation components, will be, of course, 
unaltered by this change in the values of-w, v, w, and we shall have, instead of (47), 


d d® Ib de < 
—€— a tob 


i 


d do do dà 
vag l—ytetegty ge tel tg (50) 
: | 


w = 


de. dà db 
a Pieten ty gs te) t 
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. From equations (43) we derive at once 


dp ,_- d$, „dẹ i. 
ÉD TD tim ` po W^ (51) 





from which it follows that the vortex lines lie on the surfaces given by the equa- 
tion ¢ = const. From equations (14) we have, however, since in this case 


: Au. du + A% . dy + Aw: dz 
is an exact differential, . i 


dà de de 
Ep tipy tie Th 


` and- consequently the vortex lines i in the fluid lie at the intersection of the sur- 


. faces 


"s dub 


b= cónst: 
(52) 

© = const. 
| The surfaces © are fixed in the fluid, but the surfaces ¢ may move; their 
motion, however, will always be in such a manner that the above condition shall 
be satisfied. Equations (50) can be form into a simpler form by the following 
considerations. . Write 


E 2 Gb +2) 


and 
i log r = À. 
Then 
i dà do. 
F dx + Y Ty z Ta de LE 
d 1 4 
dr 7 a 
| and consequently E 
SE eb dè 
"Ge Ta 


We have then 
- . d . E ab | | i * M 
cha vroia) Taes o 09 


| "The solution of the problem when the motion of the fluid is caused by. a sphere 
moving through itis quite simple.*. We have first to determine : the ‘velocity 


©: * See an article on this subject by the author in the “ Philosophical Magazine ” for November, 1880. 
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potential. In Lamb's <“ Treatise on Fluid Motion” he gives a solution, due to 
. Stokes, of the problem of a sphere moving with uniform velocity in a viscous 
fluid in the case when the motion of the solid is along the axis of v; and the 
motion of -the fluid is symmetrical around this axis. Special polar co-ordinates 
are employed in obtaining the required solution, but from the general values 
above given for u, v, w, we can readily obtain the same.results in a very simple 
manner. We will consider this case for a moment, as the forms of u, v, w thus 
obtained are of use in another and rather more difficult problem. At an in- 
finitely great distance from the origin-the fluid is streaming along the axis of a4 
with a velocity = = —), or j 


u=), 
| v = 0, 
w= 0, 


for all of the motion which is due to a velocity potential We have then, ‘as 
indeed,we know from other considerations, 


J l , . = — AN 
Our former value of 4 was 
| b= Elid 
where | Je. 
4 a aed 
this will now reduce to 
$ = dy = — ix. 


For the general value of u we take into account the friction terms. The quan- 
tities Z; and A; will all disappear with the exception of Z, and R,, and these 
also vanish atinfinity. For these we bave the values 


For « we have, Mic 


aR, 


[542005 rés R), 


which, on S the values of Z4, Ri, A becomes 


Ope 


=? 
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malus 39 P^ Prise, 
OF D eS | es ail r7 | 
But d pre. 
r—3e d 1 
mr 
and 
wo. d d^ 
« T3 Pp © a>? 
Writing then’ TAS I 
QU ^ Bra 1 . 
pub s 
DU 1d ATE 
ox wx i 
we have finally a 
. .,. dA, dX 
U=X—-X +a e+ ge? 
or | | 
out ) 
Similarly, | 


The determination of the resistance experienced by the sphere, supposing it 
to move along x with velocity = +}, is the same thing as the determination of the 
pressure upon the sphere supposed at rest and .the fluid streaming past it with 
- velocity — — X The latter case is the one that we are dealing with, and to 
obtain this pressure we use the dissipation-function, employing the form ` 


CNN E=2y {Ag — (uu + vA% + soo) — 2.0%}: ` 
We had . ; d : 
ae ae a EA Ee onus Bs teh, Gs YEG ua 
dd ; . "e 


2 A'g = 4 (GA n qeu ue 
substituting ihe values of u, v, w, oe es | 
d ) E d 
pau "4 (er 
where for br evity x we have written me 


meu Q9 zi eim ou 
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to this add, ` 
f . “Bra 
a= EU. 
G Ag 
P4? 


now, introducing the values of Q and X,, we find readily 














2 19252 2 2 de =< 
2 Ag a? © - 2 Lg 36 mE jag = 60 a? Lada n 

We also find easily 

` P cam 12 x? zs 45 ET =£ 

2 (u Au + vA% + wAw) = eo E PT aa + dad 
and : : . 
r? 
40? — — £ a a at 7 Zz 
-Combining all of these, we obtain 
| , 12 3657-7239 "7. Ga 
E= pie DRE — 28 


Spp 68 368w 36 B, 
NO ri Po 


Writing ` 
z = cos 6, i 


multiplying Z by 2 a" sin 6 dédr, and integrating from 0 = 0 to 0 = « and from 
r=4¢ to r = co, we have, for the total rate of dissipation of energy, 


wo . ELT ; aie HILL 
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If X denote the force which must act upon the sphere i in order to keepa it at 
rest, we have 


XX = 6 TLAN, 
or "I 
~ X = 6 rpa. 


: These are the results given by Lamb in his treatise. In the general case the 
velocity u can be written in the form 


"nn | 
w= 5 [E Ci Rtn ey — % (Lb) — ia; (BA) | 


\ 


N 
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with similar expressions for v and w. dass the operator 35 to this, we | have, 
if we assume E 


u =w + u H... +, 


à 9 = . ds; 
E hcm 
and 
E ^ d 
l Au = g; E85 
also , 
oie d 
A0 = gy Es, 
d 
Aw = = 


The other terms vanish on applying this operator, as of course they sliould do. 

In the case.where the axis of spin and the direction of the current velocity 
lie always in a plane normal to the surface of the solid, we have for the determi- 
nation of the pressure E 


$—6-(F gd TE fos iie i ay a. 


In the problem just discussed of the motion of the fluid all parallel to the axis 

of x, we have 
ué + vo + wl = 0, 

or di stream lines ai vortex lines are at right angles to each other; this 


|. gives 
sin 18 =], 


and obviously in this case the plane above mentioned is normal to the surface 
ofthe sphere. We have then i 


bnp a) PASER. du de. 


Concerning Y we have 
therefore 
: Y v= 6 aja — const. 


‘In the general case, i here there is no restriction as to the direction of motion of: 
the fluid; the presaure must be determined by means of the equation 
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TE R fj enn, b a fff eser aac" 


The computation would certainly be very difficult, if not impossible; from the 
complicated: nature of the quantities involved. The first step, however, would 
be the determination of V; the angles 8 and $ can be. found from the expres- 
sions for the velocities.. If the. motion is very slow and no external forces ‘act 
-on the fluid, we shall always have : AE 


UN 


E = ee ; det Av . dy + Aw. dz). | 
Kirchhoff (vide Mathematische Physik, p. 377) has solved the problem of an 
ellipsoid of revolution rotating with constant velocity about its axis in a viscous 
fluid, ‘both for the cases of an infinite extent of fluid and for a mass of fluid 
. contained within a confocal ellipsoid. I do not see how to attack the general 
problem of the motion of any ellipsoid in a mass of viscous fluid; but for 
the case of simple translation a along one of the axes it is not difficult to. find 
values for «u,v, w which will satisfy all the prescribed conditions. Suppose an 
ellipsoid in the fluid with its axes coinciding with those of the co-ordinates, 
"m | 
Tata 1. E 
~, If we assume first the case of no ‘friction, and call V the potential of the 
ellipsoid at an external point, we have 
. Z s + t , ep a : m : 
ET ET NET OOo 
V = rabe f as 
"ES uou WU CH EDU PS xcu 
or aM ". 3 . RP nr 
V = const. — 2 r (Aa + By? + Cz), 





where o is the greatest root of the equation. . 
d a ONE. mon 
DE Pis eae Fo = 


Now for the velocity potential $ we have (Ameri ican Ji onia of Mathematics, 
Vol. II. p. 260, et seq. J; 


EEG 


| Thé quantities M; B; Care known tobe ^ . .: 


in which 


in which 


w = 


u=1—2%+ 


-— y 

A = abe a pw? 
= abel dy 

s de GETTIN 
— ael d 

Ni abc CEE 


0 /— 
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= Ty) (br y) (Ey. 


- The velocities v, v, w in this case, wilt have for values. j 


1 ey 
A+ AD) . dg? 
| du er- 
2x (2 — À) dady’ 
1 Cay 
2a (2 — À) dade 


Réverting now for a moment to the case of the s we had ` 


dx (a) + T 


& dun 1) t iiy : 


-a quantity proportional to the potential of the solid homogeneous sphere upon 


y 
an external point. The same remark, of course, holds concerning TC 2" 


` Write now for the velocities in the case of the ellipsoid the following Semis of 
values similar to those obtained for the sphere : — i 


"1 


1 


* (ov) * TrA) tay’ 


a, 1 


ey 


us ài E (av) taea T 


ey ` 


ey 


Ao A) dade" 


286 Craig: On certain- Possible Cases of 


. These must satisfy the equation 
du 
| da +5 dy ^ d 0; 
this gives 
E 4 à Go) = 0, 
or simply’ ; 3 
; | : AY = 0. 


This is satisfied (Ferrer’s Spherical Harmonics, p. 110) by assuming 





- J BENE 
— ———Ó—————————— Ó—— o" 
v(a -- y) G+ y) (+ 9) 
ù and o having the meaning already assigned them. For greater convenience 


we will write 
| V = const. — (A422 + By’ + G2), : 
where ; 
A; = 2 ica ete., . 


voii] EET a 
v(a” + y) (E + V) E+ Ü 


This (ener p. 111) is the potential of a homogeneous ellipsoidal shell of 
determinate density at an external point. For the density we have (Kirchhoff, 
p.179) i NU 


also 


which gives at once ; 
; s NET ETUR owe 
A= G +5 + 5) , 


that is, the density of the ellipsoidal shell at any point is proportional to the 

central perpendicular upon the tangent plane to the surface at that point. The 

values given now for u, v, w satisfy all required conditions, and we have i in this 

case also p 
Au dx + fv dy + Aw. de, E 

"an exact differential, viz. d. A^ (xF). For greater generality, however, we may 
introduce two arbitrary constants, P. a and B; then | 
B ey 
Nur À—2aY + a (ew) + (42 — À) dz? 3? 

E l B dy 

v= RS =O + ea a 


ee ; mE av 
a È x (av) + (Ex — 4) dade" 
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Now at the surface of the body we have- 
o pm he =w= 0, 

asd also at the surface o = 0; therefore 
| z | 
= 9 b ————————MÀ——————— 
fes 





It. sii be convenient here to make a little digression and give the. values of 
certain of our quantities as elliptic functions. Take V4, te, V, as the variable 
parameters of'a system of surfaces confocal to thé given ellipsoid; à, &, 8 as 
the amplitudes of three elliptic integrals 


; doc, fd of & 
AE Jr a= fl b = A (QR 


LL (È p) (è V) (I y) 
| (a? — Me c 


We have now 


Ë + h) (0? + Yo) (0° + Ya) 
7 (6° a ?) (0 SE a?) ? 


(9) 99 E49) 
EU E 





Write now 
à * . az =— e = 2 
= @ c? : 
: Ji VY ——3— " 75 
then make i i 
ł = tan ài yi 


where 8, lies between 0 and 5 Similar E E for. rss and Y give us 


finally 
; dn 6, sn 6- 
sn 0, 


= Ve — À: 3. 


yc vac dn 0, cn 6, en de 


sn 0, 


eg Rada iR 


‘sn & . 





p! 


— € 


In the above the modulus £ is = y a P. 


: We have also for the quantities 4, By, 6, the values” | 


- or 


288 ' Craie: On certain Possible. Cases:of | 


2 b set 
Ay = GF = f wi 6,46, 


2 abc 1— und 
wmf Cua! a) ae 


NC M 3 sn° 6, ; ; 


9 











| I (kb, dE , @(8) 
i di ui 
I (6 dlog Kk | @'(6, + K) 
Wes dk REE 
Fa og HQ, +K)— ZG 
where for brevity I have NK 
T" | $i rds à 
x | d (a? — "yi 


The above tr ansformations- are given in full i iñ an article, “ On the Motion of 
an Ellipsoid in a Fluid," Ametican Journal of Mathematics, Vol. IL We find, 


by the same M T x iod 
C 4 rabe 








= 2 mabe, Log ai E) 0, E 
and also l 
= 2 wae, Fan _ = en K, 


K denoting the complete elliptic Bend of the first kind. Equating now " 
zero the found values of wu, v, w, we have at once, by means of. the foregoing 


transfor mations, l 
(a? — ey À 
q — 2 abc wf sn? 0, dû, — È r (à? — e) K 


B= esq as. 

The computation of the force necessary to keep ihe body in place, or the | 
force which must be applied to overcome the resistance of the fluid if thé body 
is moving through it, could be in this case, as in the former, computed by means 
of .the dissipation-function ; ; but the process would be rather tedious and compli- 
cated. We can, however, without much difficulty, compute the pressuré over 

the surface of the body supposed in motion. Observe that since Y is a surface 
` potential corresponding to a surface density ` fo SSeS MEE. 





and 
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z* yb, ANSE 
($$$) = =o, 


at each point of the. ellipsoidal shell we can write - 


waff sae. 


where de is an element of area of the surface, and: | 
"m GT EUG. 


If we denote by Pı, p», ps the pressures en unit of area, and by de the element 
of area of an infinitely great sphere containing the fluid, the, following equations 
are known to be satisfied : o d e 


Jf pide +f pid = = 0, 
Jf ade Jf padé = (, 
Jf pide + ff pide = 0 ; 


in our case these reduce to-the first equation only since p, — Ps = 0. 
Making rj = x^ + y? + 2?, we have ` - 





CANONE er ED 
w ep ETS TRE Fer 


for the points at infinity, i. e. the points on the sphere it will be sufficient to take 


1 1 
5 = =) 
, T 2* 
and consequently JE i 
: : ou | 1 ps 
E ode. NE 





For brevity, write ! | 
S00 AN VE T a) (OF s) (F F da), 
Ñ, = V (as + s) (OF Fs) ( + ya). | 
The quantity ede is now given by (Ferrer's PACA Harmonics, page 129) 


r iabe Ql We) | 
ade = T NN dis dis; 








and consequently à 
| tabe (Us — We) $ 
P= -T f UNA dijs diis, 


` or, since yy is ete — c, and — ^ and Rs Rene = bz and dé, 





X 
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For N; and JV; we can readily find values similar to that Adds found for N, 
In fact we have 


en? 6, 


S. dn? 6; 
e+ n= ae T Et y= (P e) 4, 


giving 
dn 6, en 0 : 


sn? 0, 


JN, = (d! — e} 

Also ` | . | 

+= (@—C) dw, += P e)n de, Hy = — (b — e) sit; 

and | | , - l i EN | 

ds (ao) ent 0, + = — (d — 9) on? 05, + Bee) dn? z. 

Fon these we get T cy d | E 

Ja — p = (e dades — dn? wal, 

v: — i = (d — E — 12 m. 

Substituting in W, and JV, the values now found for a’ + ys, etc., these become . 

AN; = i (0 — d) VE — sn 6, en 6, dn b, | 

M= (dh — 9) Val — snb; on 6, dn bs; 

the above integral now becomes 


=e f f a à — PP sin &)) df, 


. Since 


poc 
jj 5n 6 = en 0 dn 6, 

E jj dn 0 = — E? sn 0 en 0. 

: Now | | 


f av 0402 = t 0, + Z6, 


where Z6, is the periodic part of the integral, and 


— #f sn? a, = Zt + (z— De bs. 
Therefore, finally, i | 


d Sode s aL ao, | 7. + zà] $ { db, Ee (x za) die 
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the integration to be extended over the entire surface of the ellipsoid. We will 
denote this integral by J, and then shall have for the surface potential 


J 
Wer. 


For the determination ofthe total pressure upon the body we hiv now 


EE | | | fac- - fae; ; 


the right-hand member of this equation, which we will denote by — X, can thus 
be computed by merely-integrating p, over the surface.of the infinite sphere. 
Suppose, first, tlie case of very slow motions; then, as we are only concerned 
with the value of p at.infinity, we neglect the squares and products of the veloci- 
ties, also the terms containing V, : 


EK. | | ` dp = 2 ap 55 du, 
de - 
p= Dan m | 


Now (Lamb's Fluid Motion, page 217), ` 
| M= Won +1 Apa npa, eto. 


where J, m, n are the direction-cosines of the morta) to the bounding surface; in 
this case 


| respectively. Also ; du 
| | Pa = — p+ 2p Ge? 


3 | du. dv SB * 
"2 | 27 ats | p 


du 
di up E z J? etc. 


The other relations are well known. We have now 


du ay 
dg 99 ug? 


uA d? 
LL 


ot du , dw d 


| We-have then 
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or (mea; 


av d dV 
jas. T da dr 
Ja? 
=— 6 ap x" 


Write z = cos X, multiply by 2 ar’ sin XdX and integrate from X = 0 to X — 9 T; 
Sf pde — 8 rað. > SE 

X= 8mopJ. | E 
Introducing the found values of a and J, this is 


Lesage falis ende flm (De) 


i a f, sn* 0 dà, — 2 (a — ©) K 


or id qo, [Z x ze, + f dO, [zs + (x m 1) a] 


X= 2 4spi( d veg 


Therefore we have 





a [(1—2) h= Za] — 27 (è — 9) x 


. The determination of this quantity in the general case will be extremely 
difficult, probably impossible. It will first be necessary to find the pressure of 
p from either of the formulas, no external forces ipe i 


ee 2 


L = vl — wy, M= — ub, av un, 





where : 


li 
or.from 


togari ff ti a iz 1 Lf (f ensis 10 sind ing ality! ad. 


The stream’ and vortex lines do not cut constantly at right "T so no simpli- 
fication of this last is possible. A farther investigation of this problem would 
require as a first step a thor rouge examinátion of the elliptic vortex rings formed 
in the fluid.* 


We have for the basis velocities 





£-— 0, | 
n" ^ qv i " 9% 
77 79g? : 

Qo dec 

i o 





* On this point s see an article “ On Circular Vortex Rings” by C. V. Coates, Quarterly Journal, Vol. XVI. 
p. 170. , : 
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‘These differential coefficients are known to be given by 


dw. o, (b) (PF v) 
dy S (a — Vs) (4, — V)? g 
dy (a? + 4) (^ + V). 


de 27 (a — Va) Ga Ys)’ 
we have then for the differential equation of the vortex lines 


ydy ede 0: B sone 
+ | dy c? | 








for y, = 0, or all points on the surface of the ellipsoid, this gives 


1 2 22 
T + z7 const. 





Introducing elliptic functions, 
i dy x MEL IS 9 Va c cn? 0, dn 0, en € cn 6, 
dy . sn 6, $1-—~ sn*6, (dn? 6, + 4? sn*6;) + 4? sn? 6, dn? 6, sn? 6j ? 
dy 2 ya? — è dn? 6, cn 0, sn 0, dn 6; 





dz — sno, 11 — sn? 0, (dn* 6 + 2? sn? 0a) + X? sn*6, dn? 8, sn? 69" 


. 
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On Binomial Congruences ; comprising an Extension of Fermat's and 


Wilson's Theorems, and a Theorem of which both are Special Cases. 


. By O. H. MITCHELL, 
Fellow in the Johns Hopkins University. 


Tur- complete theory of the binomial congruence x” = D mod.-k divides itself 
naturally into four parts. (1) The determination of n constitutes the theory of . 
the periodicity of power residues ;* (2) of x; the theory of the roots of the con- 
gruence ; (3) of D, the theory of the number. and the character of power resi- 
dues; (4) of k, the theory of cyclotomic HUM treated of in detail by . 
Professor Sylvester in Vol. IL, No. 4, of this Journal. 

The theorems commonly known in the first three divisions of this subject 
have reference only to those numbers which are prime to the modulus. It is 
`- proposed in this article to so generalize certain fundamental theorems in (1), (2 J 
` and (3), including Fermat's and Wilson's, that they shall apply to all numbers, 
and to give a single theorem under which Fermat’s and Wilson’ s theorems, thus . 
extended, are both included as special cases. ` 


$ 1. Introductory Definitions and Notation. 


The number of numbers prime to and less than a given number, #, Professor 
Sylvester has named the ofien? of b,and, instead of the old symbol, ¢(k), he 
uses 7(k) to designate it. In the following I shall speak of tle number of 
numbers less than #, containing one and only one of its unequal prime factors, 
as the totient of % with respect to that prime factor. Thus, if Æ = a'b"c", where 
- a, b, and c are prime numbers, I shall speak of the totient of Æ with respect to 
. a, or the a-totient of k, and shall designate it by v, (4), in conformity with Pro- 


| | fessor Sylvester's notation. Likewise, the number of numbers less than & which 


contain a and b, but not c, I shall call the ab-totient of k, and write it Tab (6). 





* Power residues is a term not used, I believe, but a needed translation of Polenz- Reste. 
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In general, representing by s the product of any given number of the unequal 
prime, factors of a number, #,-I shall speak of thé s-totient of k, and denote it 
by Ts (5). Ibis plain that, if k= a’d"e’, 


v, (E) = at (b'e) = at 1b e (a — 1) (e.— T). 
For there are a- 1b"? numbers. not greater than & which contain a, and, dividing 
these into a’? successive groups of b*e numbers each, we must reject from each 


group those numbers that contain either b or c, which leaves a Tir (b"c") num- 
bers. In the same way it is plain that | 


Talt) = dt 1h17) = à db 1 e X(e — 1). 


We may write the different totients of % = atre in the following symmetrical 
manner, viz. 


n(k) = av" eta 1) (b — 1). («— i. 


wu) * L0-)0-0(6—-1 
RS nm) =. *' (a-1)(..:)(e—1) 
Te (£) = s (a lb D osse) 


Hamm + qase D Cen Coe 
mies. de. duse 

mcm M. aoas d 

Ca) 205 Gu) 6 
The sum of these numbers is, of course, equal to k. This’: may readily be seen 
: by mute toat the different terms of the expansion of 


EYE a7 Ee) +O] [r (e) ter] 


are the above numbers; , and this expression readily reduces to abe.. If i‘=. the 


number of unequal prime factors in any number, 4, it is plain that the number ` 


‘of its different totients is 2 

It is convenient to have a.name for those. numbers whose enumeration makes 
up a totient of 4. Professor Sylvester has called them,‘in the case of the ordi- 
nary totient, the totitives of L. Following this nomenclature, I shall be under- 
stood in.speaking of the a-totitives, the, ab-totitives, and, in general, of the 


s-totitives of k. X, will conveniently denote any s-totitive o? k. I shall use s : 


throughout in the sense already defined, and shall use o to denote the product 
of the same factors denoted by the s in the context, each factor, however; being 


tt 


` 
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affectéd with the exponent which it ni ink, Thus, if k = ab... P.. Č, 
and 5 — ab .... l, then o = db.. .F. I shall use w Feiti as = ab ....q 
= the prodast of all the equal’: prime “factors of Æ. I shall call a’, vs dio; the 
components of k- Thus, we can define o as the product of a certain number of 
the components of oe ud s as the product of all the unequal prime factors of o. 


If s = 1, then o — 1. 


82 2. On the Number and the Pipe ‘ties of the Roots f x? = x og. 


The solutions of a = g mod. £ have an important part in what follows, and 
will here be noticed ROSE unt in detail ' This congruence breaks up into 


x= mod. cand x — 1 2-0 od. => Where o and = are prime to each other, since 
x and z — l are necessarily prime to each ee We may write «= 0 mod. o- 
k 
as a= Xo whence the second congruence becomes Ac = 1 mod. z The last 
k : 
congruence gives one and only one value. of À less thaw z, and, since «= Ac, 


there is one and only one value of z corresponding to this value of À which satis- 
fies the congruence = x mod. k. ‘The x obtained in this way is plainly an 
s-totitive of A. Designate it by R,. It is evident, now, that there are twice 
as many solutions of this congruence as there are ways of breaking up k into 
two factors prime to each other, viz: 2 where i= the number of the com- 
ponents of k. ps separations give different solutions. For suppose v = Ao, 


and Ao = 1 mod. - P to have the same solution as x = No’ and No’ = 1 jus 3 


Then Ac is dividible by both o and o/, and Ae — 1 is divisible by boih ^ f and 


k > 
=. But Xo and Ao — 1, differing by unity, are necessarily prime to énch ater. 


This gives oo" prime to i : E which is impossible if o and o' are different factors 
of‘k. Hence we have 

| Turorem I. The congruence x? = x mod. k has 2 se ae roots, one, root belonging 
to each of the 2 classes of the tolitives of K. 
COE ab“, the eight solutions of the congruence may be ended by Ri,- 
Ras R,, R, Rys Ra, Ra, Rae, the subscript denoting in each case to what class 
of totitives the root belongs. Ly always = 1, found by solving « = = 0 mod. T and 
$ =] mod.k. R, always = 0, found by solving g = 0 mod. % and x = 1 mod. 1. 

From x? = x mod. k we readily obtain z" = x mod. k. The solutions above. 





* In Serret’s Cours HAE Supérieure, $ 292, the solution of 2? = 1 mod. & is discussed, a congruence 
which ean be transformed into z? = x mod. $ by substitution. I solve the latter congruence anew rather than 
transform results, both because its solution is simpler, and because the properties of its roots are’ more funda- 
mental. . 


$ 
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are, then, repeating power residues of the modulus £, and, in accordance with a sug- 
gestion from Professor Sylvester. > are called the repetents of k. 
. I shall now -prove some theorems in regard to the addition, subtraction, and 
| multiplication of these repetents. 
In all that follows I suppose s, £’, s^ etc. to be prime. to c one another; unless 
otherwise stated. . 
Tutorea II. RR, = Ry mod. k. "ae f^ 
We saw, = the course of the proof of Theorem I, tint R= = 0 mod: c, and 


Jem moll that Ry = 0 rod. o, and Ry = 1 mod, P; and that Ry = 0 
mod oo’ and R= = mod. 7 z Whence R, BR, = 0 = Rw mod. co’, and R, Ry 
=1>5_4,/ mod. zy rales "RS Sd mod. k. Q.Ë D. E. 


CoROLLARY. "e. R= = Bys mod. k, since R,R,= : R, mod. k. - 
Turorem IIL R,+ B. = Rw — l mod. %. 


-For R, = E = 0 mod. - - ; and Ry — 1= =0 mod. gr and by multiplication, 


` (B, — 1) (Ry —1202m, Ry — R, = Ry +1 mod. k.- 
. R, + By = Ry +1 mod. k. 


COROLLARY l. R, + Ry = ] mod. k when ss = w, for then R, = 0 mod. k. 
COROLLARY 2. Rey + Ran = Rs + R, mod. k.: Hence, the sum of amy two 


of the. repetents of K is cóngruous to the sum of anyother two, provided the product of the 


subscripts is the same for each sum. 


CororLary 3. (R, — Hyy = 1 OR, mod. £, and when. ss’ = w, then. 


"R = 0, and we have (R, — &,) = 1 mod. k, obtained by squaring and reduc- 
ing. .E,— R, is, then, a root of a^ = 1 mod. £, in pony with the relation 
existing ` between, the algebraic roots of a? — x and as? — 1. In general, 


R= Rai is a root of X? = = Ru mod. À, where i = — 


ss! 
Trrorem IV. .R, — Ry = Rms — Kage mod. F, m being any product of the 
' unequal prime factors of & which is prime to s and s, and the relation holds 
whether s and s'are prime to each other or not. | In words, The residue mod. k, 
- ef the fer ence ` of any two of the repetenis of- k remains constant 1 thew subscripts be 
both multiplied by any prime factor or factors not contained in either, or both divided by 
any prime factor or factors common to both. For, by Theorem MI., Corollary 2, 


. R, + R ms — = Ry +R. mod. k. 
The most general theorem of A may be stated as follows, vin:— c 


- 
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Taeorem V. The modulus being k, the sum of a given number of repetents is 
congruous to the sum of the same number of any other repetents, provided only that ihe 
product of all the subscripts is the same in each sum. DEM 

For any sum of n repetents may plainly be transformed, by Theorem III, 
Corollary 2, in such a way that the first term will have for its subscript only those 
letters which occur in all the n terms. If there be no letters which occur in all 
the n terms, the first term may be transformed into R. The second term may 
be made to have for its subscript, in addition-to those contained in the first term, 
only those letters which occur in the remaining (n — 1) terms, and so on, till 
the last term whose subscript contains all the, different letters of the preceding 
Frs together with any which may occur in only one of the terms. Thus 


Barit Rat Ty Ry + R + By, + Rag + Re = = R +R + R; + Ry + Ry 
| + Rey + Rieter + Do caer mod. abc? dé ef y j 


by such a transformation. The number òf terms remains the same and the ` 
product of the subscripts remains the same. Evidently, every sum of terms . 
which fulfls the given conditions can be reduced to the same sum. Hence the 
theorem is proved. | | 

CoRoLLary l. R, + Ryt... t Re Roger. + nli, mod. k. 

COROLLARY 2. È Rys. = cr Reyon., 4 + C^ mod. #, where C^ denote 
the 7" coefficient of the n" power of a binomial. The first member of.the con- 
gruence denotes the sum of those repetents whose subscripts are the Cpp combi- 

pations of the (ri + 1) S's taken (r + 1) at a time. 
COROLLARY 3. If k= a'‘b"....¢, we have 


: R, + Zh, -+ LR + se + Ly S + Jia. = 9i—1 mod. k, 
where à = the number of the components of &. And also 


Ry — ER, + ERa — ER, +... (—) Ray = 0 mod. k. 


If we write 8 to denote briefly 2, where w is the product of all the unequal 


: prime factors of the modulus, k, we shall have a convenient notation for express- 
ing certain formule which will be most useful further on. As before, let 88,8”, 
etc. be prime to one another, but of course 8,5, $8? will not be so. It is io T 
remenibered that R, contains only those factors of # which are found in s, 
whereas À; contains only those nof found in s, so that the dash over s has the 
significance of a logical negative. 
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(A) By Rp = O modi ' 
-(B) Ry + R= Ry mod. k. 

(C) Seeks nok & 
(D) ER, OR, A mod. k. 
(E). -R;— Bp = — (R, — Ry) mod. k. 





TS 


(A) follows, since 5 y contains w. (B) is only Corollary 2, Theorem IIL, in 
another form. (C) follows directly from (B), and (D) from (C). 


Turonzx Vl If X = aR; + BR... + ARE) mod. d and X = dR; 


+ BR +e + NRD, and so on, for X, x", ete., where a, B,...:0, By... 
are any integers, then l 


(XX'X"...) = (add'. .. .) By + (BB BE". 3 Bg +. + (NN) RF mod. k. 


For since R; Ro = à all cross multiplication will give terms congruous to zero. 
COROLLARY: If X= aR; + BRy + .... + ARjm'mod. k, as before, then 
X” = he Bi he +... + RE m mod. 3 


Tagor VIL* Jf X= = aR; + BRs t+ .::. + xR, mod. jus = gt br. . . q', then 
X = a mod. a^, X = B mod. b*, ete., diis vice versa, 1 Ves X = amod. a5; X = B 
mod. b*,.... and X = x mod. q', then X = aR; + BRs. t >. + yR; mod. k = a'b" 


3S | These results follow from the definition of ilis restent Ra Rs, ete. 


Tuorem VIIL Jf AR; + BR; +... + QR; = AR + BR +....+ QR | 


mod. k = ab’... . q”, then A= A, B = B.. ..., mod. k.` "This follows from the 

definition of Rz, n. MA [See Dirichlet's Zahlentheorie, § 25.] i 
Turorem IX. Jf f(X) = 0 mod. k = à b"... . q” be transformed by the substitu- 

tion X = uR; + vBg +... + yRa, # becomes f(u) R: + f(v) Rp... + f(y) Ry 

= 0 mod. k, which involves f (u) = 0.mod. a*, £(v) = 0 mod. i ete. This is obvious 

. from Theorem VII. 

THEOREM X. Fl N, be any number which contains 9; then R, N, = = N; Tod k. 


For R, = 1 mod. 5 -= 


| L give below the repetents of the modulus $10, for the « convenience of any 
reader who may wish to illustrate the preceding theorems by examples. 





. * In Dirichlet’s Zahlentheorie, $ 25, this nen of a system of linear congruences is given. Aa’, Bb, .... 
- are used instead of Ra, H;,. ...., where A = =,-B = CRE and «^, b... ey are to be determined in such a 
way that Aa’ — 1 mod. af, Bb’ = 1 mod. V, ete, etc. “These conditions are the same as those which, as we 
have seen, the-repetents Ra, R;,.... fulfil. i - 
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Mod. 210 — 2.3.5.1. 





Jis y = 36 x 

Rı=106 | R,,—190 | Ry, 7= 105 
Js = 141 Ra 7 196 R; = 70 
R= 85 | Ris 15 | 1544-126 
R; = 91 Rz; = 21 4,5. 3.5 = 120 
; R; = 176: 











$ 3. Fermat’ 8 and Wilson’ 8 Theorems. 


On examination of a table of power residues for a given modulus, it will be 
seen that all the repetents of the modulus play the same part in the table as 
unity. Thus, in the following table, 





Mod. 15. 
Natural Numbers | 0 | 1 | 2 | 8| 4| 5] 6] 7] 8 | 9 110 | 11 | 12) a3 | 14 
Quad. Residues . | 0 4| 9/1/1001} 6] 414] 6 vies i|9] 4| 
|-Cubie Residues . | 0 | 1 | 8 [12/1 4| 816 |13 2 | 9 | 10] 31] 3| 7] 44 
Biquad. Residues | O0 | 1.| 1 6; 1/106] LL I1F6]|10] 11:6] 1| d 








the repetents 0, 6, and 10 have a part similar. to that of unity, which is itself one 
of the four repetents of 15. These numbers which we have.called repetents are, 
in fact, a kind of residual units. -Their fundamental property; R? = R, mod. k,. 
shows their analogy to ordinary unity, and Theorem II., which gives the product 
of two repetents congruous to a certain third one, shows. their analogy to the 
multiple units of quaternions, where we have ij =k. Their analogy to the double 
units of imaginary or complex quantities is seen in Theorems VIII. and IX. 
: It will now seem almost obvious that Fermat's, Wilson's, and other theor ems | 
in power residues ought to be extensible in. such a way that all these repetents, or 
residual units, shall have the same part as unity has in the present forms of the : 
theorems. ‘It will now be shown that.such is the case. 
< Æxlension of Fermat's Theoren for Composite Moduli.» X; = R, mod. %. For 
-a proof I generalize one of the proofs of the ordinary theorem. Let a, B, y; 
. œ be the r,(#) s-totitives of Z. Multiply each member of the group by any 
one, as p. The series then becomes ap, Bp, yp>-...æp. No two members of 
this latter series are congruous mod. #, for (0 — 8) p cannot contain # The 
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numbers are still s-totitives of k, dor no new factor has been Badii by the 


multiplication. The numbers of the second series are, therefore, taken in some . 


order, congruous respectively to the numbers of the first series, and we have 

(aB .. sept = a8..... mod. k, or (aB....) (p? — 1) = 0 mod. k. 
> k | : “he 

A ps 1 mod. À =. But R, = 1 mod. - z [Theorem I], .-. p? = R, mod. =. Both 


sides of this Lie congruence evidently contain g, for À, = Àe [Theorem I.], and 
the unequal prime Motorsi in p evidently cannot have -smaller exponents in p^ 0 
than they DERA in o. p? = R, mod. £, or, , writing X, for. p, 


"aus. R, mod. k. Q.E.D. 


For s = 1, we haye À, = 1, and a = 1 mod. 4, =the ordinary form of the 
Fermatian theorem for composite moduli, in which x is supposed prime to #. 


“This .is now ‘seen to be only one of the 2 different cases of the extended 


theorem. 
"I now give another — dependent upon. ilie ordinar y theorem. 
Let k= db"... PnP... g, and s=ab..... l f X, z d mod. a, X, 


E b mod. b", . (X, =g mod. g f then X, za Hz + VR, +... . + gR; mod. £ 


[$ 2, Theorem vii] | 
VASE d" Ra + Rd iio ("^ E; mod. # [S Jke VI]; 
(oe XW = Rate. OCT By = Ray = R, mod. k. 


For, from ‘the linear congruences, d contains a, b contains b,.... 7 Conan l, 
nv is prime to m’,.... and g prime to 9. Hence aR, = 0 riod: k,. 1.. FOR, 
= 0 mod. k, m^? = 1 mod. m’, „and $^ = 1 mod. , r,(#) contain- 


ing r(m”),...., and. T (q^). We dus Ra... k= = Bs z mod. k, by § 2, 
Formula (C). ` m 
| This method of proof especially brings out the analogy between this theorem 
and De Moivre's théorem concerning the n™ roots of unity. 
Examples. If k = 210 = 2.3.5.7 [see table in last section], Rz. = 36, and 
XZ,-36.mod. 210, where X, is any 2.3- totitive of 210, ive. any number 
‘which’ contains ‘both 2-and 3, but not 5 or T. So X£, = 120 mod. 210, where 
X, 5.5 is any number that coritains 2, 3, and 5, but not 7, etc. 
Whatever has been proved, Theorems II. to X. in regui, to R,, may now 
. be stated in terms of X5. For instance, Corollary 3 3, picorer VI, becomes, 
since T “ey is a multiple of z, (4), 


xo HE + EX" +... EXP LE 2-2 mod, À B 
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The original theorem of Fermat, for prime numbers, may be regarded as a 
special case of this last congruence, for when i is pons 2:—1 = 1, and we have 
Xj] =I mod. +. 

If we designate by II,(£) the product of the Ts (Æ) s-totitives of k, we may 


state 
An Extension of Wilson’s Theorem for Composite Moduli IL(k)z R, mod. k, 


k 
except when — is a power of an odd prime number, double such a power, or = 4, and = z ís 
at the same time un odd number, in all of which cases TL (k) = — R, mod. k. 
WIE : k 
- Proof. Since r,(#) = = T ( , we may divide the s-totitives of 7 into = ; groups 


of + (2) each, and may HG the theorem to bé proved as follows : — 
FIN T fh l 
caf] (Co 2] o Q) m] LT 
; % E . 7. 
[ mG) ; each 4- G — 1) =| == + R; mod. /. 


We have here ‘Ts (x) numbers less than #, and no two of them are congruous ;. 
ae poppe ls + = — =ms+ p” = mod. k, where z and m are prime totitives 
ot? — This may i written (1 — HO coro D © * mod. I, which is impossible, 
| since the right member is divisible by = ` and the left is prime to =, l 
R, contains c by Theorem I., and z,(4) i is plainly in no case um than any 
exponent ino. Therefore both sides contain e whatever may be the age of Rs. 
ir? be a power of an odd prime number, double os a. power, or — 4, each 
ones is congruous to — 1 mod. E, If, further, - = be at the same Md an 
- odd number, the product of all the parentheses i is sicht to—1 mod. ^ = iS 
all other enses the product of the parentheses is congruous to +1 moa. * = 
The congruence to be proved reduces, then, to + s = +.1 mod. 3 and, if 1 bs | 


taken with the same sign as the left-hand member, this is a valid congruente by 
the Fermatian theorem. Hence, the original congruence being valid for both 


k 
mod. o- and mod. =, itis valid for mod. k. Q.E.D. 


Another proof of this theorem is as follows: Let b = œb" .... Pm? .. “W's 
and s— ab....1. Then if X; = « mod. at = g mod. f, and Xma 
mod.a^.... X = = g” mod. $^, and so on for X", etc. ; 

| . X = dB +VR +. pur ; mod. k, 


; = d Ra tH y eue Bz‘ oe 
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and so on for XT", ete., all the 7, a) s-totitives of % bens obtained in this way, 
since there are a~? terms, a’, a", etc, D"—! terms, b, b”; etc., F1 terms, 


7, l', etc, c (m?) terms, m’, m^, etc, and (g^) terms, d, q^... ., nd the prod- 
uct of these numbers. a/710*—1.... P- *r(m)....7(¢) =7,(k). Then. we 


^ have | t 
7, (hk) asa hs zo (E) B 


mas (imt... riso dd Bateri E (qv T igi e p 


— 


Hy) = (—3) att de 1)" R moa. t. 


e? (E) T k x d TX) c k 
T(m”) — á T mo)": + an T — T go , 
which are- even numbers, TREE. when - is a power of an odd prime number, 


double such à power, or = 4, „and © is at the same time an odd number. Hence, 


outside of the excepted cases, we have 


PAU i E 














[see $2, Formula (C)]. For? - odd, and* 27 d, where g is an a prime number, 
or where g = 4, we have II, (4) =— hz = — R, mod. k. For - = odd, i zc i; 
where g is an odd prime number, we have — 


vo 


m (- pt 69 m, + (— jew od 


IL, (4) = + Fg — £5 mod. #. But when £ = twice an odd number, as in this 
case, we. plainly have R= 1k, and ther efore Rs = — HU mod. k; so that 
TT, (4) = — H3 — P; = — Eg; — — R, mod. £, according to $2, Formula (C). Q. E. D. 

Examples. 1f Pc = 60 —%:8.5, then R 3 = 36, Ris = — 40, and R; ;= = 45. 
We have, therefore, , 


fb. (60)z 36 mod. 60, i.e. 6.12.18.24.36.42. 48. 64 = 36, 
IL,(60)= 40 “°`. #. © 10.20.40.50 = 40, 
1h4(00)m-—45 € ^w. «15:45 = 45, 


the sign of the LEA member in tlie'last congruence being Heese: since 


k 60 - 15 
5 38 4 and 5 Pagal 


For s = 1, we have, of course, II, (60) = 1 mod. 60. 
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We may now state Theorems IT. to X. in terms of II, (£), care being taken: 
in regard to signs. For instance, Theorem II. now becomes 


II, (4) II, (X) = + IL, (E) mod. 7, | : 


the sign of the right-hand member being determined according to the previous 
theorem. 


+ 


84. The Periodicity of Power Residues. 


Pil 
TuzonEM I. Lvery power residue of an s-totitive of k, X,, is also an sols of k: 
For if D be an n° power residue of X, mod. k, we have X? — D =k, from 


which we see that D contaius s and is prime to —, and is therefore an s-totitive 


of #, for, otherwise, we should have in each case the difference of two integers 
equal to a fraction. | | 

Turonew IL If b = abt.. Woi o = ab"... P, X= dao". 
where À is-prime to #, and v — v be the greatest difference obtained by sub- 
tracting each of the exponents 7', v,....y', from £, u,.... y, respectively, and 
vo—1: 
v 

The d^ and all higher, power residues of X, mod. k contain T, and no power residue 
of less degree than h contains o. 

Since a divisor of two numbers divides their remainder after division, we 
have only to consider what value of n will render X? divisible by c, i.e. by 
a'b". ... W; then, since v/$ = or > v, and v ($ — 1) € v, the theorem is proved. 

Tusorex II. The power residues mod. k of any number X, occur periodically as 
the degree of the power increases; and the exponent of the period is a divisor of 7,(k). 

No power residue (except R,) can occur twice as the degree increases, unless 
R, intervenes ; for if X? = X? *" mod. # without any intermediate power con- 
gruous to R, it follows at once, by multiplying both sides of the congruence 
repeatedly by X,, that no power residue is congruous to Z,, which is not true, 
for X = R, mod. k by the extended Fermatian Theorem. 

Let X? be the lowest power of X, which is congruous to R,. We have, 
then, X? = R, mod. k, and, by squaring, X? = R, mod. k, whence X2** 
= X? +r mod. k, h being ahy positive integer. This shows that from the 6" 
degree upwards the power residues of .X, mod. # recur in the same order in 
periods of 8 numbers each. But, according to the preceding theorem, the first 
($ — 1) residues of the first period are different from the corresponding residues 
in the higher periods. The remaining 8 — 4 + 1 residues of the first period are 
the same as the corresponding residues in the second, third, and higher periods ; 


$= the. number of integers in. = , then 
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for, by multiplying together, member by member, X?" = = X¢+* mod. k and 
X? = R, mod. £, we obtain X? * * *^ = AP mod. k, since R, Xft? EKIH mod. % 
by Theorem X.in § 2. 2% - 

. When $ = 1, i. e. when all the exponents of the unequal prime factors com- 
. mon to X, and k are as, great in X, as in #, then the first period of the power 
residues of X, is the same as the higher periods. ' 

It is evident now that 8 is a divisor of 7,(£), for R, occurs only at the end of 
each period of residues, and Xi = R, mod. £. 


Turorex IV. The numbers given by the for mula X, Le Ty, where y = any integer, 
“have the same power residues in the same order beyond the (t- = 1)" degree, & being the 
greatest exponent ino. There are = = such numbers less than k. 

Proof. If X, be any s- stove ofk, then all the s-totitives of £ are included 
among the residues’ of X, + sh, where hi is any integer from .0 to £ — 1. Let us 
consider for what values of X; if for any, X? = (X, + sky mod. k, for all- 


values of n= or > t. Transposing and mes out the factor s",.we have 


site + )" 22 Qm = 0 mod. %, where Q denotes À m pte ifn = or? t, the 
lar gost exponent in c, we have (Q + Q" = 0 mod. id Since À is a factor of the 


! TS . À | 
left-hand member, the congruence will be. satisfied by making Am =Y, where y 


- ds any integer ;,and it may be ks that :the congruence will not hold if À is 


prime to any prime factor of = 2: sa. s for then (Q + Are © mod. ‘P, which is 


not true for all values of nor > f, ~= ; being prime to X,, and ? therefore prime 
to Q. - l Es . 
Substituting then À zy for " we have X” = (x: += ER TT k, QE D. 
‘There are » plainly © numbers less fhán- which have the same power residues 


in the same order beyond the ae = 1p pm for, giving Jy all values from 0 


to z — 1 in.the formula, À; dem = y» we get = 7 different numbers whore residues 
mod. # are all different. : 

Those numbers obtained by giving to y values prime to = contain the prime 
factors of s only to the -first degree, and therefore the value of ¢ (see Theorem 
IL) for these numbers is 4, the greatest exponent in o. Hence for n < t there- 
will be a disagreement among me power residues of the numbers given by the 


‘for mula X, in d 
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Example. E: k = 360 = 2°. 82. 5, the four numbers less than # given by the — 


formula 2 Le a y all have the same power residues aS the second power. 


Also the numbers, 14 Le ud y. we the numbers, 42 + F3 2 Y, and there. are. 


' 98, 
3. T = = 12 of these less than £. 


Since 7,(%) = - qi in (2), we see that die s-totitives of k have only 7, (C ) dif- 


ferent periods of. ‘power residues. df 8 —], then c —], and X, += T y gives 


only. one number less than £, viz. Xy: and there are in this case a) different . 
periods of power residues. | 


$ 5. The Noia of Roots fX XK” — R, = 0 mod. k. 


Let k= av”. dur. ...g", and s— ab....L Then o — eb" .. x 
If 0 — the be iE doses in a, X" — R, = 0 mod œ has a —° roots, : 


` for, since n0 = or > t, and n (0 — 1) « t, the n™ powers.of all those numbers 
(and of no others) which contain o" will contain af, i. e: all such numbers will 
satisfy X” — R, = 0 mod. a‘, and there are a'~° of such numbers less than d. 
In the same way X” — R, = 0 mod. b” has b”—” roots; ete. Hence X" — R, =0 
mod. o has œ~’ ETS ... FT" roots [Serret, Aly. Sup. § 325]. - 


Since R, = 1 mod. * z 7, X" — R,= 0 mod. m” has p roots, where p is the g. e. d. 
of n and 7 ( mi") [Serret, Aly. Sup. § 322], -and x roots mod. 4", where x is the. 
g. c. d. of mand r(g"). Hence Aude E: 0 mód. has m....y roots. In. | 
case one of ihe. prime. factors of - =, as m, = 2, we have, when n is even and 

m™ > 4, p = double the g. c. d. of n and £1 7 (m^) [Serret, Aly. Fe § 825]. 


Hence we have that X” — R, = 0 mod. # has ab... P7 T ul X 
roots. 7 
If n = or > than any of the exponents in e; ibo the number of roots be- 
comes a! a ee de ETA 
If we denote any pete of & by: E without a subscript, then the whole . 
Ç number of roots of X^ — R = 0 mod. k is - li 


(a d) (BF BH) KEG, 


for the different terms of this éxpansion are, by what has just been given, the 
numbers of roots for the different values of the repetents Zi, Ra, 2, .... Ra, . 
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Jes ee Riss . Ra....g there being the same number of terms as there 
are values of À, viz. 2, where 7 = the number of the components of X. 
Example, Tf k = 12 = 229", X^ — R = 0 mod. 72.has - 


| forn = 2, (4+ 2) (2+ 3) = 80 roots, 
* n= 3, (1+ 2) (84- 8j)— 80 « 
“ q-—4,(4--2)(24-3)—40 “ 
* n= 5 (1+27)(14+3)=20 “ 
* n= G, (4+ 2) (64-8) — 72 « 
or, in other words, all the 6"-power residues of 72 are repetents, This number, 
6, I shall call the period of the modulus 72. .In general, the least value of n 
for which all the power residues become repetents of the modulus, k, I shall 
call the period of the modulus, k, and shall designate it by P (k). The formula 
given for the number of the roots of X" — R = 0 mod. k shows us that P (k) 
.= the least common multiple of c (a^), r(0"), ete. “For a, 8, etc., then become, 
v (d), (0^), ete, and the formula becomes "n: 
[ (at) + d —1] [r (8^) + 8"-1]..... [z (9) + 7 1] — k. 
The P(k)* powers of ‘all the numbers prime to k are congruous to Ry, i.e. 
to unity, mod. k, as is shown in Serret’s Cours d Algèbre Supérieure, tome 2, page 51. 
It will be noticed by examination of the different totients of k, given in § 1, 
that r, (%) is in every case either a divisor or a multiple of P (E)- 


: $6. The Number of Roots of X^ — D = 0 mod. k. 


D is B to be any #-power residue. . Consider, first, the congruence 
X^ — D = 0 mod. a. Divide the numbers represented by D into the following 
classes, viz.: (1) those prime to a; (2) those containing a*.and no higher power 


of a; (3) those that contain a^^ acd no higher power of a; and so on, to lastly 


EA 1 


those that contain a”, where 0 — E ) as in last section. Obviously 


all the n°-power residues are included in "this classification. We have, then, 
that the number of roots of .X* — D = 0 mod. a’ is Yaa 9 + af —^, where a, is 


the g. c. d.* of n and r(a-”), the different terms "of the summation being the 
iid of roots corresponding to the different classes of D’s mentioned above. 
First, a4 —? is the number of roots for any value of D which contains 
a” and no higher power of a, i e. Dyr. For there are a'~" numbers less than 
. @ which contain d, peek of which may be represented by Aa’, where À has any . 
value: less than a'— 





* Abbreviation for greatest common divisor. 
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Of course no number not included among the numbers, \a’, can give rise to 
Dex as an n"-power residue. Raising da’ to the n™ power, N'a”, we see that 
its n'-power residue mod. a‘ is equal to the product of a” by the residue of 
X mod. a", since at =a™a'-”. That is, every n° residue of mod. a may. 
be decomposed in this way. If Dar be divided by a”, the quotient is prime to 
a by definition. Let H be this quotient. Then we know that ”— H= 0 
mod. «'-" has a, roots, where a, = the g. c. d. of n and v (d). But if we 


tær 


admit all the values of X less than a‘~’, there are plainly Ga: = a & —? times as 


many roots, and this is obviously the number of roots of X” — D,» = 0 mod. a. 

Secondly, the last term of the sum, œ~’, is the number of roots for any value 
of D which contains a”, i.e. for D= 0. This is similar to the last term of the 
formula in the preceding section. 

For a! = 2', n even, and £ > 2, a, = x double the g. c. d. of n and pe Sn) 
[see ‘preceding section]. 

For values of n = or - t, 0 = 1, and the formula reduces to a + at, i sene 
a is the number of roots for any value of D prime to a’, and a'~° is the number 
for D = 0, evidently the only two classes of D’s which can occur as n"-power 
residues. 


'The number of roots of X^ — D = 0 mod. ab ....is 
um 


zi . (5 B: PI à a+) [3 Y & ben + we) VUE 
r=0 E 
For simplicity let us consider a modulus of only two components, a‘, and 0" 
The proof would be the same for any number of components. 
(^ (L) aß t=- is the number of roots for any value of D which con- 
tains gb”. There are a! —0'-" numbers less than œb” which contain ab”, each 
of which may be represented by \a’b", where À is any number less than a' "5" 7". 
No number not included by Aa'0" can give rise to Dv» as an n'-power residue. 
` Raising ab” to the n™ power, we see that its residue mod. a'b" is equal to the 


product of ab” by the residue of \* mod. ab", Let H= DV $ 


ab by definition. Then, since M — H = 0 mod. a pt" has a quu c up worn 
roots, admitting all values of À less than a'—'0"—", it follows that the number of 
roots of X! — Dara = 0 mod. ab” is the same. . 

(2.) a^ * B, b" "—? is the number of roots for any value of D sid contains. 
ab". There are a’~°b"—” numbers less than a'b” which contain ab", and they 
may be represented by ab” where À has any value less than of-*5'-". No 
number not included in Ae'b" can give rise to D as an n"-power residue. 


prime to 


? 
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‘Raising A/D" to the &'^ power, we see that its residue mod. a’b” is equal to the 
product of 0" by the residue of Xa”? mod. b^ —", Since nf = or > t, every one 
‘of the numbers Aa'b" is a root of X” — Dur = 0 mod. a‘, and in order to 
determine how many roots there are for mod, ab”, it is necessary only to deter- 
mine how many there are mod. b. If -Dasa be divided b y «"b",the quo- 
tient is prime to b by definition. Call it H. Then, since À* — H = 0 mod. b” —' 
has a°, 0^ — roots for all values of à less than a'—*5* 7, it follows that this 
is also the number of roots of X” — Ds» = 0 mod. ab". 
:(3.) That 0*7 *a, a7 —? is the number of roots of X” — Dno = 0. mod. a'b" 

follows by symmetry from (2). 

(4Y at-%"-" is the number of roots of X” — D» ETE = mod. dU, as is 
obvious from what has gone before. Q.E D. 

For values of n= or > the largest exponent in k = ofb^c". . . ., we have 
0 — 1, and the number of roots = (at 47) (B + bP") (y + 0777)... the 
same as the formula in the preceding section, there being now 2 classes of -D’s, 
each class including one of the repetents. | 


T. The Number of n”-ie Residues. 
$ 


The different terms of 3 ^ (at-") Ta-* evidently « express, respectively, 


(1) the number of numbers “Tess than and prime to a‘; (2) the number which 
contain « and no higher power of a; (3) the number iih contain d? and no 
- higher power of a; and so on to, lastly, the number of those that contain a’. 

It is also clear that for k = ab". .. . the different terms of 


CX 7) 7) (X re v7)... 


\ r=0 


express, respectively (for simplicity let us consider only two components of the 
modulus), (1) the number of numbers less than a'b” which contain aò” and no 
higher power of either @ or. b; (2) the number that contain a*b" and no higher 
power of b ; (3) those that contain ab” and no higher Powar of à; (4) the num- 
ber of dose containing a'b”. | . 
For the modulus a, then, r(a’~") is the number of ee less than af which 
“contain a^ and no higher power of a, each of which, therefore, has for its n"-power 
_ residue some one of the numbers that we have represented by Da. The formula 
in § 6 shows us that any n"-power residue belonging to a given -class occurs the 
same number of times. Hence, if we divide the whole number belonging to a 
given class by the number of times each one occurs, we obtain the number of 
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different residues belonging to a givén class. That i is, = ICA E is the number of ` 
different n"-power paar, mod. at, belonging to the lass Di nr. 
Hence, dividing 3 v (a'— r) + a'—* by the expression in § 6 for the number 


of roots of X” — D = 0 mod. af, term by term, respectively, we obtain 
—9—1 d 





Turorem I. The number of different n'"-power residues mod. at is 


qb 
x20 
where 6 = E (SAE “)=14 ECS =). and a, = the g. c. d. Hone 


In like manner, dividing the most general expression in the first part of this 
section by the most general expression in $ 6. for the number of the roots of 
X* — D = 0 mod. a'b”...., we get 








Tuzonzw IIl. The Taa of different nt-power residués mod. ab”. ... is 
ly “=e (b i 
Ci es Ra +1). 
r=0 reg Fr 





When n = or > t, the formula becomes ea + 1) e F n (e LP Dens 


When n = P(k) the number of z^ residues becomes (IDC T 1) (1-4 1) 

= 9i, as we have already seen. : 

oh. Suppose # = 3° 9 to find the whole number of diffèrent cubic 
residues. 


r(d)= 8.2, r (b^) = 5.4, s= (P=) o y= n (5) 5. 


… 94 3 
and we have the number of cubic residues = e + Tl 5 + 1) és = + A + 1) 
= 28785. 
The number of 30-power residues = CF + D» “Ta. =f )- — 1428. 


That the number of n'"-power residues mod. # is equal to the próduet of the 
numbers for the different components of & is also readily seen from the following. 

‘If D' be an a"-power residue mod. k = a'b". ... q^, then D = « mod. œ, 
D zb mod.55.,.. D = mod. e, where a’ is some one of the n^"-power resi- 
dues of mod. a‘, b’ is some one of the »"-power residues of mod. b", ete., etc. 
Then D’ = d Ra t bR t'et gR Hence the whole number.of »"-power 
residues is equal to the number of different ways of combining the different num- 
bers represented by «^ with those represented by b’, c, .... g, that is to say, is 
equal to the product of the numbers of n'*-poweér residues for the different com- . 
pouents of k, a’, b*, ete. No two values of D thus obtained will be congruous to 
each other ($2, Theorem VIIL]. Ifs=ab.. l the different s-totitive n-power resi- 


~*~ 
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dues mod. # will be obtained by combining, according to the formula, the different 
n"-power residues mod. af which are a-totitives of a’, with the different n'"-power 
residues mod. b" which are b-totitives of b",.... with those mod. /* which are /-toti- 
tives of 2, with those mod. m” which are prime to m’,.... with those mod. g* which 
are prime to g^ That is, the number of on dues mod. Æ which are 

s-totitives of k = A'B'. .... LM....Q,where A’, B, . Q, represent respec- 
tively the Siret numbers described above. We have seen that the whole 


41. That is A=, and 





number of n-power residues mod. o! = =% 

r=0 

r=0—71 

A= x(a) + 1, and so on for B, B,C, ©, ete. Then the whole number of 
n*?-power residues mod. k= a/b";... gis (A+ 4)(B+B)....(Q+Q) 
where each term of the expansion denotes the number of residues belonging to 
that class of totitives of & whose subscript corresponds to the accented letters : 
in the term. Thus the number of n® residues which are ap-totitives of k is 


ABC.... PQ. 


§ d The Junction of Fermat's and Wilson's Theorems, 


We know jon the theory of indices [see Dirichlet's Zallentheorie, $ 30] that 
z (E 


if k = a’, 2a’, or 4, where a is an odd prime number, the 7 vs paie residues 


. of juod; k which: are prime to k are congruous to 9, g?,..... JE P ?, where ô is 
“a divisor of oth), and. g 9 is any primitive root of k. Hence, if a be any one of 
the 8 roots of z! = g° mod. k, and g” any. one of the 8 roots of 2° = g?*-mod. k, 


: etc., etc, we have the following : — 
PE 3 Eyi 
xm ys mod. k, nra k = at, 2a, or 4, 


THEOREN I. Ce 
. For, by multiplying together the congruences QW ME ete., mod. ky 


we get ` . M 
rk T T T P 
(we" ee di) = =g (on) = (- pee mod. k, 
20) ute a sr | 
“since g? == — Imod. k Q'E.D. This is only another form of the well- know 


~ theorem that the product of the 8* power residues is eongruous to (— Ler 
mod. k. [See Gauss, D. A., $ 75]. This theorem becomes.Fermat's when 5=7(%), 
for we then have a7? = 1 mod. b; and when.8 —1 we have (aa... . x!) 
= -i mod. k; which is Wilson's theórem. It may be remarked ia there 
are 85 different combinations of.numbers less than & which xod the con- 
gruence of this theorem. Instead of — 1 we may write — Zi. 
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` E ra (5)]N 8 
.For completeness I state what is obvious for k = a’, via. (wa. es "EJ 
= — R, = 0 mod. k, where a’, a",.... are a-totitives of k; and this of course 
holds when a= 2. But if a= 2x, x”, etc., be odd, we have 
Turorem IL If k = 2', 4 > 2, and 8 hé any divisor of r(k), then 


(vif... VE 1 mod. 4. 


For 8 must be unity or some power of 2. When 8 — 1 the theorem becomes 
` Wilson's theorem. When ô= a power of 2, we know that the } a ) ge. -power 


residues which are prime to £ are congruous to gë, g?*, ... . QUE 3 d ms is 
some one of those roots of zi? = 1 mod. & which are not roots of a similar con- 
gruence of a less degree. Hence, if a’ be any one of the 28 roots of à = gs 
mod. k [see Serret's Cours d Algèbre Supérieure, § 324], x” any other root of the 
same congruence, x” any one of the 28 roots of a? = g?? mod. k, x” any other 
root of the same congruence, etc., etc., we have by multiplication 


y TEIN 8 | y, (E) frt) A 
(sv... !) = Pig. gE E gE (z ut 1 = 1 mod. k, 


since Jr = = 1 mod. k. Q.E.D. Ford = 7 (k) this becomes Fermat's theor rem. 
We can now prove the most general form of these theorems, bringing 
together the extended Ferinat's and Wilson's theorems given in $3. 


Turonrw IIL If k= db... g, and A = any divisor of re), then 
zi ny ' 
[oa xU 


2 ` 
j= R, mod. k; except when - = f 2, or = 4, and - is 
at the same time an odd number, in ji cases 


x [22 . 
(xx e is xz Ur mod. ky, 


where Q is the number of the A'"'-power residues of mod. 9’, mod. 2 d^, or mod. 4, 
which are prime to the modulus. X;, X;, etc., will be defined below. ` 
Ifs — ab ....1, we have seen that the number of A‘*-power residues mod. 5: 
which are s-totitives of k is A’B’.... LM :... Q [close of preceding section], 
where A’ is the number of the. A® power: sesiduea mod. a’ which contain a, 
... M is the number of those mod. my which are prime to m, etc, etc. Put 
AB. :..Q-—90. When A=1,0= 7,(%), and when A = or > the largest 
Un ino, Q&Q =M. .Q= = ø, for brevity. : . 
We have seen that, if D, be a A"-power residue mod. k; Dn = 'R. + UR; 
+.... + as mod. k, where « is any A‘-power residue: mod. a’, etc., etc., for 


- 
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V... g. Give a! values to d, i.e. all its A’ distinct values and at—1— A’ 
repetitions to make up the number to a^^. Give b"! values to V’, ...., PTE 
values to Į in the same way. Give to m',...., q, their M,...., Q, distinct 


' values, respectively. We shall thus get; 7 w values of D, including among them 
_theQ i ard values of D;. We know mar there are w incongruous values of 
D; mod. : Represent the product of these 7 z @ values of D by ILD,. Then we 
have [see Theorem I. and § 2, Theorem VI. l 


ILD, = rm” juve spei. . us (er... ge) TUUM mod. #, 
cD, = (- pene oe Ex Tes E (- ) opem ? R; mod. k, 
. by Theorem I.;whence if = be even, or if any two of the numbers M, erus Q, be 


even, or if they be all odd, we have ID, = Ra +....+ R= Rog R, 
[see $2, Formula (C)]. In any case, we have | | 


7 ^ R, mod k. 





(ILD, = Ba t....+ By = Be 
| If one, and only one, of the numbers M, ...., Q be even, A is even, since Tr (m^), | 
.…..,T(g"), are even. Hence we have ^ T + J T o Ex = e, for brevity, = = an 





T w, 





"even number, For M= „Q= : A P where p is the g. c. d. of A add 


v (m), éte., ete., and if M, hi instance, be the one that is even, » will contain as 


high a power of 2 as A, while v, . . . ., x; will éach contain at least the first. ‘power 
of 2, since the numbers which they divide are even, 
Hence, if Dj, D;,...., Di, be the Q distinct A"-power residues mod. k 


which-are s-totitives of k, anid X; be any. one of the roots of X = D; mod. k, X7 
. any one of the roots of as D; mod. k, ete. to X any one of the roots of 
A= JD?! mod. k, and it ©. — m more roots be chosen in any way from these 
congruences, provided that 7 en 2 be taken. from each of we w classes of con- 
gruences which are distinct with definidos to the modulus ^ , then, according to 


what has just been proved, we have by multiplication, | 
( AA. va xb dy = ID, = = Ry mod. &, provided = - is even, or at least 


two of the quantities M,...., Q, are even, or if they are all odd. If these 
conditions be not fulfilled, ‘then, since ‘in ous case e is om we may duplicate 
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' the numbers X;, X., etc., taking each duplicate from the roots of the same con- ` 
gruence from which X;, X;, etc. were taken respectively, and then have l 


(gus. xpRM = Qm, yeh mod. %. 


"f now, e> 1 da the first case and 5 > l'in the ent case, we have, by an 


efold reduplication of the numbers, X,, X;, ete., where the roots taken from any 
particular one of the congruences may be the same or different, 


^ xl 
GE xfs)" = R, mod. n: since RL? = R, 


‘This proves the theorem outside of the a cases, and these let us now 
| consider. | 


For = = f, we have, in the same way as before, 

ILD, = Can : gy SR, = (- pee SR, = k= k x k, 
| phor x is even; otherwise = (— R Jeria k: _ É | 
For d = 4, we have ILD, = (- R jani s= (- D as before. 
| . 

For $ = 2 q^, we get, in the same way as before, l 
ILD, =. (uv. e wane | ? Rs + (dt^... . gi) n R; iod: k. 


But since r(2) = 1, H= 1, and W, the A*?-power residue mod. 2 which is prime 
to 2, is also 1, Hence, we have here IID, = Rs + (- 1) #5 n, mod. %. 


When & = twice an odd number, as in this case, we have plainly Ry = 1 k, for 
ik queue all the components of k except 2. Hence Rz = — Rz mod. k. Hence, 


since = Z is odd, we have 


. ID, = C Ti — [d = (— RE (— B+! mod. k. 


‘In these excepted cases e = © =I, since A is any divisor of 7 C ae ier (q^), or 


o 


. T(2 q^), or « (4), and y is the g. c. d. of A and r(g ) or 7 (4). Hence T=; o; 


S 


[st 
and we have proved (EX j ns seem mod. k, for the Fe 


t 
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| cases, the He being. obvious when A =], ud for the: -non-excepted. cases” 
Ca XEEN = p moti. Q.E.D. | | 
For À = 1, we have the extended form of Wilson's theorem given i in § 3. 
For A=1(2), ve hove DUX e xb "ew or (—R .)9*1, and 
since, Q in this case = I, the numbers. XI, AX; ete. are all roots of X4= R, 


mod. k. ‘Hence we have X d = = R, since Q — 1. Hence X7 = R, mod. k, 
the Fermatian theorem of $3. Although the theorems of $3.are included in 
the above theorem, it seemed best, for the sake of poppe and clearness, to 
prove the special cases first. 

Schouum. If ID, denote the pro oduet of all the © distinct n‘*-power residues 
which are s- -totitives of k, the above method of proof shows that I'D, = R; mod. k 
‘if all the numbers M. +, Q, be odd, or if at xd two be even. In any case 
we have (ILD, y = R, mod. k. 


- Itmay be proved that, if X^ = D mod. P. then Da r= =R mod. k, aliere R 
denotes án uridistinguished repetent. The proof is exactly the same as that of 
the ordinary theorem for prime moduli [Serret, Alg. Sup., $ 310], and need not 
be. repeated here. The reciprocal of this does not hold, in general, com- 


. posite moduli. "That i is, it is not true, in general, that. all'the roots of X -R 
=0 mod. & are: A®-power residues, as may be easily seen. ` A brief considera- 
tion of the case where. A=2 m close the present paper. We know that 


X19 — R=0, or (xr '— R) (xu + R)= 0 mod. k, has & roots. All the 
quadratic residues .of mod. k are roots of the first. factor; the non- -quadratic 
‘residues may. ‘be roots of either factor, or. of neither, i.e. may be roots of the 
produet of the two factors. For the partieular case where the prime factors of 
k are each of the first degree, and of the form 2° (2^ + 1) + 1, where c is con- 
stant and r variable, application of the for mulee of §5 and $ 7 shows us that the 
number of roots of X 3- aes R= 0.mod. k is the same às the. number of the 
quadratic residues mod. E, viz.: [2°—1(2" + 1)-+ 1] [2 : (2" 4-3) i]. 


So that in this case, just as in the case of prime . moduli, all the roots of 
Pu) 


xv: te sert) mod. k are quadratic residues, and vice versa: 


M 


Linkages for: x". 


By Frank T. FREELAND, B.S., 


‘Instructor in Mechanics, University of Pennsylvania. 


By the following method of combining reciprocators (a Peaucellier cell with a 
modulus one) and bisectors (a pantograph with equal arms) a linkage for 2" may 
be obtained, m being any positive or negative integer or fraction. 

Let the reciprocator be designated by R, the Pagus by B, and the linkage 
. for a" by Z”. Then Z^ will designate the linkage for a^, or the m‘ root linkage, 
"which may be obtained from that for x" by transposing its arms. 

If a and b be the distances of two points P, and P,, measured in opposite 
directions, from a point O, or two points symmetrical with respect to O, and if 
- the two poles of a B are made to coincide with P, and P}, O' being the bisecting 
point, then it may be easily proved that Q0' — 1 (a — b). ur 

Let m — — n,n being any positive integer or fraction. Then Z” may be 


E 
obtained by DE. T” and one R, for  — g” = g”, 


. Let m= à p and q being posee integers. Then Z” may be obtamed by 
: be D and Z? for (e?y = a, = a 

Let m= 2p — q, p and g being integers and p positive. Then Z” may be 
obtained in two different ways by combining L?, L^, three Rs and one B. 

(a) Add — x? and + 2? to 2?, giving x? — af and a? + #7, and convert by 


i 1. 1 ; e 
two R’s into au. md = The B will then give 
1 
sl HT 


The, remaining R gives #°?—7— 29, and adding x? we have 2??~¢ or a. 
f d^. og 
(b.) Subtract a* from ‘a, giving a? — x7. Convert Le one # into =——; By 


a 


1 
another A form zz, and by the aid of the B subtract from zi giving Dara? — a) 


PERTE 


^ 
h 
i 
] 
i 





he 
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This, may be ee into 2r- 2 — _ a? by the last R, aight mod and 
. ‘adding z^, we have d??- 4 ora". 

The arrangement of ‘the’ cells which, renders it. poed to add A sùbtract . 
these varióus quantities will bé best under stood from the examples. - on 
i If q =+1, 0,or — l, m= 2n — 1, Qn, or 2n-- 1; and äs. m-must be sise 
. of these forms we can always obtain Z^ from Z^ by either of the above methods. 
"When mis odd, Z” may be made to depend upon the linkage for an odd or an 

evén power. Dy making n = 1 we obtain m = 1; 2, or 8. Making n= 2 and 3 
successively, we'have. m = 8,4, 5; 5, 6, 7, and so-on, thus giving the linkages for 


| 5 every positive integral power. 
^s In the figures the cells of the compound nee ie been senutgled for the’ 


shee of clearness, and only one half of each-drawn. Points on the same vertical 
line should coincide. A small circle represents a joint, a large one a fixed point, | 
` and a heavy line a link. Each letter reférs not'only to the point in its immedi- 
“ate vieinity, but also to all points upon the same rouen ‘line: À + or — - sign 
; -indicates a positive or negative Hope . 
| „~ ek gives the linkage: for à. Let BO = CD=x y dud CE = = L The por- 


| ton AB. and ‘similar ‘extensions are only. added when 2 and higher powers are’ 


. to be derived. by ‘the first method. ` DM BE = «x zu and ED — =g— 1. By 
: the two -E's GE = -4 and EP= 543. By te B, 


ali Ax 


Thé last Ry gives EI = a? — 1 and -O[ = Er+1= a. ni is not necessary’ that 
E shouldbe a fixed point; it is sufficient to have A and C connected LE a Les 
of a. length. unity. ; 

Fig. 2 gives the don of the Tinkage for E Bou that for x T adding three 


“R's and one B. DI= x and IB = + a Hope ces 





"and KB = = eth D: The B gives CL lues zu D zGd rh |= =D D . The 
23 last. gives CM — E — x and BM = eM taxa, Let the two points C and 
dE be connected by a link of a length unity, as before stated, and set free., Let 
"i B be: made the. fixed point, and we have a linkage' i in which- the arm BC= =g 
- and ‘BM = a mieasured i in the same direction. It is ieget that B, C, and E 
should remain in the same Straight line. ; 
Fig. 3 gives the derivation of the linkage . iE x fion T for- a by add- > 
o ing two. Rs ead one B., AM=% + à, and ue first È gives AN: = aa 


u 


z «Dx 





f 
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on E da My x "The B gives BO = ere: dE (gi— D m T = D =y T TC E “the 


last B. gives BP= = 2? — v and AP = BP + a Setting. ies B and making 


ud the! fixed point, we have a linkage in i auch the arm ES =g and. EP ah 


| miéasuréd j in the same direction. 


Fig. 4 gives the derivation of thé linkage for ra from tliose for x and 2 i» adi. 








ing’ ‘one D and three R's Py the first: method. BO= 2, BD =- "DO re E 

js a +. f ; 
aid the R gives DE= = uu Lp DA = Z5 , and the R given DF FR m r ithe 
B gives DG— — ies al = 2 "The last. R gives : t ET | 


‘DH=e > aid. HB-— HD4i-À 


Nd 


, I& ine: aan nekod had poi so. we e should line arrived at the’ elLknown 


‘form’ for the cube devised by Professor Sylvester, consisting of. only three cells, | 


1 
and ‘the reason is this, x? = x, af = ele. E ad; and as'a is already at com- 


= mand, ‘having been formed by the first R, we do not need the second cell in the 
‘transformation ; ; also, after this change we do not need the B when it is necessary : 


4 
I 


'eiglanation. E No a "a in d vd uen 


Big: 5 gives the derivation of thé linkage for x from Moss for P and = i by 


adding a B to transfer a distance, two Rs and one B. The third R beng Ri 





t 
gene as DG= = À had been fue u the linkage for a. ID= = g? PII = 


r En ee 


He R gives JD = ET The B gives DK= dat I i E = = ay The. | 


st 2 gives DZ = x i ungues DEH Sa: DEM e. 


Eig. 6 gives a form for a? consisting of five cells or ‘thinty-two nie "The first 


part, of the transformation is conducted’ by the second method’ and the latter part . 


_ bythe first method. MO = OP =a. MN=«— 7 The R'gives NQ= ey 2i 
d | 
Jt 0- = ars 0Q-— = ae = eed i iy (If this were inver ted toa joint: Z to the . 


: fight ‘by ak, then ZM would equal ; a, this diving tha linkage for the, cube 
"devised by Proféssor Sylvester.) NP=2+? The R: gives cs = m WE. and A 


UE. NE Crit F 1. . H B 
R= =z Teri TES The B thon gives CONES. E 


$ Y E yt 
soy 





DE! 
to: form ean} — z> thus giving three cells instead of five, See dne. 6 and its’ 
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-if TG = aera] * CE TO 


The last R gives oT— x? — x and. MT= OT +. g= 9. Making M the fid: 
| point, we have a linkage in which ne arm MO= x and MT = « measured in 
- the same direction. i : 

- It is unnecessary to give examples of the ses for the higher powers, as ` 
their formation is a process, as mechanical as writing out the successive terms of 
a series. - E 
The above arrangements déni of à aber of variations, some of waich 
reduce the number of links. . 


Ducis, 1879. 


5 E K Ix The Sroploid. e BA 


‘By Waste Woorsz J onsóx, Any, 2 an 


E 


Tee tern Str ophoid has been applied by Frerich "writers to a cubic curve, of : 
which the symmetrical form has been discussed by Dr. James Booth under the | 
‘name | of the -Logocyclic Curve. As this curve is one of the class considered in ` 
` this. paper, and as the term Stroploid i is appropriate to the mode of generation of | 
the whole class, I have ventured to use the word in a more extended signification, . 
and define the strophoid -as the locus of the’ inter section of two "WWE lines which 
rotate: uniformly about two fixed points in a plane. 
sud and B being the fixed points, if we denote by 8 and d: the: inclinations of 
the’ ‘radii-vectores . PA and PB, the direction . AB bang taken as s that Ok ane 
prime. “vector, we ANG by the definition x ; 


p | nð +m = a | | z = E. 
Din wliich the ratio m: n, whièh determines the relative velocity -of rotation, will 
- in what follows be regarded as commensurable, so that m and n may be taken’ as 
. integers prime to one another. Restricting ii and n to positive values, ( l)repre- . 
sents: the case in which the lines rotate in oppone directions; and. wien they 
rotate i in 1 the same direction we may, write | | 
à | 20 — mb = a 2-0 DR 
| Taking 4 as the, origin, of rectangular. co-ordinates, and AB as the axis of a, | 
Cos m y (a + y)008 8, g- VG? +s) sin 0; 


henee, if we put 


| | (Gtgy-x AXES RC 
fe that jl, ¥,=0; Keane url Ana, bo we 

| have; by De Moivre's Theorem, E scone | | 

xX, = = (a? +y dii cos 20, % Je (2 + DY sin no. : : (4) 
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; pon this we have (r and s being positive), 
X; ts = XX, — PE 2 (5 
ND. | By thE XY, 
and, ifr > s, . - Rite . 
: PX. oq TY X. iu T EY, (6 
(a E yr. QCOXAX,— X,Y,. P 


If we denote by X/, and Y; the results of putting 2 — ain place of z in the 
values of X, and Y,, cos mọ and sin mp are given by equations similar to (4); 
and, putting q— cot a, we have from (1) 


XX EX GQLDEXE)-O, o (0) 
when the lines rotate in opposite directions; and from ne 


XX; + Y, Y, — ?(Y,XL— AP) = EN (8): 


when the lines rotate in the same direction. 
M (3) with respect to x, we find | 
do is (Xn + SE UE Sis ver t= Gee: 1 F ifn 1) 
' therefore . 
| d 
dr 


- d 
X T nXs 1) dz Yn = ae 13 : 


honte, develop X; and E At | 

X4 (X, — naX, - SET ex. z so F (S iy 
Fa = Yp — maY, _ it. — (— 1)"ma"—1y. 

Substituting these values and making use of ( 5) ( 7 ) becomes 


* a P aS mal Xn à» :l edu ipto + LX, —g7,]=0, (9) | 


the rectangular equation when the lines rótate in opposite directions. 
Similarly substituting i in (8) and making use of (6), we have; if n > m, 


(a rs Dae acum — ma (gr Vy [Xanna — 9 ua] +. 


7 but'ifn < M, ts first terms of this € ane à different form, and” ar NK 
prre that 25 + LS = Da we have - 


4r 


V exp repro 
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exe PARVINT € eae -amin— 1).. clea e u 


7 (m— 


LE cep tee 4 gny1Lx,— a). iE Ata D q¥,]= 0. ans 


(10) : and ( 11). are therefore forms of the vetns equation when: the. cud : 
rotate in the same direction. ` (eia eg uc 

The” expressions > — qY, ete, hick occur in these ‘equations are the. 
: products of linear factors which. are all real ; for, putting: gs 


s zt E 

M M — ae = 0, 
owe: have from de. 

‘tan n0 = = = tan 4» 

whence” ' . = | 

pas ees P pee Sat ae Te ; ete De, 

values. which ‘determine n different real: faitots, Thus (8) Ttak n+ m id 
^. asymptoies ; and (10) and (11) indicate n — m or m — n real asymptotes,. the’ 
remaining, points at infinity being ‘the circular points - Each of the’ equations 


‘also: indicates, an ntuple point at A, at which n real tangents make gla angles f 


E with ‘one another. ' 


. But the tangents at A and B and the eryuplotes: ‘are readily. A 
Lo as follows : When pi is a multiple of T, the line BP coincides s with.. 


E ‘AB and. . V s uicta T M or are B 
cy + 5 p | i G ry . fupe de l : E (03) + 


n 





ic 63 is now a mültiple of r foidh can only’ happen hen a isa multiple of; 
à); ‘the: point P is:at À, and the value: of'0 gives the inclination of a tangent: at : 


pA no like manner, there afe m tangents at B; whose inclinations, are: E ET 
; JS TRE | , net x pr > me "E 





t , ` . E i 


When 6 eyi is a a multiple of T, the rotating lines are: — 2d Pi isat 
. infinity hence . ks e REEL C Parag 
as l a+ La gites tb 
ntm 707 


7 g= LE (14) 





‘ gives. thè inclinations of the esymplojes.- dÉ we e AP = =r, BP- =r, the 
. distances’ of the point at infinity from the pus lines are. p pau rdo and. rab ; 
+ but from (1) we, EE" À ; 
on: dd: ; o us 
ER Eme Ro cc cold 


A repe 
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and sinée at infinity + = 7; these distances have the ratio m:n. Therefore every 
‘asymptote passes through a point C. on AB which divides AB, (internally if m 
and n are positive) so that . | 


f at a finite point of the curve, we denote. the angles between the tan- 
.gent and the radii-vectores 7, 7 by y, Y’, we have —— i 


rdð - Dr rdp 





sunys - sin Y = wd 
whence, by (15), sae | l 
* . sny — LL me 
siny m 


Therefore, to construct the tangent at a given point P, lay off on PA and PB 
. distances PQ, PR proportional to nPB and mPA respectively ; bisect QJ? in T, 
then PT is the tangent, These results are, of course, applicable to eee (23) - 
| in a which m is negative. | 

` When a = 90°, the expressions se — q Y,, ete. in (9), (10), and (11) reduce to 
X,, ete, and since X, is an even function of y, we have a curve symmetrical to 
AB, which may be called a right strophoid. 

When a= 0, the expressions X, — g Y, , etc. must be basil by Y , ete., and 
since y is a factor of Y,, the curve breaks up into the line y — 0, and a curve of 
the (n +m — 1)" degree, which may be called a substrophoid. 

“The: substrophoid i is, of course, symmetrical to the axis; the number of tan- 
gents at A and at B, as well as of asymptotes, is reduced by unity, and.these 
tangents and asymptotes make equal angles with one another and-the axis (which 
is neither a tangent nor an asymptote). The curve cuts the axis in a point D 
corresponding to 9 = 0, p = 0. At this point an element of are subtends angles 
at A and B proportional to the rates of rotation ; that is, D divides AB (internally 
when m and n have the same sign) : so that 


When the lines rotate in’ opposite directions, . the curve consists of infinite 
branches without loops; for it is evident that in passing from one position in 
which. the lines are: parallel to the next, one and only one of the lines passes: 
WE tlirough coincidence with the axis. As special cases, we have from (9), when 
.n = 1 and m = EL the rectangular hyperbola 


a? — y? — 2oxy — a (e — gy) = 0, 











| 2 
of which AD — 3 à is the inverse axis. 


m the substrophoid 3 is the circle : 


| the sig strophoid being 
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E 


A uud B being. extremities of a diameter. The mibimphoid in liso case is ‘the. ? 
| eue line 


22—a=0. 
When in n= 2, m = X we have 


a — Say! — g (Baty — ae ip) 0; 
the stop being the hyperbola ` D B 
s JP MU — 2 ax = =0, 


When. the. lines rotate in the same direction, supposing n = m, $0 ihe ‘the 
more rapid rotation takes-place at B, it is evident that in passing in either direc- - 
tion-from.a position. in which the lines are parallel, BP will come into coinci-. - 
dence. with the axis before AP does, that i is, P will arrive àt À before it arrives 
at B, : - Hence ‘the* curvé. consists of m loops between A and B with infinite. : 
branches extending from A to the m — n-asymptotes. As special cases, we have. 


from i (10) when n-—1andm-1l,thecirde , -> ' - 


: Zr Spam) n P 
e ianh A and B. " T WA s : 


(e? +) gy) — a (è — y —3gny) —0,: 


wrhieli is ; the eubie alluded to in the first” paragraph The niglit srophoid i in di 
case is Dr. Booth’s Logocyclie Curve 


(2 + ye—a(at -y= 


: Wflen = = 2and m = 1, (10) gives ee ag 


a +y? — Sas zi, 


sud centre at B. Ifn — =] and m= 2, we obtain from. an: another equation 
of the same curve; viz, 


Ed FA et ay 2a) + (em) = 0e 


: | (GP) e 20) + de = 0, j "en 
and the p the circle M Ee E 
Fr. P+p—@=0. 
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The accompanying diagram À is constructed for the case in which n = = 8, m = 2 
and a= 45°, or 80 —2 $ — 47; its rectangular equation, therefore, is, from (10), 


(P +y} (ey) alty) (à —y — Bay) +e (à — 3 ay — 3 ey ty)= 0. 





- The corresponding substrophoid : is a case of the limagon which is | sometimes 
called the “ trisectrix.” ‘The mode of employing this curve to trisect an angie 
is indicated Ay the fps à 0—24. 
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oh- ihe Ratio otoson Sr Gid Triang le in the Orbit of a 
T IM Celestial Body. T'as 
By Ormonp’ Sroxs, | Ciiciinati] Ohio. 


ry tt . vo m 
i ; 4 


d 


L Tas ratio may ye expressed by the formula 


is Pe oer ouo ES XM 


hen the mass of the body is neglected, ” and x’ are ‘the radi vectores, v arid 0”. 


| tat ^ 1 sr sin (w—v) | sin 20 


the. ‘corresponding true anomalies, p the semi-parameter, and r the produet. of. the 


intervening time and the-constant of the solar system» 
By Dont Meore; including terms of the fourth order, 


i PE nd I5 d i du, 1 a £ — ‘ 
no c tg ; Us nm ares 
1 dy 1 d'w 1 d'n 1 d'y, 


ae C= Toa et eee a ee T. 


where Vo is the true anomaly corresponding to the mean ae the times; P 


à 


auc d à v $- du, 1, d* 5 


de. "ru d +. | 
Bry dfdeNN, 
-sin (v -)- due TE — ye 


`The weli known expressions m = an nd 2 =1+ecosy give, by suc- 


cessive. differentiation, . : 
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_ whence by substitution, including terms of the third érdér, | " 
sin (v — sin (v —v) — dr ? 3p— ão — fy ` 
yam IRD F (aa (=) —UEW ee) pups ies (2) 


Developing . r and y in the same. manner as ? rad v were developed, and, 
multiplying the results we have. . d 


Thé product of (2) ud " gives a 











.1 ! 
cbe te i-e. p : 
T Be 
BE RET ers at. ep TT: 
2. For a closer approximation we have the well-known equations 
| k "m t ae , 
157 Tg m Desa! 
UR i (9g Muy E 
AT | EG = sg ?'. v pet» 
: in which EM Esc oes 2a 
f __ sin} ENS Oy + EPI > ` ll (28 
= oa I Uie Buy! o dal T«r cos $ (v Tv) -o G ory 


and g is the half difference of the eccentric E d 
Tor the first pi these equations we may write. fe, cage * my 
| m ; C D 
NS amet Rb oc 
or by substitution, ` ; : i se 
POS ^ : Ic "m sin?26 __ Sint ky 
"868 ooy : cosy © 





-Tn the same manner the second, bécomes 


' 


— MÀ eee — 


^ cos* y 26 sin26 . 2g—sin'2g 
| x cos? 9 sin’ 9 "em sing ' 


Gauss: has’ develop the second. neber of the latter equation i in a series 
arranged according to. the ascending powers ‘of ts as follows : 


SO Lg sin dy | : l 
| ony 7 bend fec x EE "s 











» whence, if we develop 


ascending pus ofz = d 0, we shall have 





` 
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HSE ." 20—sin20 . eu Mo. 
— go in a similar series semanued Reo to. ihe 


Boa 


pu | cos y (1*5 Tele = = 6r ‘cos 0 (iet gt F | +: 2 T 


ing (ede Je. D. nil FEN : 


Posy(1— S des emere (1 deem) 


E Substituting the values of $ al z, and reducing, À | ea 2 ; 
aD v udi ; SAP ENN ; ! 
m éos y (1 ~z siny t.. ) = by cos” 0 (1- g sim +0 t I ; 


whenee, approximately, "ELE. IN WI P demas 
[| ds ES D y (ey. a SE iE 
* E | TORY NC et l na 
: This’ formula includes terms of the same order as those included i in Hansen's 
method, and, if employed i in connection with: a table giving the logarithms of the 
ratios between sines and arcs, is rather more convenient. . 
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… Contre of Gravi y of Surface and UNE of Revolution, 


By E. W. Hype, Universit, ty v Cincinnati. 


TuE formule derived in this paper are for the most general case of the revolution 
of any curve, plane or tortuous, about any axis, through any angle. 

Let p = p(t) — $ (t béing omitted for brevity) be the equ of any ‘curve, 
and let e be a unit vector in any direction; then 


CNET ie 

pede * z^ 0) 
will be the equation of a surface of révolution formed by rev olving $ OJ about a 

line through the origin in the direction e. . l 
As the origin may be moved to any point by introducing. a constant vector 
into f(t), and as any direction may be chosen for e, this equation is perfectly 


general. 
~ Ist. The surface aene is T VDapD, p- dp 


=e. © 
: Dip = e *Veb ‘and Ps: = Ege ms 
hence 





TVD pDip = ryë Pape de * T= =v Pepa Suy = = TVj/ ré. l 
as may be shown °y expanding and de Therefore the surface 1 is `’ 

s= = ff uT vy Ve = = -(&— 6 UTTE Ved. < (2) 
E "We have then for the centre of gravity, if the density. be uniform, 


B= Seder TV Veg. dódt + ff TVE Vep. dodt; ` 0) 


"or, integrating for from Ke to 65, 


p= = [esa —< "ren TV Ta. di + a — D) STEVE i dt..(4 | 








| which on expansion and reduction beconies, 
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; af ihe integration be from 0 to 2. T, Sut () becomes 


i Lu p= etf Se TV Veg. dt + - STVE Veg. dt. ` o (6) 


Tf. the generating curve lie in a plane through the origin and the vector € about, . 


which it is revolved, we have Sep’ = 0,'and therefore TV Ved = TQ Ve, so 


that In that casé this latter Mar ip d ‘i substituted for the former. 


| 24. Tühime. ` Writing < g = up es siege , we have 


y- — fff8D, oD;oD;o. dudôdi = = pp pesege ‘rede. dudédt, 


V=Sfffws. Lies dudo; Pa ME (6) 


and for the centre of g gr avity 


pmfffue oe TS. dd Ved. dud0dt + ESSR: $4 Ved. duddt. t (0 | 


p if we o integrate for u from 0 to 1, and for 0 from A to ba, we have 


mL = A686 - eT ETES. m Veg.. di + 1(8 J — 6, M8. id ra. dt. © 


ar Hs = 0 and 04 — 27, equation (10) becomes s 
P= def 8698. jd Ved dt + 3/8: og E. dt.. i (9). 


< Formule (0 (8), and (9) are unchanged when the generating curve lies: 


id a plane througli the axis, though i in that case T Vog de may ‘be substituted 
‘for S bd’ Ved. 


'. As an example of. these ‘formule let us take ‘the hyperboloid of one sheet; 
generated by the revolution of a SA line about an axis AIRE it does not 
intersegt. . Wut 


` Let m =q f d ; inen the hypeřboloi vil bé | | 
p= e (a+ Be" i V edt Pon Si (10) >. 
= Let Sie = Sop —0, and Thr ds then ` ; É 








| n Vep = VE Fa Bu = Va = Sa — "a Uie FP, 


: if We vito" Fe aspice s ete a ca 


rase Vela+ Boat Fri a jave Tc js 
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. 262 26 E 26s i - | | 
if (e* —e* ) PB] f tdt Ve +é (e — a a 
=h SB- aa Javare 4-4 (12) 
The integration of this equation will give the centre of gravity of a strip of the 
surface of the hyperboloid lying between two positions of the generatrix at an 
angular distance apart of 6, — A. | 
For the solid-we have 


- Soo Yeh = is n Ri) B Ve (a + t) = eS 
* so that à 


= 4,/ [ncs Mn + Bd + 3 Gi = :6)5; 
43 
20, 20, ` 


-i[s he 188 — tee e? ) Ve (a F 5 58]. (13) 


' This gives the centre of gravity of the solid. bounded by the Sie Sep, — 0, 
the hyperboloid, a cone with its vertex at the origin cutting the hyperboloid i in 





the circle p — € 7 (&) e + and- two positions of the plane through the origin and 
the generating line given, by 0, and 6,. 


It will be noticed on comparison that the formule derived in this article do ` 
not agree with equations (23), (25), and (26) of Mr. Stringham's árticle in No. 8, 
Vol. IL, of this Journal. "Those equations appear to be incorrect for the reason 
that, though the integration has already been performed with regard to one or 
more variables, p is still taken as the arm of the element, which should be the 
vector from the origin to the centre of gravity of the element. It would foliow 
from each of these equations, since they are independent of $, that the barycen- 
trie vector is independent of the angular distance through which the generating 

curve has been revolved, which is certainly not the fact. 
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‘On a Point in the Theory of Vulgar Fractions. | 


By J. J. SYLVESTER. 


Tin reciprocal of-an integer I call a simple fraction; any. other fraction, 
whéther rational or irrational, may be termed complex ; but.it is to be under- 
- stood-that only proper fractional quantities of either sort, i.e. fractions greater 
than zero and less than unity, will be considered in what follows. | 





“Suppose Q to represent any fractional quantity ; ; if Q lies between H ‘and . 


d. 
|a We may make Q = r3 +- Q', where 8 is zero or a positive integer, and Q' 


“will continue a proper fraction, which in like manner- may be resolved into | 
y^ - . 
ia. E T. and so on continually. 


"But if we riake à, &,....each zero, the process of expansion becomes 
déterririate. Any such determinate representation of-a. fractional quantity I 


- shall term a sores. It is obvious that in ex panding a given fraction under: the 
Į g 


dorm -of a :sorites, . the successive denominators, which I shall call the elements, 
may. be obtained byta prócéss of. division; if the fraction to be expanded is 
rational, the’ real divisor will be an Vstepor which continually decreases,* and 
| édnséquéntly every complex - rational fraction can. be expanded (and only in - 
“oné way) under the form of a finite sorites. l 

Thé elements of a sorites are analogous to. the partial quotients: of a regular 
continued. fraction; but there is this difference between the two -cases, that 
whilst tlie latter quantities are perfectly arbitrary, the elements i in question are. ` 
subject to a certain law which I shall proceed to examine. | 

„Letn, Dg, oo Bees. 8 be the Slemen of & sorites. E is Ta that . 


1 : 
the. last remainder z being. t the reciprocal of 5 Ee , we must have 5 i "d T 


that is to say, w greater than À — t; i. e. uis a to or greater re d — tt 1. 
Again, if we look to the residue which gives birth to the element r, that 


1 
must be of the form —— ya Where e is some fraction, and we must now have 





> * See examples of development of sorites, page 335. d 


um 
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1 2 
IS or. s.— e equal to or sedia than 7? — r." Hence s is equal to 


t 
or greater than 7° — r + l,so.that the relation between any two contiguous 
elements-is the same, whether they are or are not the final two; and if 
Ur, Uz4 1 be any two consecutive integers in a series, the one necessary and 
sufficient condition for the possibility - of the existence of the sorites, of which 
thosé terms shall be oi is that we must have for. all values of æ, tsy: 
equal to or greater than. a? — u, + 1: 

If 9,44 is throughout equal to ty Tuc l, we obtain a series which may 
' be termed a limiting sorites. E NM 





$—€. 





It is obvious. that any simple fraction ,—1 may be expanded under the ` 
form of an infinite sorites, of which the elements are to, th, w,.... subject 
to the above relation. An infinite sorites read in the limiting case is therefore 
expressible under the form.of a finite fraction, and the same will be true for a 


sorites in which the right-hand. branch beginning from any term un, namely, 


1 iy cH 


uu Tor , forms a limiting sorites. 


But in every. other case of a sorites the sum ery: Mis a finite fraction ; 
for such fraction can be expanded in only one way under the form of a sorites, 
and such sorites is necessarily ‘finite in the number of its terms. 

Hence it is impossible that the sum of the reciprocals -of an“ ascending series 
of positive integers, such that the square root of the difference between any one 

of them and its immediate antecedent is gréater than the difference between 

that antecedent and unity, can represent a rational ne for if so, we have 
Mir w, greater than (sı 1}, Le. u,,; > Us — Us + 1, and the series 
will dn a sorites not belonging to the limiting class. : 

I proceed. to examine some of the-properties of the Series of terms defined. 
by the condition Us ,, = ue — uw, + 1. 

In the first place, I observe that any term us 44 may be — under 
the form Pu, + 1: for suppose this to be true for one value of /; then, since 
Us pipi — l= Us pi (Uepi — 1), it is obviously true for the néxt above; here 
the proposition, being. true when čis unity, is true universally. | aS 

It follows from this that each element of a limiting sorites is prime to all 
that follow it, and consequently any-two terms of the sorites are prine to one 
another. 

Again, for i simplicity, let 9, t1, v je. be usd to répresent (us — - 1) 

(th D (ua — 1), ....5 we have, then, 


: : INE: | ve — 
Ui T 9, = Ty, Vg — Uy UL U3 — 9$ — Ug, « 
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Hence | y — Vos Vi — — Oos .... 0, — % (as is obvious from ‘successive addition of 
the above equations) will Mx of them be of the form Po, where P is a rational. 
integral function of vas and Vz will be of the form Puf Hvo, This conclusion 
leads ito a. representation of the sum of any given number of terms a a limiting 

















sorites by à fraction in its lowest terms. For DT e 
1 “+ Peu odd " sw ` d out 
; Un. mtr UVxUs4l  VaVoti Ve HU? VsF Lu. . 
Hence f SeT nn, i 
: Teli - pi 1 — Sei % (T o) + 0 
> to Uy Utt tet us Uo V1 VoU, 1 s +1 D ^ 


M 


r 


| P | 
` which is of the form Pu, Pari and is consequently. à bons in its lowest terms. 
“Again, if we denote the product of the elements 2); v, %,.%..;u, by Iu, 
and the sum of their (a — l)ary combinations by Ms, D. will also be the 


same: fraction. in its lowest terms, because (as has been shówn) all the, elements 
of thé. sorites are prime to one another. ` 
Hence we may deduce the equations. 





à Mp3 — mm E Wy - + (us - Gr mm us K | | 
ua = 1+ (s — 1) Ty, y 


The second of these serves to give an inferior limit to the rate of convergence l 


of any sorites. ` For in the limiting case we have 
Uy > (ug. — w), 
Us > (Uy — 1) ET > (up — us, 


- 


Ug > (uy — 1) uus > (uy — Uy), 


and so in general u, > (uf — wy, because. the solution of the equation 

«8,7 1 F Ais +. „+ 6, is 6; = 2-10. In any other sorites in which the 
initial. element remains %, the value of the element at æ-places distant must be 

` à fortiori greater than the value (ot = w * last ‘obtained for the limiting | 
case. á 

2 The preceding matter was a to me by the noms in Cantor's 
Geschichte der Mathematik which gives an account of the singular method in use 
among the ancient Egyptians for working with fractions. It was their curious : 
custóm to resolve’ every fraction into a sum of simple fractions according to a 
certain traditional method, not leading, I need hardly say, except in a few of the 


r 
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simplest cases, to the expansion under the special fun to which I irai in what 
precedes, given the name of a fractional sorites. i - 
I subjoin examples of development of a rational. fraction under the, form of a 


sorites. 


Let E be the fraction to be expended, The work may te arranged as 













follows : — : » a à N 
Qc 8) . (60) . (0600 fo 
4699 | ^ 2078 > 1084 |  . 1920 
1320 14640 - 117120 - |: 7027200. 
7027200 





9898 | 16624 | 119040 











E (2 is the number one unit greater than Æ 7320 5° 9398 i is 2 X 4699; 2078 is 
| E 4699 
9398 — 7820; 14640 is 2 X 7320. 


One element (2). is now determined, and the fraction 2078 


ui i remains to be 





expanded. 
(8) is.the numbér one unit greater than EUM oaks is $ X 2078 ; mee 


' is-16624 — 14640; 117120 is 8 x 14640. OR 
.' ^ . A second element (8) is now found, and iiio 

` Proceeding in this manner, and with, numerators 4699, 2078, 1984, 1920, 
necessarily diminishing at each: step, we come at last to the element 3660 with 
a a remainder zero. The required sorites is therefore 





remains over to be nie 


HE ao 


335 
Asa second example take the fraction 232 336°. 


The work may be arranged ` m'a similar. manner : to that of ihe foregoing 
example, and will be as follows: — | 











355 334 - 880 294 
“1 886" +8 672 | 2016 | 14112 
670 | 1002 Bale 2310 14112 





and: ne it will be found that. 


335 jos 
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On am Immediate Generalization of" Local Theorems in which ihe 
“Generating Point TH a Variable Linear Segment in a Constant 
“Ratio. | 


By Savez ROBERTS, ; 


President of the London Mathematical Society.. 


-L Tw: what follows I make use of the obvious acné that, if two cürves 
have | a one to one correspondence, and if the points on a partieular straight line ' 
of one correspond. to points on à straight line of the other, the curves are of the 
sume ‘order and deficiency. The particular straight line is, in the éases I shall 
: discuss, the line at infinity for both curves. 

2: A curve may be determined as the locus of a point, which divides in a con- 


stant: ratio a terminated straight line variable in length and position; anda family. | 


of curves related to one another is obtained by changing the ratio. ^ Each ‘such 
“family depends, therefore, on ore parameter. An additional parameter is intro- 
duced by the transformation of which I propose to treat. : 

There are commonly particular values of the ratio, Which give curves of a 
lower order than that of the general locus, SIE by the reduplication of the 
lociis‘or a curve-factor of the locus: í . 

- For’ example, if straight lines through a point meet a cir cle, the locus of the | 
middle points of the intercepts by the circle i is another circle through the fixed 
' point, ‘and the centre of the direction. 

This i is plaitily a special locus, and if the chords are divided by the. ranis z 
point in the ratio Æ- 7, the locus is found to ‘be the inverse of a conie, i. e. of 
| the, fourth order. We may look for a similar reduction of the order whenever i 

thé ratio is one of. equality, and the extremities of the linear segments move on 
one! and the same curve. 

It is to be- understood that whan I hereaftei- speak of a curve of the class 
described, which for brevity I shall call'a ratio-curve, I mean one geheral as to 


^. order; dn fact, I suppose the ratio of division to be denoted by general literal 


symbols, to which such values may be ascribed as will not give rise. to a special 
reduction of order. - : 


& 
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3.-I propose to ‘establish, that, if similar triangles, uniformly directed with 
respect to tlie generating segments, be superposed thereon, each having for base 
the corresponding segment, the general locus of the vertex, say, the vertex- 
curve, is of the same order and the same: deficiency as the corresponding ratio- 
curve. | 

- This is known to be T. for’ instancé, of rés so derived from a constant line 
moving in plane space. The- triangles-are then all equal, and the result is, that 
the general locus of a point rigidly connected with the moving line is of the 
same order and deficiency as’ the corresponding ratio-curve, — a conclusion of 
“some kinematical importance.’ . | 

The statement is also manifestly true with respect to à curve referred to polar 
co-ordinates. If we divide the radii vectores in a given ratio, a similar and simi- ' 
‘larly placed curve is described by the dividing point; and if triangles are con~ 
structed on these vectores in the manner proposed, we have a similar curve turned 
‘through an angle. | . 

And first of all, as to the deficiency: the secondes of the ratio-curve 
and the vertex-curve is; by the nature of the construction, one to one, so that 
their deficiency is the same. The complete ratio and vertex curves may, hew- 
ever, break up into corresponding factors, and if so, the deficiencies of the corre- 
sponding fictors are the same. Hi is the question of order which requires special 
consideration. : 

4. Let AB be the linear. segment | in one of. its positions, divided at the point 
P in a given ratio. Erect QP perpendicular to AB. The triangle AQB will 
remain similar and uniformly directed if 


AP: BP: PQ=k: 1:9, 


where k, l, p are constant and finite quantities. | 
1f therefore, Xy F, are the co-ordinates of Qr, du FT Lo, Yo dione of 4 
and B, respectively ; and @ is the angle which AB. makes with a fixed line, t the 
axis sof x, we have f n i» vt 
l X= % i m (k cos 6 — p " 0) 
Y =y +m (ksin 0 +p cos 0) E 
Te A | ( A} 
. X= % + m (l cos 0 — p sin 0) ES 
Y — gy, +m (1 sin 0 + p cos 8), . 


where m and 0 are variable parameters. 
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Th order to define the locus, we must’ have further conditions ervd to 
three: ‘independent conditions in 2,-¥1, 25, Ys,.5n, 0. These may be taken to.be 
independent of k, l p; for if these constants ‘saould be included among 1 the con- 
stants.of the complementary conditions, we are at liberty to change P, hy Zin (4) 
into P. , E, V. ' 
| Now, although by giving ipin to such further conditions, we can represent 
cases of great generality, the complete proposition cannot be established. by this : 
. means. We must obtain our conclusion independently of thig ee ds con- 
‘ditions. 

. The system of equations EN T to (A), but belonging to the ratio- 
curve 2 described by the fogs of the perpendicular QP, is a 


X = a + mk.ccs 0 
Y = y, + mb sin 6. 
. X's a + il oi 
| a" " | Y'= yet ml sin 0. 


Ey conibining- (A) and (B), we may obtain ` a zanien of iélations... n will be 
suificient to write down dE 


NN ee. (om XC ee jet 
AE © 


| | (l— k) Y'= ly, — kp 

Go XX EP n) Cxsx (Fy) j 

p o - cutn 
Y= Y +4 (X — a) Y= rj (X= m) "us 


JB. ‘Now, if if we write for z,, pı (¢os'a + à sin a for yy (eos B+i sin B), ete., - 
wliere a, B, etc.; are real angles and p;, 7, ete, are real and positive moduli, we- - 
seé; fron the foregoing expressions, that, if the moduli of (a $ y} (255 ya) are finite, 
then; those of (X', Y’) and (X, Y) are also finite. And if the moduli of (m, 4 y). 
or: ‘of, (a; 4 ys) are infinite, or one of them is infinite, but the moduli of the remain- ` 
ing co-ordinates (25, Y2) or (1, ys) are finite, when the moduli. of (X^, Y ") and : 

(X, Y ) or one of each is infinite.* | 
| . No doubt we ought to be able to derive all the E EP we sun from thé . 
same. systems (A) and (B), when the segment lies altogether at infinity. There 


R This.i is 50 stated to c cover the case of a paer ab infinity, determined by a line parallel to an axis, when 
one- of ‘the co-ordinates is finite. : £ . 
M ; 


Sy t 
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+ ~ E ; : " 

. are; however, obvious difficulties in the way, especially when we consider the 
circular asymptotes. These are “lines of no length." , Nevertheless, the co-ordi- 
nates of points on a circular asymptote have determinate moduli, so that part, of 
the difficulty may be evaded; but, again, a circular asymptote makes any real 
angle with itself. It is more satisfactory to employ another process than to argue ` 
directly on infinites and the cireular points. 

6. By the very nature of the construction the correspondence of (. X", Y") and 

: (X, Y) depends on the position and length of the corresponding segment alone, 
and to determine it, we are at liberty to arrive at any proposed position-of the 
‘segment as we conveñiently can. Moreover, the actual length of the segment is : 
immaterial when we have only to distinguish between finite and infinitely distant 
points. This applies to imaginary as well as real positions. These considerations 
enable us to have recourse to certain elementary cases ; and to avoid direct rea- 
soning on isolated infinite quantities, I fakes therefore, some essential cases In - 
order. 

I.. One extremity of the segment finde and real, the other at infinüy and real. 

Let A be the finite -extremity. In- the direction of the segment take 
AB finite, and construct the triangle AQB and the V in d QP, as 
before. 

If now we suppose B to moye to infinity, the mere AQB remaining of the 
same angularity, P and Q ultimately lie at infinity, P Pod with B, and Q 
being determined by the direction AQ. : 

. This agrees with the result of neglecting æ, y in (a) and zx 

IL The segment real and altogether at infinity. 

- Take the lines OA, OB met by the finite segment AB, and construct the 
‘triangle AQB and the perpendicular: QP, as before. 

` When AB moves to infinity, parallel to itself, P and Q also move to infinity, 
when the angularity of A QB is unchanged. 

_Since, however, the direction of AB is arbitrary, every point at infinity in 
turn may be made to represent the ultimate ‘position of. P, indicating that the 
line at infinity becomes an extraneous. factor of the locus, the order of which is 
consequently reduced. But if we determine the direction of P, that of Q is also 
determined for a given angularity. The point to be noticed is that the mutually 
corresponding points, whether proper or extraneous, all lie at infinity. 

` The conclusions (L) and (IL) will hold for imaginary positions of the segment 

when we have regard to the moduli of the co-ordinates, except that the case in 

Which the segment coincides with a circular asymptote requires special d deter- 
mination, 


D 


t 
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in, "HI. Therefore, consider the elementary ea case of straight lines thr ough a point 
and: meeting ‘two given straight lines. The ratio and vertex curves are conics, 
passing ‘through the points.at infinity, corresponding respectively to those of the 
directrices. ‘And since in this case all finite points (X’, F ^) correspond to ‘finite 
“points (X, Y), and vice versa, it follows, gener ally, that this result holds for finite 
positions of the segment, whether imaginary or. real, even when the segment 
forms pàrt of a circular asymptote. But since this is so, and the correspondence 
of the ratio-curve to the vertex-curve is one to. ‘one, it follows that to infinitely. 
distant points on the ratio-curve must correspond infinitely distant points on ‘the 
vertex- -curvé.'. Consequently the order must be the same for both. 

For the purpose of showing the effect when the one extremity of the segment 
coiricides with a circular point. at infinity, it is more. > convenient to take the case 
of a: point ‘and circle. a 

. The ratio-curve and the vertex-curve are both of them circles, and the corre- 
‘sponding points (X^, Y") (X, Y) coincide at the circular points. 


^ IV. We must consider the case in which the segment passes through both ` 


the circular points, and therefore coincides with the line at infinity. 

If: ;pare allel lines-meet a straight line.and a circle, the ratio and vertex curves 
‘are conics, and the infinitely distant pom of one conie correspond to those, 
respectively, of the other. ini 


According, to the same principles, the effect may be shown of the coincidence 


2 of two extremities of a segment. Thus, if a pencil of parallel lines méets a para- 


bola, the ratio-curve and the vertex-curve are both parabolas, and the points of 
contact with the line at infinity correspond. It is not necessary, nome el, to 
pursue this further for the end in view. 

We see, then, that to points at infinity on thè ratio-curve | always. correspond 
_ pointé at infinity on the vertex-curve ; and since the correspondence! is one to 
. one, the order must be the same for both. f : ; 

Since the vertex-curve can be obtained by taking the ratio-curve as one of 
the directrices, to an extraneous factor of the one will correspond an extraneous 
factor-of the other; and if the one curve is composite, 8o is the other in a cor- 
responding manner.’ . ra ` 

Itis to be observed that such composite. loci may still be. reckoned as proper 
loci, in our présent point of view. | 

8. The conclusion at-which we have arrived is of. considerable utility for. the 


exteüision of problems on loci. In many cases a ratio-curve can be determined’ 


by simple processes, when the analytical investigation of the corr esponding vertex- 
curve ‘involves complicated work. : 
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| Take, for instance, a fal of straight lines meeting two directrices. In _ 
the ratio-curve, adopting polar co-ordinates with the vertex of the pencil as pole, 
` we have to eliminate pi, ps from 


R= mp, ab Tips 
$(p,0)-0 — (m, 0) = 0. 


This is often a simple matter where the corresponding elimination for the 
vertex-curve is lengthy or.impracticable. | 

Suppose the directrices are two circles, the ratio-curve is readily f found to be 
. of the sixth: order (tricireular), with three other nodes, reducing to. the fourth 
.order (the inverse of a conic) when the pole is on one of the circles, and to the 
second order (a circle) when the pole is one- of the finite intersections of the 
directrices. It is tedious, though of course practicable, to show analytically that 
the vertex-curve is also in the first case a sextic of similar kind, in the sécond | 
' the inverse of a conic, and in the third a circle. The last result is, however, well 
: known in'connection with the theor y of three circles. intersecting in a point, 

.9. Again, it will also be observed that we can project orthogonally a ‘figure 
relative to a ratio-curve, and reproduce. a ratio- curve together with its iUe. 
priate conditions of generation. The vertex-curve cannot be so projected, and . 
consequently we'get an entirely new theorem. 

|. For example; projecting. the last case, above given, we liie the follow- 
ing:—: - 
If a vector be drawn through a finite intersection of two similar and similarly 
placed conics, the locus of a point dividing the intercepts in a constant ratio is a 
similar.and similarly placed conie passing through the finite intersections to- 
. gether, strictly speaking, with two similar and similarly Placed conics obtained by 
measuring the intercepts from the pole. 

We have for the vertex-curve the following : — 

Ifa vector be drawn through a finite intersection of two similar and similarly 
placed. conics, the vertices of similar and similarly directed triangles on the inter- 
cepts’as base deseribe a conic through the other finite intersection of the two - 
given conics (a conic not necessarily similar or similarly placed), together with ' 
two supplementary conics. This result is not to be derived by: PHUSSRON since 
the triangles would not be projected into similar triangles. 

10. It has served our purpose té consider examples belonging to the very 
simple case of lines enveloping a point. To illustrate different conditions, sup- 
pose that str en lines oe a given circle and meet a gen straight line; the 


" 


D 
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lotus of a point dividing the intercepts on the tangents between fie point of 

contact and the line i is a curve of. the fourth order. . In this case we get 

| X= a + m (Ecos 0— — p sin 6) + E 
y- y, + m (k sin 6 + p cos 6), . o, 
0 .y1,— 820 | 3 HN i TEF 

dig | Ti ta +m (4 cos 2-5 sin 6) | | 

Bu ER Fe ya + im (4 sin 0 +p cos 0) 





X cos Ô + y, sin 0 — 0 | 

. | vy He yj F r, 

_.whence we have ; : 
À 2 X cos 0 + Y sin 0 — ml 


X sin 0 — Y cos 0 = — mp Ey 
| Eos - 8 = m (k sin 0+ p cos 0) 
“Simple as these tig a the reduction is troublesome; E if p= 0, 
the. x - f 
| l xe PE me + re 
mkX sin 0 = X (Y — 8) 

I mkX cos 0 = mk — Y (Y— 8) | 

giving DE "m No" i5 


px n-o5-xg-y-(oere-n-ra-sy-o 


"The curve is diredlas, having a double point at IpBRity determined by Nec = 0, 
‘in accordance with. our previous conclusions. - 


‘The vertex-curve is, therefore, also circular, of the fourth order, havitig a a 


te, 


: doublé point at infinity determined by Xp — Yk = 
We can now project the circle and line directrices nib a central conie and line, 
ánd deduce a similar result for the vertex-curve in this case. Ue 
IL I have. only further to remark, that the transformation of the ratio-curve 
into the vertex-curve is a particular case of the-general transformation where- the 
powers and products of X, Y are decomposed - into their. elements, and each 
x and Y receives an mndependent linear transformation. ` 
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We see this directly by writing (A) in the form l 

` Xk+ Yp = mh + yip +m (p + I) cos 0 = X; + m (p + B) cos 0 
Yk — Xp = gk — np + m (p E) sin 0= Y, +m (ph P) sin 0 
XI+ Fp = ml + yop +m (p+ B) cos 0 = X, +m (p? + P) cos 0. 
Yl— Xp = yd — mp +m (p + B) sin 0 = Y, + m (p! + P) sin 6. 


and EET s Ee e in 
| È i k- Vip > Apk ` 
a— BEBO APEP: 
Xi hp- _ pr Il., 





a d Yz = P+He 2 . 


and by comparing these with (B). ; 
Since, however, in this way of putting the matter, the unexpressed conditions 
vary with p, k, l, we cannot at once.infer the equality of the, orders of the ratio 
and vertex curves, for which purpose it has been necessary to enter into some- 
what tedious details. I have not been able to hit upon a simpler proof, though it 
is highly probable such a one can be found. ` I thought it desirable to introduce 
the analytical expressions of Article 4, in order to show where the difficulty 
arises, but im fact we found them insufficient, and it would favor uniformity to, 
‘adhere to the method of Articles 6 and T. | | 
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Tr, ‘object . of this- paper is the development, of. Jic onu the devit 
opment of-the form of the functional coefficient of A (usually known’ as a in 
the cremainder_ in that formula, and the, development of the fornis of 6, 0, :. 
as théy appear in the equations (ay; (bY. . CA EE uA : 
` Suppose x and oe to be finite and P functions for all values. of v 
-froti v= to g= x H+ mh, m being always positive, and either & constant, 
or a function of x and h of such form as to reduce to à constant when h= 0. 
Then wi PLAT pos QR S 
TEM state d irs 
whois gi is between 0 and m. . i 
‘Lat’ A and B be the-algebraically prete a and least values of. "m for ‘Values 
of æ between x and g + mh. an. i P 
| , Pat S E cU Re MC 


2 ee 2 desde "AM s 
inb. à NE | ut SES I 8 
pim - eee ^ ms 5 Eus (2): 
Then . TE PE UC 
iva h E Wt, Lon 5 
E Rt. A Eee be, dE E 


both’ tof which are positive | for' all values of x between g and a’ T mh, arid 


consequently y and g are increasing functions. for all values of x between a 
and. af Fo mh. > P 


i 


c 
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Let x take see of the. two values a and a. + mhin both ig and. s ‘Then 
y= = AG + ed = g(a ue i) 7 
i v d $ (a! + mh) Se A ** mb). 
sg maa! — de, JN 


| d qais NE : 








dy acte, GEL b@t mide y 


mh. o ? mh mh 


Because 4 y and z dre T functions and m is positive,-y” — y' Add z” 
are. of the same sign as A, and. the members of the last two equations are potitive ve. 


Consequentl yan pat abet » 


by reason. of: the continuity of dx between A and B, is equal to some value of 
du between À and B in which z has some value between g-and a’ + mh. Let 
UR represent this value of d 0 ixl between 0 and m. Then: 


Y 


ghee iiu m tni) ed (v n CDR 


or 


ds ri = da + mig (HM, Sor qi 


wich will hold true for all values of d. and mh within the limits of TS giving 

finite and continuous values in da and, dia. : . 
es (8) i. regarding « as constant, and in the result putting 

h= 70, E 

(nb Lad = 2 (m6 wre x. DUCES 


^ (Ph =0 = 2 (m) eo. and 6 —5(mh-,c e, 


“here 0 =0 when. LS 0. These results obtain whether m be consent or 
variable. : a7? t 
Since is always between 0 and m, and m is always positive, and since, € 
"reduces to the constant 3 (ra à o when h= = 0, 6, like m, is always positive, and 
either a constant, or reduces to one when 4— 0. Hence, if d'a, my, I. dx 
are finite and continuous functions the samé as dx and x, we can fom the 


is less than À and” greater than B, and therefore; b 


a 
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us following ree in which e g". . are, like m uid [7 Y; always positive, and ` 


either. constants, or reduced to constants when h= 0. 
$ (a + mh) = + + mhg (s t e, a 
where 9 is between 0 and m; . at - u | 
--P (a+ Fh) = = da + eng" e + "c ES 
where 0" is between 0 and @; P 
+ d" (s + 0h) = d'a + dedi (a Bt er, 


where 8" i is between 0 and 6" ; 


get (a + gr a = d 1s + g- "hne + on) 


í whöre. 0?" is between 0 and 6?"— 
| The same law that makes 


has Dus 
(0o = 3 (m), =09 


$ uw "À 
x te, 


also Makes 2E . Aa a 

l h= = 2 5 (6 a 0—— 9i p (m) 0» 
t Pe ; l | 7 on 1 y, om Es 
" a ~ g (8 Qo =z (8 h=o = (Mo tt 
and in general, "og < ea E 
TR (0 J= m e s (mise 0° 


Tet m = sA ane denote what #, 0", 6%, . "become by 6:, th, Biss 


! DN E iM l 
voie 0, is between 0 and 1 ; | 
| | (a + Gh) = de + Old" (s + BH). 

where 0, is anes 0 and 6,; E 
ae d (w+ 0h) = piz + baha (x + Osh), 


where 6, is between 0 and 4; 


#5 À 
, n 


ge 'G + Oen 1h) = p i 2 06, "T " T On), 


wliere Omn i is between 0 and 6, ,. - 





M | 


45) 


(e). 


.. Then, 
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Father, i if h= = 0, then. E | 
P (ane PO n Ben 0 — ; 
un: er : a; E ; 
M A “Wee = I1 oF B 
Pipes diio s successive dif €o. E (8) rogirding A as constant, aid. in the 
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^ Ie in "" (5), (6) y (7), (8), and (9) we pub m = 1, and write A for 0, we obtain . 
the’ same results as when À = 0 in the succèssive diff co, » with respect to h,. 
of ce d i 
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| Tauto (ay elus to ed = ‘gx, when h= 0 but i dig CO. with; respect 
toh, reduces to pu = d'z, by (10). Hence by.one differentiation with respect 
: toh, h has been eliminated from. one term in Ad (v. Oh). Consequently one |. 
term in hd (a + 6,4) is ha. i ; d 
- Again :. when h = 0, the second diff'co. of (ay with respect to ‘a séduos to` 
duc = 2 (61; Ws of, by (11)... Consequently by two, differentiations with respect 


B p» 7 -hes ‘been eliminated from a second term in ^d (e+ ib), and a second — -. 


term. in that expression is . j 

qe 5.0.0 réel (Oe EL | 

like manner “by three P GR ds. with repect to h, and in the result 
` putting h = = 0, (12) i is obtained from (a), where it is. plain 3 has been eliminated 


. from a third term in hg (x F and a third, term in in that expressio is | 


l DE $4 = DE 3 s[: OE pe +3( eh di" 
Additional terins may be fund i in the, same: way- ‘from (18), a) . <, and with 
ae foregoing ones- ‘substituted for hq’ (e + bih) à in. n-(a) ; giving” 5 à 
i ads t i= de + Ms +3 7 Lo st Ps d 2d. i de dec um 
it im (17), in b (x + 01) dente tlie 8 sur. of all the. terms in siis fight mem- 
Ks after the first n, and again 7; QA denôte- the ' ‘sum: of ali: the terms after, the 
first My ti "m beng any nce between n: and. $n wé can wr rité the two equations 
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Gyon (i9. when n=0 w A SN E SER 
rH A $G + = ex: t = f(a + m= g (e 01), En 0—1. (22) 
as oó then, by: (20), a: es E ur 
ee | p” (x + Oh) = dés, ind 0 = 0. E M (23). 
ion (20) and (21) we find the quantity d^ (x + 0h) can never équal either 
E (x. + h), or Pix, unless # has such a value as to cause all the terms iter the’ 
first; in the righs members of (20) ‘and (21), to vanish, | 
| “This. can only happen in (20) when n is ‘infinite, and in (21) E n is zero. 
Hence for finite integral values of n, 0 ds. a P o proper fraction, 9 or 0 is 
betivéen zero and: a unit. uc | 
Differentiating’ ye regarding cas md a 
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32 - (m—n) pe-e une. di 
E ir?) (43) et e) Ai [zx pne enm dh. (24), 
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; mE oh pg EM E ES sper ; ` : 
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| Continuing tlie differentiation of d regarding + æ as constant, and i in; the 
results putting h - 0, ; + 
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“Again, from: (21), by the aid of (25) and (29). 
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‘Tn like manner it may be inopi: front es» that, : 





DIS 329 405-035 TE T ETE E S (n. 1) — 8 (n 4- 2) 
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NIE Une 
Ge) E ..may be found. 


Tn the same ‘way, the values of: ( CUR 
From (25), 0 = = À 241 + $, where d= 0 when h= 0; but by one | differen 


E > tiation with. nu to h, and i in ‘the result putting h= 0, 


fa | VEDELE, GFN 
i -Ë t= "RC E Hd 49 ems) 


E | bs (29). DM by one differentiation’ with respect - to h; h ‘has des 


f eliminated from one term i iri $, and also from a second termi in 6. um before | 
Kara E ; 


Lu [E ETE (ye 


|» where d ind: 1s a) both varish when h — 0. Differentiating the last, equation "à 


f d i 

. twice, regarding æ as ‘constant, and ` in "the. result putting h= 0, (ae), 
^ / =O 
-( S = the right. member (80). Hence by two differentiations. fev 


end to pP a ‘has been eliminated from a term in $, and fiom a third term 


m 6. Consequently, | M "UE 
MR — - wert a(S) 9 (Shay epe (Fr) | 
e$ [Chee AES (ess )- Ces e ) eye ve 


* en $^ asa and vanish when. h=.0. In like manner ‘additional terms 


may be found, and the general form af 6 shown to be, : 
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in the. same manner that the value of 0 was derived from those of." 
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are expressible i in terms of $2, $a, e un 
. Ifin (5), (6), (T), (8y and (9) we write 6, for m, 6, for 0, and advance each | 
guiar “of diff co. of x to the next eee we obtain the same results as when 


i 
Pr 
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‘h == 0 in the successive diff. co. with respect to - h, of BO) ; atid ‘idee results by 
easy reductions give 
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dd d?0; E - | dre, 
(2), a. mney ty =0 
' are expressible in terms of dz, PT... ^u, as in (40), (41), (42). 
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B dà ME 
Where (a). , (ae Dor ...are es sgh terms of #'x, 6x tte, 


as in (45), (46). j 
in general, it may be shown that 


, . de, p /d5, 20 fpi fee, | 
6, =; OR (ai) 3 (Gey tas (a QE em C sg (48) 
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waste (a) 





d*8, . g- 10% : ap sn : HL 
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h= if h=0 


l pt, he à $ deu, as in preceding cases. 


“Eliminating ¢ (x+ bh), $" (à + a) … ey (æ + Osh) from (a), (by, 
, there results ; E | 


| 1$ GEA)— ge + ha + Oh" + AAT + +. 86. 0; I" d (x + Fa (49) 


Sie Oy contains h, IP, 18, .... as factors, and ie not contain À. in any other 
form; and since the same holds true in the expressions giving the values of 6,, 


z, .:..,itis plain that (49) will contain A as a factor in the regular ascending 


‘integral powers, f, A, h®,...., and will not contain A in any other form, when 


Or, 065,.... are replaced by their values in terms of x and A. 
From (39), (44), Ps and (48), we n find . 
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‘Uniting terms; 
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containing he, N,. , a 

‘By extending the work, it may be don that $ {à + We dar + ey +% ; da 

a des z 55 dic +. m de + such terms in AUS, 6,6, o, ~ Pj. d ista 
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On. the "Theory -of Rational Derivation: on a Cubic | Curve. 


S | By Wiri E. Srory. - es 


E 


| Theo 7 "P Indices. - 


IN’ a: Foch number of this journal *. Profesor Sylvester has given the ele-. 


menís of a theory of rational derivation on a cubie curve, i.e. a theory of those 


points: of the curve whose co-ordinates can be expressed ‘as rational functions of 
an arbitrary initial point of the same; a theory which, altliough devised for the 
purposé of solving an arithmetical problem,} has an interest of its own from a 
geometrical point of view. Jt is, so far as it’ goes, the essence of the' theory 
of the representation of the points on a cubic by means of a single parameter, 
i. e. its methods are substantially the same as those whicli have been.employed in 
the development of that theory, but it does not assume any such actual repre-: 
sentation. Previous to the above-mentioned - foundation of this theory. no one 
had éver, so far as I know, considered other rational derivatives of a point than 
its "tomgentials of. various orders. 

In this paper I propose to develop this new theory y of indices in. a more ; general 
and, symmetrical. form than that originally given. to it; and, finally, by combin- , 
ing it with the theory of parameters, I shall solve a ‘number of problems espe- 


| cially. relating to the enumeration of poirits having certain properties analogous 


to: those of singular points or of the contacts of singular tangents. 
I shall call, with "Professor Sylvester, the point in which the junction of two 


5 ‘points of the cubic again meets the curve the connective of those two points; then 


it is evident that the connective of any two rational derivatives of a common ` 
initial point is also a rational derivative of the sanie initial. The tangential of. 
a rational derivative is only a special case of sich a connective, viz. the connect-. 


| ive of the rational derivative with itself. It is by this method of collineation that 
- Professor Sylvester obtains the derivatives. That such a method will give ail the 


rational derivatives of.a point is not yet B :and the question.is irrelevant to 








3k "This volume, pages 58 — 88. ; à | 
^t Namely, from one solution in integers of the equation «? + 3? + 2 + keyz = 0; to find others. | 
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the present investigation ; but, in view of the results obtained, iti is difficult to see 
"how any géometrical method.can give other rational derivatives ; at all events, 
* Ishallfor the present use the expression derivative to designate such a derivative 
only. The derivatives which are thus obtained are the points to which corre- 
spond, as I shall show, values of the parameter differing only by multiples of 
certain periods (the inflexion-periods) from commensurable values, if the param- 
. eter” p be so- chosen, as it always may be, that u + y + p = 0 is the condition, 
for three collinear. points. ` The difference in method of the theories of indices 
and parameters ‘consists. in this + that in the latter continuous values of aparat- | 
eter are. assigned to the continuous points of the curve in accordance with its 
equation, while in the former to an. arbitrary point taken as the initial an index 
.1 is assigned, and then to its derivatives in a certain order all pósitive and nega- 
tive integers as indices., The index of a derivative thus, expresses (with a, certain 
modification due to the infléxion-periods) the number by which the parameter of 
the initial must be multiplied i in order to obtain the parameter of the derivative. 
Viewed from an algebraie standpoint; as Professor Sylvester has shown, the 
"square of the index of a derivative on a non-singular cubic is the. degree of the 
, eó- -ordinates of the derivative in terms of the initial; and from à ‘geometrical 
standpoint, as is proved i ‘in the sequel, it is the Haaie of points which bear to 
any given point the relation of initial.to derivative with the index-in question. 
This method of indices is particularly useful in determining the number of points 
. whose derivatives satisfy certain conditions, and for such a determination.it is in : 
general necessary to take into account the' periodicity of the paramietric repre- 
sentation ; at least it is necessary to distinguish tlie cases in which there is no 
period, or one or two- periods. Tlie advantage of considering the periodicity 
néed not be lost in using the method of indices, so long as the problem in: hand 
does not involve the actual determination of points, but only ‘their number. 
. If the question of reality enters, of course the nature of the periods and their 
relations to the co- ordinates must be considered. . The condition of eollineation 
< above cited must be our guide in the assignment. of the indices, in order that the 
relation mentioned may subsist between index and parameter,* i i.e. for the indices 
a, b, c of three collinear’ points the fundamental formula holds, | » | 


A S a+b+e=0, 








© For the condition of collineation- might have been chošseù any linear relation bétween a4-b c, ` 
bc + ca.+ ab, abc and an. arbitrary constant, i. e. any linear relation between the coefficients of the cubic equation 
- of which a, b, c may be regarded as the roots ; but it-is more convenient to consider this condition as pui, by 
å proper transformation, which. is not in general algebraic, into the form given. above. -The indices of all the . 
rational derivatives of any point will then be integers ; otherwise they will | be commensurable fractions, 
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if, in: “general [a, b] denote the index of the connective of two points whose `` 


indices are a and b. In particular; for the. tangential of a point whose index i is 
awe have ; : T 

; [a,a] =— 2a, i . (23) 
and for an inflexion, | a uS | 
—2a-—aie. a — 0, à c (o. 


^ 80: ‘that. each inflexion. has the index 0. I shall have occasion -hereafter to. 
distinguish derivatives having a common index by means of suffices, bùt at pres- . 


ent: we will confine our attention to one point corresponding to each, index, and 
to one inflexion selected at pleasure (a real inflexion, if we are to consider real 


` derivatives) and- give it the index 0, so that it will not yet:be necessary to use: 


any distinguishing mark. The connective of any point with an inflexion may 
be called the opposite of that point with respect to the inflexion, For the: opposite 
with réspect to 0 of a point whose index i is a we have : 


[neca 5 257. (4) 


"We Know that: the opposites of three collinear points with „respect to the "m 
inflexion are also collinear; hence, if La, 5] = (a+ oF for any. PA 


i values, of a and 5, then 


- 


[> 4@,— 0] = (a+ 5). À i (5) | 


ii is | necessary to show that the. indices can be assigned so that ds funda- | 


mental formula (1) shall hold for any two derivatives and their connective. The 
"application of.(4) and.(5) will make it unnecessary to prove the formula sepa- 
rately for all cases; viz, every number of the form 3m — 1, in which m is any 
positive or negative integer, is the negative of a number of,the form 3m + 1; 
after.I have assigned all the indices of the form 3m + 1; I shall assign | thone 


.of thé form 3m — 1 by (4); and when the fundamental. formula has been proved, 


for the connective of any two. indices of the form 3.m:+ 1, it.is shown by. (5) to 


held: ‘for. two indices of the form 3m — 1. It will be noticed that, if a and b are 


both: of one of the forms 3m + 1, 3m — 1, 3m, then — (a + b) is also of that 


form; Hm ,and if a and b are of different forms, zc + b) is of the form different _ 


Hon either. MEE ; 
“The .proof of the fundamental formula, after the indices have boss assigned, 


depends upon a special form of a theorem of Professor Sylvester s (Salmon’s 
Higher Plane- Curves, 2d ed., page 185); which may be put thus: Jf four points 
om à cubic bè grouped t in pairs in any. way, the connective of the connectives of the points in 


the’ ae pairs is is a of the manner of grouping. The dos which thus 
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depends due on the position. of the four given points is dicit "poresidual, and 
its index may be denoted by [a, b,c, d], where a, b, c, d are the indices of the 
four porn The theorem just stated may then be expressed. thus : — ' 


[po 1, te, di] = [Tas bd] = [lod]; e] = te, E | 6) 


For convenience I omit the inside ‘brackets and write the indices in: the 
order. in which toy are used in pairs, poig them by commas; thus (6) 


. becomes kf 
| de, vo, d] — (a; c,b d] = [a; d b,c]. 


Later I shall Bx also of ‘the. coresidual of 8n + 1 indices instead of the 
index of the coresidual of 2n "Tub pu The indices of the form Sn-rlare- 
assigned thus: L— 

tot. = I= index of the initial, 


TE, H = — 2 = index of the tangential of- tlie ital 


and then, bs tho use of —2 and 1 alternately, 


52,72] =4, [4 i UN 
e[-5-3]-7 ^" En1i]-—8 
[-8,—2]—10, [10,1] =— IL ete, - 
from sette follow | nr se 
2 : bs 2,1] = 1, 
[4-32-2 EF 531j24 
[5-2:22-5 ^ [-8 ger; 
.[19,—2]— —8, ^^ [-11, 1] 10, sie 
so > that, if a is any index ofthe form. 3 m. F bh o. : 
| fe, 1]=—(a+1) and [a,—2] = |. 0) 
` If a and b are any two indices of the form. 8m + 1, then by i and (6) ` | 
‘fa, b] zt "Pls 1—(b- 2),—2 = = Soy Des joe 2) El 
| =[at3,b-8, | 7 ". s 


so that the-index of the connective* of two indices remains unchanged if either 
index be eread, by any multiple of 3, while the other is decreased Py the 








| #ltisa convenient abréviation to speak of the connective of two : "indices instead of that of the corse- 
aiding points. - ` 





mi bono A 


. Moreover : 
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same multiple of 3, the sum remaining constant. Whatever value = 1 (mod. 8) 
either index may have, it can be increased if negative, or decreased if positive, 
by ‘stich a multiple: of 3 that, it shall become 1, so us (a arid b both: of thé form 
8m a 1) 


- 


[a,b] = [a +b — 1,1] EN 


[— «,— 5] xac b), 


i e. “the fundamental formula holds for any two“ indices, both of the form 
3m + 1, or both of the form 3m - — 1. I wil introducé de of 3 by. the 


formula 


[3m—1, EA E | NIE " "(9) 


foi ali positive and negative. values of m; in d with the fundamental 


| theorem. Then also, for all values of m, 


 [8m; 1] 2 — (8m +1) | 207 Q0 


s Then by (1), (4), (8), . and (9), of which (1) and (4 L} are now known to be true 


fof indices of the form 3m RÀ 1 and of the form 8 m — 1, 


qued, == [> 8m+], =2, 1 ,0]=[-3m+1, w= —2,1]=[8m—1,1] 


fiom which follows ` | ` E I d — 
c^ MB [8 m, — l]— (med) oo 4 ctu lu (12) 


(am, q = = ar 10:0] = [Ev dE 065 oS ee 
SES ER : : | PEE "E oe | | co) 


, S drm now been, proved that, for all values of a, ` | 


: fa, Hs 1) [= 5a 3 and ques (y 


um whenee, fór all values of a and 5, 


Le b= [-«-1 j1,-54H1,—1]- [74—1, I, aar t= -[a+2,b— 2; (15) 


which ean be venented any number of times dnd: one or the other of the two - 
indices becomes 0 or 1, in either of which cases the tündamental formula holds; 

hence it holds for all values of a and b, ie. ; . | 
TL The connective y any two indices is their negative sum. 
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For the coresidual of four indices a, b, c, d.we have 
| dM NM EE - — (16) 
ie. | : 

CIL The coresidual of ur dre is their sum. 

In general (see Salmon's Higher Plane Curves, 2d ed., $8 154- 161), given 
any 8» — 1 points on a cubic, all the curves of the order n which can be passed 
through them will intersect the cubic again in a fixed point, the residual 
of: the given 3 — 1 points; and given any 854 + 1 points on a cubie, any 
curve of the order n + 1 which ean be passed through them will intersect the 
cubic again in two points whose connective is.a fixed point, the coresidual of the 

given 8n +1 points. Furthermore it is substantially proved (Salmon, lc.) 
that, in the determination of residual or coresidual, for any group of 8 # + 1 - 
points can be substituted their coresidual; hence, in the determination of the 
index of the residual or coresidual of any number of points of the numbered 
scale, for any four indices we may substitute their sum. - We may then group 
the given indices together by fours as far as possible, and substitute for each 
four their sum, thus reducing the number of indices by a multiple of 3; without 
altering their sum. The same reduction. may be made in the system of indices 
thus obtained, and this process carried on until the number of indices is less than 
four. We ‘speak only of a residual of 3n — 1 points and the coresidual of 3n - 1 
points; só that, after the above reduction in the number of points by a multiple 
of.3, there will result two points -whose residual is their negative ` sum, or a 
single point which is the coresidual of the given 8n + 1 points. Hence’ 
^. UT The residual of any 8 n— 1.éndices is in gate sum, and the coresidual f 


-any 3n+ 1 indices is their sum. 


It may be added that the sum of any 3» — 1 dicesi is the coresiduàl of the 
. group formed by annexing to them the inflexion 0 twice; the negative sum of 
.any 9 + 1 indices is the residual of the group formed by annexing to them zhe 
` inflexion 0; the sum of any 3» indices is the coresidual of the group formed - 
by annexing to them the inflexion 0; and the negative sum of 3n indices is 
the residual of the group formed by annexing to them the inflexion 0 twice, 
ie. is the 3(& + 1)* intersection with the cubic of every curve of the order. 
5 + 1 which passes through the 3n points, and is tangent to the cubic at the: 
inflexion 0. 

. Théorem IL. tan be put into this dak form: The sum of th the indices of the 3n 
“points of intersection of any n-thie with the cubic à sot. 











** Compare Clebsch, Vorlesungen über Geometrie, edited by- Lindemann, Vol. I. p. 623. 
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‘The foregoing is the ‘complete theory for euspidal cubics, which have only 
one point of inflexion ; but on a cubic having more than one inflexion, a series 


. of derivatives -whose indices are of the form 3m and 3m = 1 exists for each 


inflexion,. and these’ series determine by collineation yet other series whose 
indices are of the form 3 m+ 1. l 

An acnodal or crunodal cubic will have three collinear eos Jet their — 
indices be 0), 0;, 0, (the numerical value of thé index of any inflexion is 0, as ` 
above proved);-let the indices aj, for all integral values of a, be assigned as in . 


“the preceding case the: indices a were, i.e. let ‘1, be the index of any point 


on.the curve, let — yy doa 77 Bos fos ee . be assigned - with respect to 1, as 
—2,4,— 5,7, . were assigned with respect to 1, and let UN 45,95, 
be assigned si respect to 1, and 0, as above —1,2,3,—3,—4,8,.... 
were. with respect to 1 and d Further, let .. : 
[eus =— a, and [æ, (0]--—24a- j |. (1T) 


: Speer the assignment of all indices with the suffices 1 and 2. Then, for all 


d [a,b] = = [= Ay ds — Do, 0] = s spo hy Q, 0] = = [(a-- 5,0] 


values of-a and b, 


i 


i C0; 0] = O; [Os , 0,] = 0, , [0,, 0 y] = Os 
' [05,02] = Op, [@, Oo] = 6, [0 0] = 0, . 


[ab] = —- (a bk, 
[ad] = = [~ a; 02,— bo 0f = [— a ,— $,,0,0,] = - atb} 0] = = —(a+ bh; . 


[25555] = [— des 01,—5,, 0,] =e [— a -boz 00] = = [(a+ b)o;0] = = = —(ad- b), 


Cab] = [4 ;00,—bo »02] = [7 4,— by 02500] = = [(a+ bh 0] m md 
[4,5] = E Ta do, 05,— 5,,0,] =Ú Co bo, 02, 02]. = p. [a+ b), 05]. i (a+); 
(a+ hs; 


IL. 


| so that, in general, if p(x) denotes the minimum positive residue of x ( mod. 3), 
“we shall have 


[a hd. (a bars "E Q8) 


| “her each of the numbers P and a has one of the values 0, 1, 2. Evidently 
then 


La, bot d] = [- (a + Boron E E ` 


(19 
Heb e dhori "us 
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. Bya simplé. extension of tise formule, ¢ as in thé case of the euspidal cubie, to 
the residual or coresidual of any number, of points, we have l 
l IV. The. residual of any 3n-.— 1 indices on a erunodal or acnodal ais is their 
negative sum with a. suffix equal to the minimum positive residue (mod. 3) of the negative 
sum of their suffices ; and the coresidual of any 8m + 1 indices on, such a cubic is the ` 
‘sum óf their indices with a suf equal to the minimum pose residue (mod. 3) of the sum 

of their suffices. : : - 
Thé presence of an inflexion. in a à group: of detivatiyos can only affect the 
number of indices in the group and the suffix of the resultant index, i: e. can 
only have an effect.in determining ‘whether the result is 'residual or coresidual, 
and. hence. whether the sum of the indices and the:sum of the suffices are to be . 
taken with the positive or negative sign. ^ With this in mind ‘it is easy to make 
. additions to the theorem just given analogous to ‘those. ‘which we made io 
"Theorem IL, respecting the meaning.of the positive sum of $2—1 indices, the 
negative sùm of 3n +1 indices, and: the positive and negative sums of 3n 
` indices, each with either possible suffix. For instance, the sum. of 3%. indices | 
"with a suffix equal to the minimum positive residue (mod. 3) of the sum of their 
suffices is the coresidual of the group formed by annexing to the given 3n 
` points the: inflexioh 0; the same sum with a suffix-one. greater (mod. 3) is the 
coresidual of the group formed by annexing to” the 8n points the inflexion 0,; 
the negative sum of 3n indices with a suffix equal to the minimum positive 
` residue (mod, 3) of the negative of the sum of their suffices is the 3 (n +1)" 
` point-of intersection with ‘the cubic of. every curve’ of. the order à +1, which 
` passes through the 3n given. points and touches the cubie at the point of inflex- 
` jon 0), and'also of every curve of the samé ‘order: which passes through the 3 n 
"given points and through the inflexions 0, and 0,; the same index with the suffix ” 
increased by 1 will.be that of the’ point of: ‘intersection when, (Oi is the pons of 
" contaét or the curve passes through 0; and 02, etc. . Š - l 
‘These theorems are`true for the derivatives obtained by means of any ‘three 
collinear inflexions, if three. or more ‘exist, and will therefore’ be true for non- 
' singular cübies as well as for acnodal and crunodal cubics. Non- -singular cubics . 
have nine points of-inflexion lying by threes in twelve straight lines ; j designating : 
` any three inflexions which are not collinear by Ooo; 05, Oro; iv accòrdance with 
the above, piinciples I will assign ‘doublé. indices-to each of the other six inflex- 
ions (using only 0, 1, 2 as suffices) so that the conditions of collineation for 
Opa Onas Or, á shall þe grew t = 0 and. pt re 0, us using 96) as 
- above, } i ` 


NS ik p E [5,0] = Ope met HO 
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‘Thé twelve sets of albo inflexions are then | 
| 055; Oor s Qoz; Ooo > Oio » O20 5 On, Óo; Om; 05 > 05, Oa; ; 
Oso > Or, Onn 5. On > 05, On; Oca » Ow; Or 3 TEE MN dis. (20) “à 
05 > 05, 04; O2 » Oo; On 3 Ou + Ooo » Onn ; 05, Oo > Our; : 


G namely, Oozs O2, 0, Oi, 05, On are assigned successively by the first six colline- 
ations and the other six follow, thus: — 


| Cow » 0] = [0v > Doi » O20 5 Oo] = = [05 » 05, 5 On > O20] = [Oto ; oy) = em On , 
INI , 05] = = * [0s , Oui » Oor > Qio] = [05 > 05, Oo , Oo] = = [On , On] = = 05 2 
[05,05] = Lo » Ow, Oy > Oo] = [0», Oso > Oo Oy] = = [049 ; 02] = = a, 
i [Oe > 00] = [0n > Do > Ov» O20] = Co , Oo > Oo, 05] = = [04 04] = =O; "d 
[0s > 09] = [05 > O20 > Ooo > Ooo] = = 0s: Oo > oo » On] = COo; ; O] = = On P 
: Tos s Ou] = [Oo » 0, Oor, Ou] = [0 > Ou > Dors 0s] = me i , Ooo] = = = On. 


What I'have represented in the preceding case by 05, 01; 0, 5 5.093, Go Us 


i will. represent in the case of the non-singular cubic by Ojo, Oo; D205 Aor» Cho, n; 
respeptively. Then, by (18) and ( 19), - 


[25,595] = — (a + P pros cp XA 
[e 0505,05 1,0; dl = (a Hb E e uere ar (22) 
" Introducing %, 1 and db, à (where p — 0, 1, or 2) by the formula po 
Ne have " a 1 = is cp), o» Ova], 4,2 = n yp al, VÉ s (28) 
: E Lens dal = [7 6,1,» 0, 7: pCir),0.5 où = = [(a + bonas Ou] | 
4 € = — (a Fo) ep eas x 


E dd brel = L7 en, 0. On» bye, 0» Ou] E [a T bhw+n, Zl 
i : : — — (a 5), amas : | 
le ES bal = Ca Cp), 0e; — ben, e] UE i + QE 0? MP 
Do = (ac bhiteas l 
L 22 0, 0] = cud ^90» 0n ,— ben, oe] = = Ka + es 0» 0o] 
EUR (a + b) com, 12 
[3 02 a b= a E do,» Do? — ben, 07 0a} = [(a E Dors I 
eed T Doom, TN 
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i e. in general 22 | ” ve | 
: N Capa > brs] = — (a + b) o cmoi-a m: n (24) 
From this follows E : we. E 


ds D de] = [s (a ++ a em (CF it ee oie utol 
= (a b- e use errost intera i (25) 


and hence, by a process unda to that employed in the previous cases, — 

IV. The residual of any 3n — 1 indices on a non- singular cubic is their negative sum 
with first and second suffices equal to the minimum positive residues (mod. 8) of the negative 
sums of their first and second suffices, respectively ; and the coresidual of any 9m A 
indices on such a cubic is their, sum with first and second. suffices equal to the minimun 
positive 1 residues (mod. 3) of the sums of their first and second suffices, respectively. 

An extension to the sum of 3n — 1, the negative sum of 3+ 1, and the 
positive and negative sums of 3x indices, with the various Omata of 

suffices, may Loi made here, as in the previous cases, 


Compound Derivation. 


DM 


The problem of compound derivation is to determine .the point which is 
derived from a given derivative just as a certain other derivative is- obtained 
from the initial. For instance, to determine the a of b is to deter ‘mine the index. 
which is derived from b just as @ is from 1, where a and b may have any suffices 
-in accordance with the notation already employed: In forming the derivatives of 
b, evidently the same operations (additions and changes of sign) are performed 
as in forming the derivatives of 1; the only deene: is, that in the former case 
they are applied to multiples of b, buti in the latter case to the same multiples of 1. 
Hence the numerical value of a of b is a times the numerical value of b, ie. is. 
ab, to which, if necessary, proper. suffices must be given; and thé E 
_ really reduces to that of finding the suffices of the compound derivative when 
those of the components are known. - | 

. In the case of a cuspidal cubic there is only one point of inflexion, n no indices 
are scan i and, for all values of a and b, : 


aofb=ab >| ae ` (26) 
In. the case of an acnodal or cr orumodal cubic only one set of suffices i is neces- 


suy, and dan à RS "2 
| etes | EC 
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dfais ofthe form 3m ep bi is any tegat and p is giier 0,.1, or 2. Tt a is of- 
| "the form 3m — 1, — a is of the form 3m T 1, and hence E 


do of E = [-— & of b p; 0] = [— (ab), , Q]— mE (bis : (28) 


If. ¢ a ‘is of the form 8m, — (a: — 1) is of the form. sm + 1 and — 24 of the form 
-8m E and hence 


É 


a of bp —- (a — iy atb, —10fb,]" 


| = [= {@— 1) Bly beal = (abs © (29) 
80 that, ‘for all values of a, b, and p, 3 | | A : E 
E of b, = = = (b)n: "i ` (80) 


| Ay of b, = [— & of 5,, 0,7] = =i Ce Oem) = = (ab) an: (31) 
Th the case of the non-singular cubic there are two sets of suffices, and | evidently 
d of By = (ab) 77 ; $32) 


. Heiice, for all values ps a, b. , p, and d» 


if a. is of the form 3m +1; while, if a is of the’ form 3m — 1, and therefore ~q 
of the forni 8m iu l, 
` Go of by = [— Goo of by, KT sepe (ab): , Ou] = xx (ab), USE (33) 


but it a is of the form 3m, — (a — 1) is d the form 3m +1 and —1 of the form 
3 qi = vd, and heneé 


aw Of Bp, = [— (a — Doo of be. ,— Ip of bp | | 
= [- [(a — 135]. eccl = (ab); | (84). 

. 80 that, for all values of a, b, pA and q` l | 7 D ; | 
| nu e ` do Of by, = (ab), qs, pag) r =e 85), 
: s follows, for all dee ofa a, b, p, @ r, and 8; 

| | Opa of b, , = [— do of b,. is boue ol : | ; 
SS [E (ab), an, Pt as) » Den: oo ; Li E 4 (36) 

= (ab), (9 an, Petar ee 


The series-of lattes with indices of the form 3 m + 1, without suffix, with . 
suffix 0, or with suffices 00, i. e. the series of derivatives in whose deterinination 
no inflexion is employed, is called by Professor Sylvester the “natural scale " of 


` 
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` derivatives of the initial. Such a system is a closed system, i. e. the connective 
of any two natural derivatives of a point is also a natural derivative of that point. 
The natural scale taken with either series of indices of the form 3m— 1 and a 
certain series of indices of the form 3m constitutes a closed system. For exam- 
ple, the three series (3m + 1), (3m — 1), (3m); constitute a closed system, as 
also (3m + 1)o, (8: — Lhe, (3 m)a: ` In fact, if p, q,r are the numbers 0, 1; 2 
in any order, and s, ¢, u the same numbers in any: orien then (8m -- 1),.. T 
(8m — 1),4, (8m). constitute a ‘closed system. : ; 
_ If real derivatives alone are to be considered, the system of adios withoat a 
suffix may be employed for crunodal as well as cuspidal cubics, and that with 
one suffix for non-singular as well as aenodal cubics. . Indeed, if account is taken 
only of the closed system (3 m + 1),.,, (3m — 1),,,, (3m),.,, there is-no necessity 
for writing the indices, of which the form 3 m + 1, 3m— 1, or 3m gives sufficient 
indication. 

The system soot suffices ‘is to be regarded as included in tbat with one 
sufix, which is itself a special case of that with two suffices ; and it will be con- 
veniens 3 in tlie sequel to give every index two suffices, supplying 0 in place of 
.each missing suffix; thus what I have heretofore dénoted by a.will now be de- 
noted by «y, and that heretofore denoted by a, will be denoted by a, , or & ;. 
Some agreement must be made-as to the manner of supplying the missing suffix 
when only one is expressed, and this will affect in some degree the application 
. of the theory of FIGE to that of parameters, about which I shall presently say 
more. | 

The system above given without a suffix, as applied. to non- -singular cubies, is 
the only one explicitly treated by Professor Sylvester, who actually expresses the 
co-ordinates of such: derivatives as rational algebraic functions, and from these 
expressions proves that the degree of the co-ordinates of the a® derivative of 
any initial in the co-ordinates of the initial is the square of the numerical value 
of a,* and from this he infers that the number of a subderivatives of any point 
of the cubic (i. e. the number of points of which the given point may be consid- 
ered as derivative With the index a) is a. This theorem is only true of non- 
singular cubics, and the proof seems to be wanting that every point obtained by 
equating to given values the co-ordinates of the derivative in terms of the initial 
is a point of the cubic. ` In so far as the theorem is true it holds also in the nota- 
tion of this paper, inasmuch as the absolute numerical value of the index of any 
given derivative is the same in my notation as in Professor Sylvester's. This 
missing step.is made good i in the sequel. ) 





* See pages 184- 189. 


t 
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_ Application of the Theory of Indices to that of Parameters. . 


i 


"The co-ordinates of any point of.a cubie can be expressed. as functions (re 
tional or irrational) of a single parameter, which functions are either non-periodii 
singly periodic, or doubly periodic ;* so that we can classify cubics as non-period 
(cuspidal), singly periodic (acnodal or crünodal), and doubly ‘periodic (non-singular 
The non-periodic functions are algebraic; the singly periodic either trigonometr: 
` with à real period O,f or exponential with an imaginary period 240; and th 
doubly periodic functions are elliptic with a.real period 2 and an imaginar 
period 21K". i ; 
^ Let o, w denote the periods of the cubic, of which, say for convenience, w 
real and .« is imaginary. Let also (4) denote the point to which corresponé 
the:value p of the parameter, and let the sign =, if the modulus is not expresse 
denote equality, congruity (mod. w), congruity (mod: w), or congruity (mod. w, w 
; according as the curve is non-periodic, singly periodic with real period w, singl 
periodic "with imaginary period w, or doubly.periodie with real period o an 
imaginary period o. Then the condition that three pu (e) (w y (u^) sha 
- be, collinear i is b ES oe l 
pt ph te , A (3 
‘i.e. the parameters of collinear points satisfy a congruence similar to the equ: 
tions satisfied by the indices of three collinear derivatives of a common: initia 
| Hence, i if a is any integer of the form 3m +1, 


à u Le. ao OF (p) = (ap). E ~ 3 ne (38) 





* This representation of the singular cities seems to be due to Salmon (Higher Plané Curves, 1st ed., 185 
Arts. 177, 178, and 183) ; and that of the non-singular cubics to Clebsch (Ueber einen Satz von Steiner -un 
. einige "Punkte der Theorie der Curven dritter Ordnung, Crelle’s Journal, Vol. LXIIL, 1864). For a mo: 
i thorough and systematic treatment, see Durège, Ueber fortgesetztes Tangentenziehen an Curven dritter Ordnur 

mit 'einem "Doppel- oder Rückkehrpunkte, Math. Annalen, Vol I. pp. 509—532; and Clebsch, Vorlesunge 
über Geometrie (herausgegeben von Lindemann), Vol. I. pp. 602-660. For further references, see Bibliograpt 
at the end of this article. 
| “HT use the sigh © to denote the ratio of the circumference of a dde to its diameter, sale represente 
by 3, aid the reversed sign G to denote the base of the natural system of logarithms. 
X With the-usual notation K and K' are the complete integrals of the first kind corresponding to tł 

modulus k and its complementary I. 

. The simplest dO EA seems to be the following, in which x, y, z denote the homogeneois co-ordinat 
of any pont ‘of the cubic: — . / . SE ‘ : 


. Fora cuspidal cubic, siy: =p: l: ps , 
| For an acnedal cubic, ery tec sin p :cosp: sintp, a ` 


For a erunodal cubie,  æ:y:g= Gr: 628:1— O35, i 
For a non-singular cubic, ©: y : 2 =È sn p : en p. dh p : sug. 


- 
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From (37) follows that the parameters corresponding to the inflexions are the 
solution of the congruence 


3u = 0, 
ie. for a non-periodic cubic, p=; 
for a singly periodic cubic, »p =0,40,20; 
for a doubly periodic cubic, m=0 ,lo jo ; 
, , g 
40,40 +30, $07 +w, 
t / (d 
Se $0, fo + $0, fo $o 
So that, in general, sày, 
= 1 / . 
0,77 p. $od- q.i. C (39) 


From (24), (38), and (39) follows 


p,q OF (u) = [~ G0 OF (p) Den, = [C7 m (—p.fo—q.}o')] 
= (au + p.$ot q.$9).- (40) 


From (39)-and (40) follows that the first suffix of any index refers to the zeal 
and the second to the imaginary period; hence, in supplying a missing suffix, . 
the new suffix 0 must be made the second-or first according .as the existing 
period is real or imaginary. 

From the expressions for the co-ordinates given in the third footnote on page 
368, it is-evident that the necessary and sufficient condition for the reality of 
the point corresponding to a value p of the parameter is 


p = v (mod. io). EE 


^. where v is real, which is equivalent to the condition that either x is real or its 


imaginary part is half the i HOAEIAADY period ; if there is no imaginary period the 
parameter is real. 

From (40) it is evident that any point whose parameter differs from an inte- 
gral multiple of the parameter of a given point by integral multiples of the 
periods of the inflexions (which are 1 and 1 o') is a rational derivative of the 
given point. In this sense the theory of rational derivatives is the theory of commen- 
surable parameters.. 

The only real derivatives of a real point are evidently, from (40) and a A 
- those whose index has its second suffix 0, i. e. is of the form a, ,, and every such 

derivative of a real point is real. | | ` 

If (à) is the a, , of (u), 

Az apt} (po + go), . | (42) 
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from which follows 





= = 4 

jm EOS pes Os De (43): 
where each of the numbers m, m is any integer less than + a* (including 0). 
The number of such sub-a, ¿s of any point À is thus evidently 1, + a, or &?, 
according as the curve is non-periodic, singly periodic, or doubly periodic. For 
the doubly periodic or non-singular cubics this is Professor Sylvester's “law of 
squares.” From the fact that the parameters given by (43) are all incongruent 
follows that the number of subderivatives of a given index is in 47 cases that 
just stated. | " 

Moreover, it is evident from the formula that, in general, a point ( p) will not be 
at once a sub-a, , and a sub-b, , of the same point (A), if b, r, s have other values 
than a, b, q respectively. There will, however, be points on the cubic, of which 
a subderivative with given index b, , coincides with a subderivative with given. 
index a,,,, if a and b are different. To determine them, suppose (A) to be a 
point of which a sub-a,,,, say (p), coincides with a sub-b, s, where for conven- 
ience we will suppose a >b; then (A) is at once an a,,, of (u) and a b, s of (u). ” 

-hence , | 





d À = qu + (po t qu) = bpt} (ro tsa), ^ (44) 
ana :: 

(a—b)p=3lr—p)ot(s—g)o] - (45) 

n (3 m + cet Guts — q) A no By 

= (Bma + ra CE + sa — gb) D (47) 


where each of the numbers m, m has any value from 0 to a — b — 1 inclusive, 
from which it is evident that the number of such points (p) is 1, (a — b), or 
(a — bF, according as the curve is non-periodic, singly periodic, or doubly peri- . 


i : — À — by g 
odic, and the number of such points (A) is 1, = 3 4 or e where 6 is the 





greatest common divisor of a and b. 

Formula (44) shows that, if b. = d, then r = p and s = q, as is evident from 
the fact that any a, , is obtained from the a, , by collineation first with a certain 
inflexion Opep,- and then with the inflexion Ow, and the two points cannot 
coincide unless 0, ,,,,4..,) coincides with Ow, i.e. r = p and s = g. 

Equation (45) shows that if the a, , of (u) coincides with the 5, s of (p), then 











* Here and in the following pages I employ + e to denote the absolute (positive) value of a. 
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the (a — b) (with any suffices) of (p) is a certain inflexion, and llam 
(a — b), 5,5 -5.0f (u) is the inflexion 0s. 

Equation (42) enables us to determine the condition that of two points given 
by their parameters, one (X) is a derivative of the other (4). The condition is 
evidently that of the possibility of the determination of three integers a, p, g to 
satisfy the congruence (42). It will be convenient to consider À under the form 
Mo + Mw, and p under the form mo + u5o', — a representation which is un- 
ambiguous if M, M, pa, us are real, since w and w are respectively real and purely 
imaginary. The condition is then involved i in these two:— _ | 


AE = Gp, + -4p (mod. 1) 
M = apa + 4g (mod. 1), 
i e. +(3 au — 3, +p) and 1(8 aps — 8 X + q) are both integers, conditions 


. (48) 


+ * which. are certainly impossible unless X, and x, as also M and uz, are commen- 


surable, in the sense that one can be expressed rationally in terms of the other 
and of absolute rationals; the most interesting case is that in which w and pe, 
and consequently M and M, are rational quantities. 


` Periodic Points or Self- - Derivatives. 


A general problem. which has many special forms of interest is this: to find 
a point (y) whose Qp, coincides with it. The solution is given by ` 


au +3 (po + qo) = p, 
(a —1)p z — $Cpo + qo’), 


Sma o + (9 m! — o 
p= =‘ 2 aS 2 (49) 





in which, to obtain all the different points (p) for a given index Qp, gs to each of 
the integers m, m must be given any + (a — 1) successive values. The number 
of such different points (4) for the index a, , is therefore 1, + (a — 1), or (a — 1), 
according as the cubic is non-periodic, singly periodic, or doubly periodic. On 
the non-periodic curve the only self-derivative is the inflexion, which corresponds 
to every index, and I therefore omit the further consideration of this case. 

Equation (49) may also be written 


Bm 4+ Jot (-8m + gu à 
pc aC = 1] ^3 . (90) 





. Le. any self-a,,, is also a self-[~ (a — 2)], 5, pg, so that the indices go 
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together in pairs of conjugates (excepting the index 1), which we need not 
consider, as every point is its own 1.) such that to each index of any pair of 
complementary indices, say, correspond the ‘same self-derivatives. It is to be 
noticed that one of the indices of every pair is positive, so that the self-deriva- 
tives may be classed according to the positive index. However, in the formula 
(49). there occurs only a — 1, which has the same absolute value for any index a 
as for its conjugate. In what follows I therefore assume a — 1 to mean this 
absolute positive value, without writing the double s and take a either 
positive or negative. s 

If 8:m — p, 3m — q, and a —1 in (49) have a common factor, the corre- 
sponding point (p) may also be obtained for a less value of a (more exactly, for 
a less value of a — 1) with proper suffices. We may impose upon a, p, q any 
conditions we please (for instance, that a shall be of the form 3i + 1, and p = 0, 
g = 0), which may be regarded as conditions imposed upon 3m — p, 3m’ — g, 
and a —1. Any point which is a self-derivative with the index a, ,, but not a 
self-derivative with a less index, subject to the given conditions (say y) will be said 
to belong to the index ay q (conditions 1). The number of self-derivatives belonging 
to the: index a,,, (conditions 4) is evidently the number of pairs of numbers, 
the first of the form 3 m — p and the second of the form 3 m' — q, neither greater 
than 3 (a — 1), which do not doth contain pa e ò of a — 1 (other than 1) 


. "8a — p 3m — 
such that the quotients —y—~, ~p ^ and ^ e n 1 also satisfy the given conditions. 








The pairs of values m, m which are to be excluded are those which satisfy the 


congruences | 
3m = p (mod. 8) and 3m = g (mod. 8), 


where 8 is some divisor of a — 1 satisfying a certain condition «, which for con- 
. venience I assume to include the condition just stated that 6 is a divisor of a — 1. 
With this proviso, « is the condition that the quotients of 3 m — p, 3m — q, and 
a — 1, by 8, shall satisfy the conditions w. 

If 8 is not a multiple of 3, the number of numbers m not greater than d 4 


— 1 
(subject to no condition) and satisfying the first of these congruences is s, 


which is also the number of numbers not greater than a — 1 and divisible by 6; 
and the number of values of m’ satisfying the second congruence is the same. 
Hence, if a — 1 is not a multiple of 3, so that it has no divisor 5 which is such a 
multiple, the number of numbers of the form 3 m — p nos greater than 3 (a — 1), 


which have no divisor satisfying the condition K is 7 [c (a — 1). «],* and the 


* See note at the end of this article for definitions of these totients. 
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number of pairs of numbers, the first of the form 3m — p and the second of - 
the form 3m’— q, néither greater than 3(a —1) which have no common 


divisor satisfying the condition x, is Uu [S (acd. Ee 

If 8 is a multiple of 3, and p is not 0, there is no value of m which satisfies 
the congruence 3m = p (mod. ê). Hence, if a — 1 has any divisors which are 
multiples of 3 satisfying the condition «x, and if p is 1 or 2, the number of num- 
bers of the form 3m — p, not greater than 3 (a — 1), which have no divisor satis- 
fying the condition x, is T [6 (a — 1).«.0,] Similarly, if a — 1 has any 
divisors which are multiples of 3 satisfying the condition x, and if either p or q 
(or both) is different from 0, the number of pairs of numbers, the first of form 
9m — p and the second of the form 3% — q, neither greater Eo. (a—1y 


which have no common divisor satisfying the condition x; is p [6 (a — 1). « .05]*. 
If 8 is a multiple of 3, and p = 0, the number of numbers of the form 3 m, 


not greater than 3 (a — 1), which have in common with a — 1 the divisor 8 is 
3 (a — 





3 24 which is the iiumber of numbers not greater than à — 1 having in 
common with a — 1 the divisor £8; in fact, if 3m contains 8, a multiple of 8, 
then m will contain $6, and conversely.. The number of numbers of the form 
| om, not greater tod 3(a— 1) which have no divisor satisfying the condition 
k, is 7 [6 (a — 1). x . (035405) ] ;* and the number of pairs of numbers, each of 
the form 3 m, neither Ero than 8 (a — 1), which have no common factor satis- 
TS 

fying the condition x, is T [ő (a — 1).4.(0,,4 0J]. 

From what precedes it is evident that the number of selfderivatives belong- 

ing to the index a,,, (conditions 4) is given by the following table:— . 


Singly Periodic Cubic. Doubly Periodic Cubic, 








— a—l P TN asl Y AN 
a not of the form 82 + 1 T[6 (a—1).«] TTC (a@—1).x}? 
EDA ; 1 








; CE <N = GI AN - 
.[« of the form 3i +1 | p and g not both 0 TTC (a@—1) .«.0,] TIC (a —1). x. T 








p and g both 0 Tio Gr. (, 305) ] TOG uS (Oz, 30,)P 


The number of real self-derivatives belonging to the index a, , (conditions y) 
is found by taking into account the condition (41), which being applied to (49) 


gives 
| 2 (3m — g) zz 0 [mod. 3 (a — 1)]. 





x ON 
* For convenience, I have used here O (a — 1) . «. $0, to denote “does not contain one third of any 
divisor of a — 1 of the form 32 which satisfies the condition x.” ~ 
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Now 3m — g is never greater than 3(a — 1); hence the ony values of m’ 
which will correspond to real points are those for which 


3m — q = 3 (a — 1) or the congruent value 0, and 3m’— q = $ (a — 1); 


neither of which can be satisfied unless g = 0; and if g = 0, the solutions are, 
respectively, w = a — 1 or 0, and m= 4(a — 1), which latter solution exists 
only when a is odd. Hence, whatever the given conditions, no rea? self-deriva- 
tive belongs to any index of the type a, 1 or &, ,; and to the index a, , belong 
both or only the first of the self-derivatives 


3m —p 3m — 
P = e D 1)” . and p= — gue ie (52) 


according as a is odd or even, in each of which all values not greater than a — 1 > 
(or any natural succession of a — 1 values) are to be assigned to m, rejecting 
only those for which 84 — p has in common with a — 1 a factor satisfying the 
conditions x. The number of real self- derivatives on a doubly periodic cubie is 
then, by (51): — 3 es 


T [e(4 —1).«] if a is of the form 6 à or 6i + 2, 
a—l o 04 7 » < E S . 
2 T [c(a — 1). «] EL 6it 3 or 61+ 5, 
a—1 ITS = " 
2 T [c(a — 1). x. 0,] s «e 64 + 1 and p is 1 or 2, 
pee N 0 ce « ; 1 | (58) 
T [o(a—1). x. 05] 64 + 4 and p is 1 or 2, 
a—1 AT = g 
2 T[G(a—1).k.(0,,403)] * 4 6i+landpis 0, 
T[o(a—1).«.($,30]] * ‘4  Gi+4andpis0; 


i.e. the number of real self-derivatives (suffices p, g) on a doubly periodic cubic 
is the same as or double the number of self-derivatives (suffices p, 2) on a singly 
periodic cubic, according as a is even or odd. | 

On a singly periodie cubic with real period only the first of saoul (52) 
is to þe employed, and all the self-derivatives are real. The only real self- 
derivatives on a singly periodic cubic with imaginary period are those pons for 
which 

p = 0 and pie, 


the former of which corresponds (in ah improper sense) to every index, and the 
latter (in the same sense) to every odd index; the latter is the point of contact 


; f 
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of the tangent Which: can be drawn from the real inflexion to touch the curve 
elsewhere. 

If no conditions y are given, I say simply that ihe self-derivative (u) belongs 
to the index a, ,. If to m be assigned successively all values not exceeding a — 1, 
and to p each of the values 2, 1, 0, the number 3 m — p assumes successively all 
values not exceeding 3(a — 1), and each value but once. Hence the number 
of self-derivatives belonging to the index a, , is the number of pairs of numbers, 
the first of the form 3 m — p and the second of the form 3m — gq, neither greater 
than 3(a — 1), which have no common divisor which divides also a — l; and 
this number is found from (51) by making the condition x mean only “ divisor of 
a — 1,” i.e. in the notation of the appended note 


= (&—). | (54) 


In this classification, if a is of the.form 34 + 1 and p and q are both 0, since there 
is no condition imposed upon the least divisors of a — 1, the only least divisor 
which is a 0, is 3 itself; hence 


a—1 ere a—1 — 
T [6 « . (05, $ 05)] ms T [6 k . (0,, 1)] 790, 
because it contains the vanishing factor (1 G i) . Hence no self-derivative be- 


longs to the index a;,,, if a is of the form 8 à + 1, and no condition is imposed. 
These results apply to the doubly periodic cubic; for the singly periodic cubic, 
the number of selfderivatives belonging to the index a, o or o g, according as 
the period is real or imaginary, is the number of numbers of the form 8 — p 
or. 3 n' — g, not greater than a — 1, which have no common divisor which divides 
& —1; and this number is also found from (51) by determining x to satisfy 
(54) Stone 
The first classification of self-derivatives under an imposed condition which I 
shall consider is that in which the suffices are given; thus, in accordance with 
the above convention, I shall speak of the self-derivatives belonging to the index 
a (suffices-p, q); it is needless in this case to repeat the suffices. As an example 
of this kind of classification consider the point corresponding to p= fot 2a’, 
which may be written 
_ B.2—-No+ B.2— Qo!  (8.4—2)o-- B.8—No! _ 3.5048. 40! 
PT SGD "360—025 - " $Q-1 ^ 
which belongs to the indices 3, ; and — 1,,, (no conditions); but in the present 
classification it belongs to the indices 3 and — 3 (suffices 1, 2), to 5 and — 1 
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(suffices 2, 1), and to 7 and — 5 (suffices 00). The condition y that a self- 
derivative given by (49) shall belong to the index a (suffices p, q) is evidently 
` that 3 — p, 3m — q, and a — 1 shall contain no common factor 6 such that 
8m — p and 3m — q shall have, respectively, the same residues (mod. 3) as 
their quotients by 6. This constancy of residue is the condition x. If-p and 
gare not both 0, this condition is satisfied when 6 is of the form 34 + 1, and 
only then, so that x= Go ls; but if p and g are both 0, = will contain 3 
when m contains 8, Lee e. the condition y will be satisfied if m is a divisor of 
a—1; so that k = (à —1). 

In this classification, therefore, the number of self- PORTES belonging to 
the index a (suffices p, q) is as follows : — 


Singly Periodic with Real Period. Doubly Periodic. 


| Not both 0 | "Tlé-»a3 FIC (6 —3. uy — (85) 


Both 0 v (a — 1) 





A very important classification of self-derivatives is that according to the 
least index having a given residue (mod. 8) with given suffices, say (=a, mod. 8; 
suffices p, g). It is evident that, unless a is of the form 8 5 + 1, and p and g are 
both 0, the number or uM self- derivatives belonging to the index a (= a, mod. 3; 


_ suffices p,q) is To (dc — 1). 1] or TL C = 2». lj, according as the cubic is 
singly or doubly periodic. If æ is of the form 3i-+ 1, and p and g are both 


0, the condition x is that the divisor à shall be such that the quotients T$. 
3m! a—1 i ‘ : : Nr 
Ty , T are all multiples of 3, as the first two are if 6 is a divisor of m and m’, 


—1 . . : s- : 
and " E will be if 3 occurs as a factor to a higher power in a — 1 than in 


8; ifa — 1 contains 3 to a higher power than the first, every factor of a — 1 
` will have a divisor 6 containing 3 to a less power -than occurs in a — 1; but if 
a — 1 contains only the first power of 3, then every factor of a — 1, excepting 
only 3 itself, will have a divisor 8 which contains 3 to a less power than 
occurs in a — 1, but 8 will not have such a divisor. Hence, if a is of the form 
9i +1, and p and g are both 0, the number of self-derivatives belonging to 
a (Œl, mod. 3; suffices 00) is c(a — 1) for a singly periodic, and 7? (a — 1) 
for a doubly periodic cubic; and if a is of the form 8 + 1 but ‘not of the form 
9i-r1, and p and g are both 0, the number of self-derivatives belonging to 
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a (= 5 mod. 3; suffices 00) is T [c (a 1). 0,] for a singly de and 


T[9 (4 —. (a — 1). 0]? for a doubly periodic cubic. 

If p and g are both 0, and a is of the form 32 +1 ot — 3€ + L* where i is a 
positive integer, the self-derivatives are períactil points of the grade i (Sylvester, 
page 74). The condition that a point (p) should be à pertactile point belonging 
to the grade i i is | 


pr (56) 
where neither m nor m exceeds 37, and m, m, and i have no common divisor. 
If i is a multiple of 8, 34 contairis no prime factors which à does not, and the num- 
ber of such points is r(34i) or «? (3i), according as the cubic is singly or doubly 
periodic. If is not a multiple of 3, 84 contains one prime factor, viz. 8, which i 


does not, and hence those numbers m and m’, which contain only the factor 3 in 
common with 3i, do not correspond to pertactile points of lower grade, and 


the number of pertactile points belonging to the grade i is T [5 ($1 i).0,] or 


T [o ($i i).0,]5 according as the cubic is singly or doubly periodic. From the 
values of these totients given in the appended note; it is easy to see that, what- 
ever the value of à, the number of pertactile points belonging to the grade à is 
87(i) or 97°(4), according as the cubic is singly or doubly periodic; which last 
result agrees with that given by Professor Sylvester (page 767. 

In general, if (x) is a self derivative belonging (conditions given) to the index 
pq, it follows from (49) that 
(a—1af—i(pe-q) (41) p= 4 (po + qd), 

ap = p ~ $C po + qo’), — ap =— pt (po + qo), (57) 

(a— 2) & — p —á$(pot qo) | —(a—2)pz p á(po t go). 


Now, according as a i$ of the form 84 +1, ~3i+1, 3i—1, — 8i, 34, or 
<= $ i =], whére $ is a positive integer, the number — (a +2), a — a, a 2, 

== (a = 1) or a =Ï is of the form = 3 n + 1, where 7 is a positive integer, viz. ` 
n = i unless a is of the form — 34 or —3i— l, and ther n = DEI That is, 
in the six cases, respectively, 





* As has been remarked in connection with (50), the self-derivatives belonging to the index ay, g belong also 
to the index — (a — 2)pip) oi; 80 that the indices go together in pairs, thus: 34 4-1, —84 4-1; 34 —3i-]-2; 
354-2, =3i are the forms of pairs of indices to which belong the same self-derivatives, and in the following 
F shall assume such a grouping without further mention. Especially is this grouping useful when p arid q are 
both 0, for p (0) = 0, so that the suffices of any index (suffices 00) are the same as of the complementary index: 
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(—8n-F1)p & p o $ (po + qo’), p — $(po + go’), — p+ $Cpo + go’), 
— p — i (po + qo), 4 (po + qo); — $ (pot qe), 


so that, if a curve of the order n be. passed through 3n —1 consecutive 
points on the cubic at (u), i.e. have (3n — 1)-point* contact with the cubic 
at (p), the (3 x)" intersection of such a curve with the cubic will be, in the six 
cases respectively, the l,o ly, p — lo — lupo» Opo tp, OF (p); in 
the first two cases, if p and g are both 0, the (32) intersection will be the point ' 
(p) itself, and in the last two .cases it is a constant point, viz. an inflexion. 
These latter cases appear as special forms of the problem: to determine the 
points (4) at which a curve of the order x passing through a given point (À) of 
‘the cubic may have (3 n — 1)-point contact, the solution of which is given by 
— (8 n — l)u = x, so that (u) is a sub-(— 32 + Ljw of (X). 

To the subject of self derivatives belongs the problem of the in- and exscribed 
k-laterals, which may be stated thus: to construct a polygon of & sides, each 
tangent to the cubic at its intersection with the preceding side; or, in other 
words, to determine a point on the cubic, whose Z4" tangential coincides with it. 
It is evident that the index of the 4? tangential of 1,,, which is found by a repe- 
tition of formula (2), is (— 2); hence the condition that (u) shall be a vertex - 
of an in- and exscribed k-lateral is (— 2)'u zz p, ie. pu = (— laor ` 

eS a C | (58) 
where” and m have any values not exceeding 2" — (— 1)'; the number y (X) 
of vertices of proper k-laterals, i.e. corresponding to k but to no divisor of £, is | 

"-F"[s (2 EN (— 1%) . «] d F'[ (2 —(— 1y) | cF, 

for a singly or doubly periodic cubic respectively,-where the condition x is to 
be taken to mean.that the quotient of 2" — (— 1)" by the divisor, is still of the 
form 2 — (— 1y. - Now 2! — (— 1) is a divisor of 2* — (— 1) ifzis a divisor of 
k, and only then. For: a singly periodic cubic, then, if 1, d, d',...., k are the 
different divisors of #, 


PL) (D) -u(Z)--....- e) — 2—(-1*; (59) 


therefore, if a, B,.y,.... are the different prime factors of k, and if for con- 
venience 2" — (— 1} is represented by f (X), 





* I make a distinction between k-point contact and k-tuple contact of two curves, the former implying 4, 
and the latter &+ 1 consecutive common points, although I believe such a distinction is not usuäl, 
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y) =F) — x( ex (5 Ie a + ere (60) 


- where 2, =”, &”,.... denote summation with respect to all the factors a, £, 
y»... ., their binary, ternary, etc., products (for a proof of the theorem that 
(59) implies (60), see Dirichlet’s Zahlentheorie, edited by Dedekind, $138, or 
Bachmann's .Kreistheilung, pp. 8—11); in other words,* 

v0 [o — C 191402 = [9] r ($). (81) 


The equality of the second and third members of this equation follows from the . 
fact that, in the prime totient of k, according to which the sum is taken in (61), 
the number of positive even terms is the same as that of negative even terms, - 
and the number of positive odd terms is the same as that of negative odd 


terms,f so that 
[(— 199] 7 (&) = 0. 
If the cubic is doubly periodie, (59) is to be replaced by 
VQ) H¥@+¥@)+....+4(%) =(2—-(—1))% (62) 


and hence follows, by virtue of the theorem d. cited, 
1 Hr. k ` : | 
VE = f(b) — sp ( ) +27 Go 8)— "p Pus) Tus (63) 
where f? (£j, . . . ., are the squares of f (B), teste 


D (D = [20—(— DOP rH = [279 22/77 (D. (64) 


From (58) it is evident that b — 1 gives all the inflexions, which are also, 
improper solutions for every value of A, since 2^ — (— 1)' is civisible by 3, what- 
ever value & may have. 

Since 2* — (— 1)* is necessarily odd, and ene 4[2* — (— 1Y] cannot be an 
integer, it follows from a comparison of (58) and (41) that the number of real 





# See “ Note on Totients ” at the end of this paper. 

+ Namely, let n be the number of different prime factors of k. If is odd, all its prime factors are odd, 
and all the terms of its prime totient are odd, 2^—! of them being positive, and 2"—1 negative. If kis oddly 
even, i.e. contains 2 but not 4, one of the prime factors of k is 2, and its prime totient contains the factor 
(2 — 1), and otherwise only odd factors (i.e. odd monomial factors and binomial factors of the form a— 1, 
where ais odd), so that 2^—? terms are positive and even, 2^—7? negative and even, 2"~? positive and odd, 
9^—? negative and odd. If k is evenly even, i.e; contains 4, its prime totient contains the factor 2, and every 
term is even, 2"~1 being positive, and 2-1 negative. If k= 1,7 (E) — 1, and [20 — (— 1)0]« (1) 2 3; and 
ifk=2, rik) = 2—1, [20 — — 1)°]r (2) = 0; which are the only exceptions. & 
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vertices of proper #-laterals in- and exscribable to a singly periodic cubic with 
real period or a doubly periodic cubic is [20] c (&), but that there are no such 
real vertices on a non-periodic cubic or a singly periodic cubic with imaginary . 
period, excepting the one real inflexion on each of the latter cubics. The 
number of proper £-laterals in- and exscribable to a cubic is then given by the 
following table (excluding inflexions). 


Species of Cubic. Real and Imaginary. 





CUSPIDAL 
(non-periodic) 





. CRUNODAL Bo 
(singly periodic with i [20] 7 (* 
imaginary period) 2 | 


ACNODAL : 
(singly periodic with _ i [2017 (E) i [20] r (4) 
real period) 


Gospel | ELC O22] | EY 2f 





` As Professor Sylvester has remarked,t the number of proper #-laterals in- 
and exscribable-to a non-singular cubic shows that [20 — (— 139 7 (%4) is always 
divisible by Æ; but the method here employed shows that, if a is any integer 
whatever, positive or negative, every point (x) for which a* of (2) coincides with 


(a) is given by 
Bean a (66) 
hence, by the same reasoning as above, | | | 
| [a — 1] « (5) = [a] 7%) 
Fa — Ir (4) = [0 — 247] (F) 


are divisible by k; in general, [aO — 1]'7 (k), where i is any positive integer, is 


E 











* Compare Rosenow, Die Curven dritter Ordnung mit einem Doppelpunkte, p. 41, and Durége, Ueber 
fortgesetates Tangentenziehen. an Curven dritter Ordnung mit einem Doppel- oder Bückkelrpunkts, Math. Annalen, 
Yol. I. ` 
t Compare Harnack, Ueber die Verwerthung der elliptischen Functionen für die Geometrie der Curven dritten 
Grades, Math. Annalen, Vol. IX. p. 12, footnote. 

t This Journal, Vol. II. p. 386. 


a 
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also divisible by #, for it may be developed as a sum of terms of the form 
C . [aO c (£) (where € and r are integers, of which the latter is positive), each 
of which terms contains Æ. Thus, not only the last member of (64), but each of 
its terms, is divisible by #. 

On page 75 Professor Sylvester has obtained a result which may be more 
explicitly stated thus: If any (34),,, of (À) coincides with the inflexion 0 us 
then the B of (A) will coincide with some inflexion; namely, the a, of @ ` 
different sub-(3 a), gs of (A) will coincidé with any given inflexion, r and s being 
given, and the a, , of any given sub-(3 a), ., of (A) will coincide with any given 
inflexion for some one set of values of r and s. We may solve, by the preceding 
methods, this more general problem : — 

If the (ab),,, of (X) is a given inflexion, under what conditions will the æ, s 
of (A) also be an inflexion, and what inflexion will it be? 

Let the given inflexion be + (jo + wo), then 


— (n — pm) (wg tm) 
À = 8 ab $ (67) 


where each of the numbers m and n’ has any ab successive values, and the 


— br) w 1 — 3m el 
a, = D E E Edd MUR (68) 


` which is an inflexion if | 
p—ptr3m=0 and pw — g+ 8w = 0 (mod. b), 
and only then. If then b is not a multiple of 3, the values of m and m’ satiaty- 
. ing these conditions will be found from . 
3m—=p—p and 3m = q — y (mod. b), (69) 


and the number of points (A) found by substituting these values in the above 
expression for Ais a’; but if b is a multiple of 3, the congruences for m and m 
have solutions only when u — p and w — gare also divisible by 3, i.e. (since 
each of the numbers p, w, p, q has the value 0, 1, or 2) only when p = p and. 
p =g; and if these conditions are satisfied, then 


‘m=0 and mw = 0 (mod. $d), (70) 
which give 9 a? points (A) satisfying the given conditions. In either case say 
3m=p— pt tb, 8m =q — p + ub, then l 


(r+ £) o + (s + v) wv 
$E ——— 


ar,a Of Q) = 2 (71) 
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which may be any inflexion depending on the values of ¢ and u. If b= 3, 
L= p, « = q, equations (70) show that m and m may be any integers; this is 
the special case to which reference has been made above. 


Note on Totients. 


In the foregoing paper reference has been made to certain numbers called 
“totients.” A ¢otent is the number of things which satisfy certain conditions. 
These conditions may be of any nature, affirmative or negative. "The things 
satisfying the prescribed conditions are called ¢ottive to that condition, or simply 
totitives. Every science has its totitives, whose nature depends upon the subject 
matter of the science, and the determination of the totient or number of things 
satisfying any possible conditions constitutes a distinct branch of the science, 
which may itself be designated as the /ofics of the subject. For instance, we 
have geometrical toties (German, “ Abzáhlende Geometrie "), the province of which 
is to determine the number of geometrical figures or curves satisfying certain 
conditions. I propose heré to give an outline of a notation for arithmetical 
totients, and some formule belonging to arithmetical totics. 

I use the following notation : — 

a, b, c, d, n, p, q, a B, y, denote integers. 

k, x, are logical symbols denoting conditions satisfied. 

7, (read “an r to d") is a logical symbol denoting that division by d leaves 
the remainder r. 

" à denotes. some (or any) divisor of a (other than 1). 

c denotes “contains as' divisor," and is followed by the number contained. 

Besides the usual arithmetical multiplication and addition, it is necessary 
in combining conditions to employ logical multiplication and addition, which I 
denote by (.) and (,) respectively, with these definitions : — 

k . x denotes that « and x are both (separately) satisfied. 
k , x denotes that either « or else x is satisfied. 
The logical product of two or more numbers denotes their least common 


z 


multiple. 
Whenever it becomes necessary to indicate how far the force of a logical 
sign or symbol extends, I use parentheses in conformity with the usual conven- 
) tion in the case of the arithmetical signs. With respect to the symbol c or ©, it 
is assumed that the force of each extends over the signs (.) and (,). A dash 
over any logical symbol indicates that the condition denoted by that symbol is 
not satisfied; thus, r, denotes that diwision by d leaves a remainder different 
from r. 


+ 
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Ki X indicates that neither « nor x is satisfied. 
K. K X that x and x are not both satisfied. | 
ch denotes “contains some factor of n, ' and 62 “contains no factor of n. 
À condition, or logical product or sum of conditions standing by itself de- 
notes any number satisfying the simple or compound condition. 

TE] denotes the totient to the condition « within the limits p to q, i.e. the 
number of numbers from p to g, inclusive, which satisfy the condition x. 

T [x] [x] denotes the number of pairs of numbers, the first between p and 


PA inclusive, satisfying the condition «, and the second between r and s, inclusive, 
nang the condition x. 


TU denotes the number of sets of k numbers, each satisfying diss con- 
dition «x, and between y and g, inclusive, counting repetitions due to different ` 
permutations of the numbers of any set. This ‘notation may be extended: 
- indefinitely. 
It is evident that 


Tid Dd = ft4 fbà. 
and | 


Tu = (PL), 


whenever x is a selfexistent condition, ie. one which may be predicated or 
denied of each number in the set of 4, without reference to any other. For 
example, the condition GA is self-existent, but 67 is not. 

Similarly T [x] is the number of" numbers within the limits pt to g, which do 
not satisfy the condition x. 

In the case of totients corresponding to sets of numbers it may be necessary to 
express conditions which are imposed upon each number of the set, but not 
independently of the other numbers. For this purpose I use the following 
notation : — | | 


[x]* denotés a set of k numbers each satisfying the condition x. 
[«]* denotes a set of Æ numbers neither satisfying the condition x. 
[X] denotes a set of k numbers some (at least one) satisfying the condition x. . 


| [K] denotes a set of X numbers nof all (some not) satisfying the condition x.* 





. * The notations X and X are borrowed from Mim Peirce's Algebra, of Logic, this volume, page 22. 
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à denotes some (any) factor of a, the same for .each number of the set in 
question (usually to be read “any common factor of a”). For k= 1, [«] and 
[X] are identical, as are also [x] and [x]. 

In general, - 


Tht Tp] — T[g 4 aia = wl, TT + TU = a, (72) 
1 1 1 ^ 


According to the notation just explained, T [GA] denotes the number of num- 
bers not greater than and relatively prime to it; it may be called the prime 
totient of n, and represented, for the sake of brevity, by 7(z), a notation intro- 


duced by Professor Sylvester to replace the customary $ (7). Similarly T [6 ny}, 
the number of sets of Æ numbers, neither greater than n, which do not all con- 
tain any one factor of n, may be called the X" prime totient of n, and represented 
by 7*(n); Professor Sylvester has called 7? (n) the “ quadritotient" of n. 

The totients which I have had occasion to use in the foregoing paper are 
those expressing the number of numbers within certain limits which have no ^ 
divisors in common. with a given number n, which satisfy certain conditions, i. e. 
totients of the type 
7 [6^ . k], T (6h vue 


b 


In what follows. I assume : — 

a, b,c, .. . ., to be all the different prime factors of n, so that n = a*b*e’,....; 

1, d, d',....,n to be all the different divisors of n; and 

8 8, 8,....,to be a complete system of ast divisors of ñ satisfying the 
condition x. By a system of kast divisors I mean a system of divisors of which 
no one is à multiple of any othér. - Then, évidently, 


n. 4 n . i 
T [od] =n - T [og] = jf à (73) 
n 1 À 1 
T[od.2] —" 55, Tlod.d} =n gc qe (74) 
and hence follows, by (72), | 
LENS 1 my . 15 
FRA — ^ (1 — 5) FiSap- e (1—5 l (75) 


The repetition of these formule gives 


r(n) = Tot] =n (1-3 (1-5) (a zo "n 


P(n) = (9 =n (1-3) Ge ses (76) 
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of f which the first is given im all the text- -books, and the ER for the particolar 
case # = 2, is given by Professor Sylvester (page 76). 
The same method gives also 


Pot =n(1 -£)(i- &)- 7) . 28s 
HOME (1-8) (1- B) (ps) 


in sid as is indicated by the dots, the products of factors 5, y, 8”,...., in the 


- denominators of the expanded expressions are logical products, i.e the least conimon 


FLO.) .0 (À. oie (cd) - £k) m 
nov 1N. a. | 1 1 1 
T [6(3. x) o (d. x) — v Ga (1—72) Gr) ig 


multiples of their factors. More generally, if 8, 9", 8’,.... is the complete system 
of least divisors of n for the condition x, and 8,, 8/, 5/, ...., the complete sys- 
tem for the conmion x: 


` where À does not Aou denote the same divisor of » undef the sign o as 


4 


under the sign o* 

The condition « in (77) and (18) is that shih expresses any bon fide 
property or properties of the divisor, e. g. that the divisor be the sum of two 
squares, or that it be = 2 (mod. 5). It cannot in general be a property of the 
quotient of n by the divisor. However, if y be a given property, there will, in : 
general, be a condition « to which, if d be subjected, the quotient of n by d will 
have the property 4, as has been assumed above in (51) and (53). The follow- 
ing is an example of this mutual implication: the number of pairs of numbers 


v, neither greater than n, and not both containing any divisor d of n, such that. 


. n os 2 
the quotient 5 is of the form 73, may be denoted by T [š (d=f). G = rs) | j 
and is given by the following table : — 


z 








* [t may be remarked that, provided all the least divisors for the various conditions are used in (76), (77), 
and (78), the presence of such divisors in them, satisfying the imposed: conditions, as are not included in the 
systems of least divisors does not affect the results, 
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Form of n. *, j Conditions for v. 
c 4.1; 


ch. 2 





No such v ° n? 
. - (79) 
c 37 T8 ST . 

1 





3° (Bi+ 1) 


c8. (4.2) T[is.d.2)]y 


e ) T’ (n) 
#6 +1) TR (4.0) 


i 
= 1 l 1 





where the upper or lower sign is to be used throughout any line in which the | 


double sign occurs. Another example is given in (55). - 

Let À, p, v, .... be any numerical quantities, positive or negative, and &, €; 
&,....,any succession of the signs + and — (or of the quantities + 1 and — 1); 
and let 


c e. apt qp... and [f()] 6 — «f0) - af (9) - af (») +; (80) 


then I call [f( )] o a functional distribute. What is essential to the definition of a 
functional distribute is the manner in which o is made up of terms À, p, v, . . . ., 
„and the sign prefixed to each; ie. the form of expression of o is essential. In 
the cases which I have occasion to consider here the expression o is the com- 
plete development of an integral algebraic expression, the terms X, ju v,.... 
being. taken all positive, and therefore «, E + .., are the signs actually 
occurring in the development. For the sake of brevity I write, in these cases, o 
in its undeveloped form. Thus, 7 (n) being assumed of the form given in (76), 


CAI et) =F (0) S O-O-O OO 
Da ae (81) 
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CO) re) C) Coe) dE DACH bue db aus 


UI HR NEA FLU Sd IM 
=f) HEES)... f | | (82) 
where a, b,c,...., à, B, y, ... ., d, a5 . are defined as above. 
Professor Byivestor has called the fiction LFO] (n) the functional totient of 
f (m) and aeti /1— +1 
Vol) CP... | 


the functional summant of f(n), and has denoted them by (fr)n and (fo)n, 
respectively (this Journal, Vol. II. pp. 386, 887). 
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Postscript to Note on a Point in Vulgar Fractions. 


- By J. J. SYLVESTER. 


Lut x represent x? — « + 1, $c will then be the general term of the “limiting 
sorites” whose first term is c, for which, if we please, 1 — c may be substituted. 
The properties of the numbers $"c seem to be worthy of some attention. I con- 
fine my observations in what follows to the lowest of such series, viz. where 
e 72 or — I. | 

The first five terms in such series then become 1 or. 2, 3, 7, 43, 1807, 3263443, 
of which all but 1807, which — 13.139, are prime numbers. Every term in the 
series must contain only factors of the form 6 à + 1, and this, joined to the fact 
that a prime factor which has once appeared in any term can never reppear in 
any other, favors a tendency, so to say, of the numbers to remain primes, or 
at all events, to be of very limited frangibility into a product of primes. 

It is easy to determine whether any proposed prime can occur as a factor of 
any term whatever in the series; for taking that number, say p, as a modulus, 
if r is a remainder of any term to that modulus, the remainder of the next term : 
will be 7? — r + 1, and as soon as any remainder reappears the series of remain- 
ders becomes periodic; so that necessarily in less than the number p of remain- 
ders, ifp does divide any term of the sorites, we must arrive at a remainder 
zero, subsequent to which all the remainders are unity. I give the remainders 
and periods in the annexed table for all values of p of the form 67+ 1 up to 
139, from which it will be seen that, under that limit, 13 and 73 are the only 
prime numbers which are contained as factors in the terms of the series. 
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8, 7, 4, 0. 
3,7,5; 2, 8, 7, 5; 
$44 12, 9, 11, 18, 28, 13; 2.9 PRES EURE 


0. 
, 43, 88, 4, 18, 35, 32; 17, 29, 20, 15, 28, 25, 52, 30;.... 
, 49, 65; 7, 43, 65; 


, 3, 7, 43, 61; 72, 69, 37; 72, 69, 37; 
3; 7, 43, 56, 94, 91, 54, 82, 51, 79, 86, 101 ;.7, 43, . ; 
2, 8, 7, 43, 63, 92, 89, 94, 23, 71, 66, 40, 35, 101, 73, 25, 5 2, 50 53; 82,12, 24, 8; 
82, 12, 24, 8; . 
2, 3, T, 43, 29, 51, " 111, 19, 89, 86, 72, 33, 41, 117; 


7, 43, 146; 81, 25, 148, 13, 6;.. 
; 7, 43, 80, 41, 71, 104, 37, 77, 44, 9, m 76, 49, 155; .... 
; 7, 43, 14, 20, 55, 37, 29, 161; 
1, 43, 178, 13, 157, 58, 49, 0. 

15,1 43, 70, 6, 81, 159, 33, 92, 74, 192; 


3; 7, 43, 16, 42, 131, 116, 8, 57, 9, 78, 83, 41, 49, 164, 67, 45, 190, 91, 32, 197 ;. . .. 


? 





Instantaneous Proof of a Theorem of Lagrange on the Divisors of 
the Form Ax? + By? -++-Cz?, with a Postscript on the Divisors 
of the Functions which multisect the Primitive Roots of Unity. 


By J. J. SYLVESTER. 


Ir possible, let p be not a divisor of a? + y? + 1, and consequently not of the 
form 4 4 + 1, since, if it were of that form, a? + 1 would contain it. 
. Let p be any primitive p^ root of unity. 

Call R= Ep”, where a? means any one of the quadratic residues of and 
inferiors to p, and let the period conjugate to Fè be called E. 

Let R? be expanded as a sum of powers of p. Then, because p is not of the 
form 4 i + 1, we cannot have a? + y? = p, so that no p™ power of p can occur in 
that expansion; again, because by hypothesis neither 2a? nor a*-F y? can be 
congruous to — 1 [mod. p], no such power as p?-! which belongs to R’, nor 
consequently any other term of K’, can appear in R’; and as each power of p in 
J? belonging to the same period must appear a like number of times, we must 
have | l 


E = elg i.e. R=0, or R=*>4, 


each of which — is in the highest degreo absurd. Hence p is a 
divisor of à? + y^ +1. Q. E. D. 

Compare Legendre's Théorie des Nombres, Ed. 1830, Tom. 1, pp. 211-218, 
and again Serret's Cours d Algèbre Supérieure, Tom. 2, pp. 94—99, for proofs of the 
more general similar theorem due to Lagrange, concerning u? + B? + C. These 
proofs are highly ingenious, butlong and labored in no slight degree; and as 
the sole apparent object of either author im proving the general theorem is to 
make use of the particular case of it to which this note refers as a foundation to 
the proof of Fermat's law of the four squares, I have thought that an intuitive 
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proof of so important a lemma might not be without interest to some of the 
` junior readers of the Journal.* 

But in fact the general theorem may be proved with scarcely any greater 
. trouble than the particular case disposed of. | 
For, supposing À, B, C to be all quadratic residues to p, we may write 


Ac. BE C = y! [mod. p], 
: |^  am-—4u,  By=v,. .y=w; 


aid the congruence w + v° + w? = 0, as previously BHO; being soluble, evi- 


dently 
Av + By + C?=0 


will be so too, since | 
aycu, Py=r7, ye=w [mod. p], 
give integer values for x, y, 2; and as obviously the case of A, D, C being all 
non-residues falls into the previous case by multiplying the congruence by any 
non-residue, we have only to consider the case of two of the three coefficients 
being residues and the third a non-residue, or the converse case, which, however, 
by multiplication as use may be reduced to the former one.’ 

Suppose, then, A = a’, B = £, C a non-residue, and that 

È + By? + O2 = 0 [mod. p] 

is insoluble. For mud letz = 1. Then + % + C= O0 must be insolu- 
ble; if p is of the form 42 + 3, we shall obtain, precisely as before, 


p—i 
hoe 4 R=*> R, 


and if p is of the form 44 + 1, 


(^0 morte 7) = (NIE L.R, 
or ` mepes =0, i.e EEN or B=—1, 


any of which conclusions are eminently absurd. 





# From this lemma there is scarcely more than a step to the theorem in question. If P is contained as a 
factor in ihe sum of four squares, it is easy to see that we may write PQ — is 4g? +h? + i, where Q < P, and 
QQ' = (f — aQ)? + (g — BQ'* + (v — yO)? + (k — 80), 
where Q' < Q, and consequently, applying the Quaternion law of multiplication, PQ’ = f'? + 9’ + M? 4- W2 and 
so we may form a continually decreasing series of quantities Q, Q’, Q”,.... amy one of which ‘multiplied by 
P is a sum of four squares. Hence any divisor.of such sum is itself such a sum, but by the lemma any prime 
number is a divisor of the sum of three, which plays the same part for present purposes as a sum of four squares, 
and is therefore a sum of four squares; consequently any number whatever, by the rule of multiplication 

already alluded to in this note, will be a sum of four squares. 


. 
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Hence Aa? + B y^ + C2 = 0 [mod. p] cannot be insoluble; i.e. the left-hand 
side of the congruence must contain p as a divisor. 

P. S. In a future communication I will prove very simply that if a prime 
number p = ef + 1, and e is itself a prime number such that (e — 1) contains no . 
odd square number, then every divisor, without nues (other than p) of the 
function whose. roots are the e periods of the primitive p roots of unity, must be 
an e? power residue of p. If (e— 1) contains any square number, the proof 
still holds good, except as regards the factors of such square, and there. is no 
reason at present for supposing that the theorem may.not be extended to the 
case of these excepted factors. The same kind of reasoning may be applied 
also to the theory of périod-functions for which e (the number of the periods) is 
not a prime number, and I find for the case of e = 4, that, leaving out of account 
the number 2 (which is always a divisor of the four-period function to p when 
p is of the form 87-+ 1, but never when it is of the forin 84 + 5, and may 
be or not a biquadratic residue of p, according to a well-known law), the divisors 
of the four-period function (excepting p) which do not divide g (the even term 
in the equation [ f? + g? = p]), are necessarily biquadratic residues of p; as is 
also true of the prime-number divisors of g which are of the form 4i+ 1; but 
.the-prime-number divisors of g (all of which are necessarily divisors of the DUE 
period function), of the form 4i— 1, are quadratic only, and not biquadratic 
residues of p when p is of the form 84 + 5; whereas for the case of p = 8i + 1 
all the odd divisors of the four-period function (not counting p) are biquadratie 
residues of p.t The same investigation. leads to the remarkable conclusion 
that if p — f? + 4 ^, where f and y are both of them odd and p a prime num- 


si 243. ‘ : : : 
ber, every divisor of DL is a biquadratic residue of p,—a theorem which 


I imagine would be difficult to prove by any other method. 





* Thus ex. gr., if e is a prime number of the form 2% + 1, I am able to prove that every divisor of the 
Hia ium function (not excepting 2, if 2 should happen to be such a divisor) is an e*-power residue of p. Thus 
for e = 2, 3, 5, 7, 11, 17 we may be certain that there are none but e-power-residue divisors of the period- 
function. 
+ Of course in a certain sense p or zero is an any-power residue. ` Dut there is good reason for separating 
from the residues proper, inasmuch as only the first power of p, but an unlimited power of any true 
“eth.power residue is a divisor of the e-period function, — a most important fact, which I presume must have 
been known to Bachmann, but has not been stated by him (in his Kreistheilung, 1872). An exceedingly 
simple proof of this and of the corresponding theorem for any cyclotomic function was given by Mr. Hathaway 
at a recent meeting of the Mathematical Seminarium, at the Johns Hopkins University. 


